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Abstract—Most performance measures of pilot-assisted
multiple-input multiple-output (MIMO) systems are functions of
the linear precoder and the pilot sequence. A framework for
the optimization of these two parameters is proposed, based
on a matrix-valued generalization of the concept of effective
signal-to-noise ratio (SNR) introduced in the famous work by
Hassibi and Hochwald [1]. Our framework aims to extend [1] by
allowing for transmit-side fading correlations, and by considering
a class of utility functions of said effective SNR matrix, most
notably including the well-known capacity lower bound used in
[1]. We tackle the joint optimization problem by recasting the
optimization of the precoder (resp. pilot sequence) subject to
a fixed pilot sequence (resp. precoder) into a convex problem.
Furthermore, we prove that joint optimality requires that the
eigenbases of the precoder and pilot sequence be both aligned
along the eigenbasis of the channel correlation matrix. We finally
describe how to wrap all studied subproblems into an iteration
that converges to a local optimum of the joint optimization.
Index Terms—Channel estimation, mutual information,
Rayleigh fading, block fading, wireless communications, MIMO
precoding, pilot/training sequence optimization, power boost,
joint pilot/precoder design.

I. I NTRODUCTION

W

HEN the receiver has no a priori knowledge of the
fading gains, a common approach is to incorporate
a pre-agreed pattern of training or pilot symbols into the
transmitted signal. The receiver first exploits the training observation to generate an estimate of the fading gains, and then
uses this channel estimate to decode the transmitted message
coherently (i.e., using the channel estimate as if it were the true
channel). In terms of achievable rates, this two-stage approach
is suboptimal compared to maximum-likelihood decoding, but
it drastically reduces decoding complexity while maintaining
near-optimal performance results. We shall consider a narrowband block-fading MIMO channel with time-duplexed training, that is, certain time slots are reserved exclusively for
transmitting pilot symbols, while other time slots are reserved
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for data symbols. However, much of what is described in this
article could be applied as well to wideband channels with
frequency-duplexed training (pilot tones).
In our discrete-time Rayleigh block-fading model, the statistics of the channel gains are fully described by their secondorder moments (the covariance of the fading coefficients) and
by the fading-block length, also called the coherence time.
Therefore, when the feedback is limited to being statistical
(as in the scenario we shall consider), the pilot sequence and
the precoder can only be designed based on these two channel
parameters.
A frequent yet suboptimal choice for the pilot sequence is
that of orthonormal pilot symbols. Furthermore, some publications such as [3]–[5] focus on minimizing distortion measures
like the mean-square error when designing the pilot sequence
(as in [6], [7]), while focusing on other measures such as biterror rate or mutual information when designing the precoder.
For instance in [4], [5], in an admittedly more complex system
model, the authors propose two alternative figures of merit
for optimizing the training sequence: the variance of the
channel estimation error norm, and the average volume in
which said error vector is concentrated. Though insightful,
these are heuristic approaches. In light of this situation, it is
of both practical and theoretical interest to examine how the
pilot sequence and the precoder can be jointly designed with
respect to the same performance metric.
In the present article, the metric of choice will be a wellknown lower bound on the noncoherent capacity, based on
a training routine combined with a lower bound on the
Gaussian-input mutual information conditioned on the training
observation. Said mutual information bound was originally
proposed by Médard [8] for single-antenna channels and later
generalized to MIMO systems by Hassibi and Hochwald [1].
In numerous variations and different settings, the bounding
technique proposed in [1], [8] has been extensively used in
subsequent work on transmission with imperfect channel-state
information (e.g. in [3]–[5], [9]–[13], to cite only a few) as a
performance metric for system design.
In [1], the problem was considered of finding the optimal
time share between training and transmission, as well as
optimally balancing the power levels of pilot and data symbol.
Assuming independent and identically distributed (i.i.d.) coefficients for the channel estimate and the channel estimation
error, [10] proves that the optimal transmit covariance is
diagonal, and its eigenvalues are solutions to a convex problem. However, in both [1] and [10], all results were derived
exclusively for i.i.d. fading. When facing the more difficult—
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yet more realistic—situation of correlated fading, the question
of joint optimality of pilot sequence and precoder is much
more involved. For example, one can intuit that the optimal
number of pilot symbols and data streams will depend, among
other things, on the conditioning of the channel’s correlation
structure. One central result of the present article is the proof
that the respective left singular bases of the precoder and of
the pilot sequence must be equal (up to column permutations)
to the eigenvectors of the channel correlation matrix. While
there is no reason to believe that this alignment property will
still hold for arbitrary fading distributions (cf. Myth 1 in [14]),
it is nonetheless expected in the case of correlated Rayleigh
fading channels. In fact, our result is in line with similar results
for Rayleigh fading found in [15]–[17], in which the optimal
transmit directions were shown to be aligned with the channel
eigenmodes.
We consider a single-user multiple-input multiple-output
(MIMO) link and assume a highly scattering environment at
the receiver—as is the case in many downlink scenarios—
so that the fading is correlated only at the transmitter side.
This encompasses the important special case of an arbitrarily
correlated multiple-input single-output (MISO) link. In this
setting with antenna correlations, we propose to revisit the
problem treated in [1] for uncorrelated fading. In [1], the concept of effective signal-to-noise ratio (SNR) was introduced to
designate an SNR that accounts for the imperfection of channel
state information (CSI) at the receiver and serves as the utility
to be maximized. In the present work, due to the presence of
antenna correlation, the effective SNR needs to be extended
from a scalar to a matrix-valued quantity, and the entire spatial
structures of the pilot sequence and the linear precoder need to
be jointly optimized. Thus, we are facing a multidimensional
optimization problem which entails a non-trivial extension of
the approach from [1].
A. Main Contributions
1) Regarding the two separate problems that consist in
optimizing the precoder for a prescribed pilot sequence,
and the pilot sequence for a prescribed precoder, it
is shown that for the former problem, the precoded
streams should not outnumber the pilot symbols [Theorem V.1,(21)], while for the latter problem, the pilot
symbols should not outnumber the precoded streams
[Theorem VI.1]. Furthermore, it is shown that both
problems can be cast into (quasi-)convex problems,
provided that the utility is (quasi-)concave [Theorem V.2
and Section VI]. The main utilities of interest exhibit this
concavity [Table I in Appendix A].
2) Regarding the joint optimization problem, we prove that
the number of streams should equal the number of
pilot symbols [Section VII-B] and that the eigenbases
of the transmit covariance and Gram form1 of the
pilot sequence should be equal to the eigenbasis of the
channel’s transmit correlation matrix [Theorem VII.1].
Loosely speaking, the pilot symbols and the transmit
beamforming vectors should all be aligned in direction
1 The

Gram form of a matrix A shall be defined as AA† .

of the channel eigenmodes. This alignment significantly
reduces the dimensionality of the problem.
3) To further reduce the remaining optimization of the
eigenvalues of the transmit covariance and pilot Gram,
a method is proposed in Section VII for computing
eigenvalue vectors that are jointly Pareto optimal [in a
sense explained in detail in Subsection VII-A].
4) All the above findings are combined constructively to
yield an iterative procedure which converges towards a
local optimum of the joint optimization problem.
B. Outline
The article is structured as follows: Section II defines
notation; Section III describes the system model; Section IV
defines and motivates the class of utility functions considered
in the optimization framework and states the optimization
problem to consider; Sections V and VI describe how the
optimization of the precoder (resp. pilot sequence) subject to
a fixed pilot sequence (resp. precoder) is cast into a convex
problem; Section VII specifies the jointly optimal training and
transmit directions and shows how the residual problem of
computing pilot-precoder power loading vectors that are Pareto
optimal in terms of the effective SNR, can be formulated as
a quasi-convex problem; Section VIII compiles prior results
from Sections V, VI and VII into an iterative design algorithm
that converges to a local joint optimum; Section IX presents
simulations; the concluding Section X closes with a brief
discussion on the value of our findings.
II. N OTATION
The operators (•)T , (•)∗ and (•)† denote the transpose, the
complex conjugate, and the conjugate transpose (Hermitian
adjoint) of a matrix, respectively. Matrix square roots are
1
denoted as (•) 2 and are assumed to be Hermitian. The MoorePenrose pseudoinverse A+ of a matrix A is uniquely defined
by the four identities
AA+ A = A
+ †

(AA ) = AA

A+ AA+ = A+
+

(A+ A)† = A+ A.

The range of a matrix A, denoted as range(A), is the linear
space spanned by its columns.
We will occasionally use the entrywise comparison a ≤
b between two real-valued vectors a and b, of i-th entries
ai and bi , defined as a ≤ b ⇔ ∀i : ai ≤ bi . If A and B
denote Hermitian matrices, A  B (resp. A ≺ B) means that
A − B is positive semidefinite (resp. positive definite). The
cone of positive definite (resp. positive semidefinite) matrices
n×n
from Cn×n is denoted Cn×n
++ (resp. C+ ).
The vectorization operator vec(A) takes a matrix A =
[a1 , a2 , . . . ] as argument, and returns a vector vec(A) =
T
T
[aT
containing the columns of A stacked on top
1 , a2 , . . . ]
of each other.
III. S YSTEM MODEL
Our discrete-time system consists of a standard single-user
MIMO link with an NR × NT random channel matrix H
expressible as
1
H = WR2 ,
(1)
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where the entries of W ∈ CNR ×NT are independent and
identically distributed (i.i.d.) zero-mean circularly-symmetric
unit-variance complex Gaussian, i.e., vec(W ) ∼ NC (0, I).
The deterministic matrix R = N1R E[H † H] characterizes the
transmit-side correlation, and is assumed to be full-rank, since
we shall ignore keyhole effects. Equivalently, we can write the
distribution of H as
h = vec(H) ∼ NC (0, RT ⊗ I).

(2)

This correlation model is valid in setups where numerous
scatterers are located in the vicinity of the receiver, and
notably subsumes the case of arbitrarily correlated multipleinput single-output (MISO) channels, which are especially
relevant in wireless downlinks.
The channel H remains constant for a duration T called
the channel coherence time, after which it changes to a new
realization that is independent of all previous ones (blockfading). Within every such fading block, we reserve Tp time
slots to transmit a sequence of pilot symbols known at the
receiver, while the data is transmitted during the remaining
Td = T − Tp time slots. For example (and without loss of
generality), we can accommodate the pilot symbols into the
first Tp time slots of each fading block. The resulting training
observation is
Yp = HXp + Zp ,
(3)
where Xp ∈ CNT ×Tp is a matrix whose columns are the pilot
symbols, and the noise matrix Zp ∈ CNR ×Tp is distributed as
vec(Zp ) ∼ NC (0, I) and independent of H. During the data
transmission phase of one fading block, the received signal is
Yd = HF Xd + Zd

(4)

We further define the two NT × NT Gram matrices
Q = FF†

P = Xp Xp†

(8)

2

which are called the transmit covariance and the pilot Gram,
respectively. These two matrices will be subject to optimization.
IV. P ROBLEM STATEMENT
A capacity lower bound (in bits per channel use) of the
communication system is given by T1 I(Xd ; Yd |Yp ), where
I(Xd ; Yd |Yp ) stands for the mutual information between the
block of input symbols Xd and their corresponding outputs
Yd , conditioned on the side information Yp (training observation). Using a well-known lower bound on this mutual
information, we get the achievable rate expression
"
!#
ĤQĤ †
1
Td
E log det I +
≤ I(Xd ; Yd |Yp ),
T
T
1 + tr(R̃Q)
(9)
where Ĥ is given in (5). This bound is based on a worst-case
noise approach [1] and has been widely used and studied in
the literature, e.g., [8], [1], [18], [5] and many more. In [3], the
bound (9) is used in the exact same system setup as here. Using
1
(6a), we can write Ĥ = Ŵ R̂ 2 with vec(Ŵ ) ∼ NC (0, I) so
that the expectation in (9) reads simply
h

i
I(S) , E log det I + Ŵ S Ŵ † .
(10)
The latter is a function of the matrix argument
1

1

R̂ 2 QR̂ 2
,
S = S(P , Q) =
1 + tr(R̃Q)

(11)

where Xd ∈ Cr×Td (with r ≤ NT ) and Zd ∈ CNR ×Tp are
respectively the data symbol matrix and the additive noise
matrix, with respective distributions vec(Xd ) ∼ NC (0, I) and
vec(Zd ) ∼ NC (0, I), whereas F ∈ CNT ×r is the linear
precoder, and is assumed to have full column rank. The
number r of rows of Xd (and of columns of F ) represents the
number of streams into which the channel input is multiplexed.
It can be shown that the minimum mean-square error
(MMSE) channel estimate Ĥ = E[H|Yp ] is obtained from
the training observation Yp by right-multiplying it with the
estimator matrix G = (Xp† RXp + I)−1 Xp† R as

which constitutes a matrix-valued effective SNR generalization of the scalar effective SNR introduced by Hassibi and
Hochwald in [1]. We write S(P , Q) instead of S whenever we
wish to emphasize the dependency on (P , Q). Let s denote the
(eigenvalue) profile of S, i.e., the vector of non-increasingly
ordered eigenvalues of S. Since Ŵ and Ŵ U have the same
marginal distribution for any unitary U , the function I(S) is
in fact a function of the unordered eigenvalues of S, i.e., a
˘
symmetric function of s. We denote the latter as I(s).
We
thus have

˘ , E log det I + Ŵ diag(s)Ŵ †
I(s)
(12)

Ĥ = Yp G.

˘
with I(S) = I(s).
We will prefer one notation over the other
depending on the situation.
To keep derivations as general as possible, we consider a
general class F of utility functions sharing similar properties
˘ The class F (resp. F̄) shall be the set of
with I (resp. I).
˘ are unitarily invariant and
functions which, like I (resp. I),
matrix-monotonic (resp. symmetric and vector-monotonic).
That is, for f ∈ F (resp. f¯ ∈ F̄) we have
†
• f (S) = f (U SU ) for any unitary matrix U
• 0  S  S̆ ⇒ f (S) ≤ f (S̆)
and

(5)

As a consequence of the distributions and correlation models
for H and Zp , the respective marginal distributions of the
estimate Ĥ and of the estimation error H̃ = H − Ĥ turn out
to be
ĥ = vec(Ĥ) ∼ NC (0, R̂T ⊗ I)
T

h̃ = vec(H̃) ∼ NC (0, R̃ ⊗ I)

(6a)
(6b)

with respective transmit-side covariances
R̂ =
R̃ =

1
NR
1
NR

E[Ĥ † Ĥ] = R − R̃
†

E[H̃ H̃] = (R

−1

+

(7a)
Xd Xd† )−1 .

(7b)

2 in reference to the fact that F F † is the covariance of the transmitted data
signal
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f¯(Πs) = f¯(s) for any permutation Π
0
0
• 0 ≤ s ≤ s ⇒ f¯(s) ≤ f¯(s ).
We define the trace-constrained sets
n
o
T ×NT
P(µP ) = P ∈ CN
: tr(P ) ≤ µP
+
o
n
T ×NT
: tr(Q) ≤ µQ
Q(µQ ) = Q ∈ CN
+
•

(13a)
(13b)

where µP and µQ stand for the maximum overall pilot symbol
energy, and the average data symbol power (energy per time
unit), respectively.
The pilot-assisted system shall be constrained by a maximum average energy consumption per time unit, denoted as
µ. Consequently, the set of admissible values of the pilotprecoder pair (P , Q) is
[
P(µP ) × Q(µQ ).
(14)
PQ(Tp ) ,
µP ,µQ ≥0
µP +(T −Tp )µQ =T µ

For future reference, we define five different pilot/precoder
optimization problems (of increasing number of variables to
be optimized) for some given utility F ∈ F: 3
(P.1.a)
(P.1.b)
(P.2)
(P.3)
(P.4)

max

F (S(P , Q))

(15a)

max

F (S(P , Q))

(15b)

Q∈Q(µQ )
P ∈P(µP )

max

(P ,Q)∈P(µP )×Q(µQ )

F (S(P , Q))

max

F (S(P , Q))

max

max

(P ,Q)∈PQ(Tp )

Tp ∈{1,...,T −1} (P ,Q)∈PQ(Tp )

(15c)
(15d)

F (S(P , Q)) (15e)

Problems (P.1.a) and (P.1.b) are the partial problems that
consist in optimizing one among the two variables P ∈ P(µP )
and Q ∈ Q(µQ ), while the other variable has a fixed value.
The parameters µP and µQ can be considered as arbitrary
constants. Problem (P.2) is the simplest joint optimization
problem, having two independent trace constraints on P and
Q. Adding on (P.2) an outer optimization over pairs (µP , µQ )
fulfilling the weighted-sum constraint µP +(T −Tp )µQ = T µ,
we obtain Problem (P.3). This balancing of pilot symbol and
data symbol energies is what we call energy boost4 . Adding
yet another optimization over the training duration Tp , and
incorporating an overhead factor (T − Tp )/T which accounts
for the loss of spectral efficiency due to the pilot symbols, we
obtain the full-fledged Problem (P.4). Step by step, the present
article builds up a procedure for tackling (P.4).
The optimization of Tp in (P.4) is over a finite set and is
solved by an exhaustive search, thus we will leave it aside
until Section VIII. Notice that in [1] the authors posit for
the same (though uncorrelated) channel model (and utility
f = I) that the receiver should have a representative estimate
of the complete channel state, described by NT NR fading
these problems could be equivalently stated in terms of f¯ ∈ F̄ .
the literature, the balancing between pilot/data symbol powers under
an overall average power constraint and for fixed time fractions assigned to
training and data transmission, is sometimes referred to as power boost (e.g.,
[12]). Since in our setup, µP represents a pilot energy budget, and given that
the training duration Tp is not fixed (but subject to an outer optimization),
we prefer the term energy boost.
3 Obviously,

4 In

coefficients. Therefore, they assume that the training duration
Tp should be at least the number of transmit antennas NT ,
so as to generate at least as many observables as there are
coefficients to estimate. However, in the case where only a
limited number of data streams are to be precoded, it might
be more economic to only estimate a properly chosen subspace
of the channel covariance spanned by the stronger eigenmodes.
In fact, since Tp is defined as the number of columns of
the pilot matrix Xp , and given that the utility function and
power constraint [cf. (14)–(15e)] depend on Xp only via its
Gram matrix P = Xp Xp† , we can assume that Xp has full
column rank and set the training duration equal to the rank
of P , i.e., Tp = rank(P ) ≤ NT , and accordingly reduce
the search interval in (15e) from {1, . . . , T − 1} down to
{1, . . . , min(T − 1, NT )}.
We will start by studying Problems (P.1.a) and (P.1.b) in the
next two sections. These individual optimizations will form
two building blocks of an algorithmic approach that aims to
solve (P.3), and eventually (P.4). However, they may also be
considered as two stand-alone problems in their own right.
V. P RECODER DESIGN FOR PRESCRIBED PILOTS
In this section, we consider the optimization of the transmit
covariance Q alone, while the pilot Gram P has a fixed value
[Problem (P.1.a)]. The optimal transmit covariance is
Q? (P ) = argmax F (S(P , Q)).

(16)

Q∈Q(µQ )

A. Number of streams and pilot symbols
Recall that the ranks of P and Q represent the number of
pilot symbols and precoded streams, respectively. To establish
a relation between them, we first need to uncover an important
property of the range space of Q? (P ).
Theorem V.1. For any utility F ∈ F and a prescribed pilot
Gram P , the range space of the optimal transmit covariance
Q? (P ) must be contained in the range space of the channel
estimate covariance R̂:
range(Q? (P )) ⊆ range(R̂).

(17)

Proof: See Appendix B.
Complementing Theorem V.1, notice that the rank equality
rank(R̂) = rank(P )

(18)

always holds. This is easily seen by application of the matrix
inversion lemma:
R̂

= R − (R−1 + Xp Xp† )−1

= RXp (I + Xp† RXp )−1 Xp† R.

(19)

Since Xp has full column rank by assumption [cf. Section IV],
it becomes manifest that the rank of R̂ equals the number of
columns of Xp , which is equal to Tp = rank(P ), hence (18).
Combining (18) with Theorem V.1 directly implies the rank
inequality
rank(Q? (P )) ≤ rank(R̂) = rank(P ),

(20)
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or in words,
number of streams ≤ number of pilot symbols

(21)

The idea behind the proof of Theorem V.1 is that, if Q? (P )
had eigenvectors (transmit directions) lying outside the range
space of the estimate covariance R̂, then the transmitter would
be radiating some of its transmit power into channel directions
of which the receiver has no estimate (and thus cannot detect
coherently), thus incurring a waste of power. As a particular
consequence, (20) tells us that the number of precoded streams
should never exceed the number of training symbols.
B. Feasible effective SNR matrices
It is convenient to reformulate Problem (P.1.a) as
S ? (P ) =

argmax

F (S)

(22)

S∈S(P ,Q(µQ ))

2) The parameter A has full row rank and the domain X
is such that ∀X ∈ X : range(X) = range(A† ).5
In these two respective cases, its inverse function
φ−1 : φ(X ; A, B) → X , Y 7→ φ−1 (Y ; A, B) is
1) linear fractional with parameters A] and −A]† BA] ,
i.e., φ−1 (•; A, B) = φ(•; A] , −A]† BA] ).
2) linear fractional with parameters A[ and −A[† BA[ ,
i.e., φ−1 (•; A, B) = φ(•; A[ , −A[† BA[ ).
Proof: See Appendix C.
In the following we will optimize S(P , Q) rather than Q,
and consider that Lemma V.1 can be used to recover the
optimal transmit covariance Q? (P ) from the optimal S, by
means of the appropriate inverse linear fractional function.
Prescribing the pilot Gram P means that the matrices R̃ =
(R−1 + P )−1 and R̂ = R − R̃ are prescribed. Therefore, the
function Q 7→ S(P , Q) as given in (24) is linear fractional
1
with parameters A = R̂ 2 and B = R̃, i.e.,
1

in terms of effective SNR matrices, which belong to a feasible
set

S(P , Q(µQ )) = S(P , Q) Q ∈ Q(µQ ) .
(23)
We will show that S(P , Q(µQ )) is a convex set. For this
purpose, observe that in the expression of the function
1

1

R̂ 2 QR̂ 2
,
Q 7→ S(P , Q) =
1 + tr(QR̃)

(24)

the argument Q appears in the matrix-valued numerator, and
inside a trace operator in the denominator. This function Q 7→
S(P , Q) is thus reminiscent of fractions of monomials such
aq
as q 7→ 1+bq
, except that it is defined for matrices. In fact,
the function Q 7→ S(P , Q) pertains to what can be defined
in the following Definition V.1 as a generalization of linear
fractional functions. The latter are commonly defined for the
scalar case (e.g., [19, Sec. 2.3.3]).
Definition V.1. Let X ⊂ Cn×n denote a set of Hermitian
matrices of size n × n whose elements X ∈ X satisfy
tr(BX) 6= −1 with some given Hermitian matrix B ∈ Cn×n .
A function X 7→ φ(X; A, B) that is defined as
X → Cm×m , X 7→ φ(X; A, B) =

AXA†
(25)
1 + tr(BX)

S(P , Q) = φ(Q; R̂ 2 , R̃).

The key property of linear fractional functions that we need
for understanding Problem (P.1.a) is that they preserve the
linearity of segments.
Lemma V.2. An injective linear fractional function ϕ(•) =
φ(•; A, B) with some given parameters A and B uniquely
maps linear segments onto linear segments in a one-to-one
manner, i.e.,
∀(X1 , X2 , α) ∈ X 2 × [0; 1], ∃β ∈ [0; 1] :
ϕ(αX1 + (1 − α)X2 ) = βϕ(X1 ) + (1 − β)ϕ(X2 ). (27)
Proof: This is readily verified by inserting
β=

α(1 + tr(BX1 ))
1 + α tr(BX1 ) + (1 − α) tr(BX2 )

Lemma V.1. The linear fractional function X 7→ φ(X; A, B)
from Definition V.1 is injective (one-to-one) if one at least of
the following two conditions apply:
1) The parameter A has full column rank

(28)

into the equality (27).
Figure 1 symbolically depicts the behavior of linear fractional functions: a convex combination of two points is
mapped onto a convex combination of the respective images
of said points, thus preserving segments. They are not linear
functions though, because α and β can be different.
ϕ(X2 )

X2
ϕ

shall be called a linear fractional function with parameters
A ∈ Cm×n and B ∈ Cn×n .
Note that the Hermitianity of B and of the argument X
ensures the Hermitianity of the image φ(X; A, B). Linear
fractional functions may or may not be injective functions,
depending on the properties of the parameter A. Let A] =
(A† A)−1 A† denote the left pseudoinverse of A, and A[ =
A† (AA† )−1 denote the right pseudoinverse of A.

(26)

βϕ(X1 ) + (1 − β)ϕ(X2 )
αX1 + (1 − α)X2

ϕ(X1 )

X1
Fig. 1. Linear fractional functions preserve segments

5 In case A has neither full column nor full row rank, one can bring the
problem back to one of the two considered cases by an appropriate rank
reduction.
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s2

Corollary V.1. Linear fractional mappings preserve set convexity.
Proof: Take a pair (X1 , X2 ) ∈ X 2 with a convex X .
According to Lemma V.2, any convex combination of X1
and X2 is mapped onto a convex combination of ϕ(X1 ) and
ϕ(X2 ). Therefore, the codomain ϕ(X ) is convex.
As a consequence, S(P , Q(µQ )) is a convex set because
Q(µQ ) is convex [cf. (13b)]. So if a utility F is concave in
S, then Problem (P.1.a) in its formulation (22) is convex. The
optimal transmit covariance Q? (P ) is then computed from
S ? (P ) by means of the appropriate inverse linear fractional
function (cf. Lemma V.1). More generally speaking, if F
is quasi-concave in S, then the problem (16) can be recast
into a convex problem by an appropriate transformation. The
mutual information I is one example of a concave utility. Other
examples of concave or log-concave (quasi-concave) utilities
are given in Table I in Appendix A.
C. Feasible effective SNR eigenvalues
It is convenient to rewrite Problem (P.1.a) as
s? (P ) =

f¯(s),

argmax

(29)

σ (2)

ω2

s(P , Q(µQ ))
∂ + s(P , Q(µQ ))

1

σ (1)

1

s1
σ (0)

H(ω1 , ω2 )

H(ω1 )

Fig. 2. Sketch of a simplex set s(P , Q(µQ )) (shaded region). The so-called
Pareto border ∂ + s(P , Q(µQ )) contains those points from s(P , Q(µQ ))
that are not dominated by any other point from s(P , Q(µQ )), and is the
convex hull of σ (n) for n ∈ {1, . . . , rP } (excluding the origin).

As a byproduct, the proof of Theorem V.2 reveals that if the
set of eigenvectors of R̂ is contained in the set of eigenvectors
of R̃, i.e., C(UR̂ ) ⊆ C(UR̃ ), then it is optimal with respect to
any utility F ∈ F that the eigenbasis UQ? (P ) of the optimal
matrix Q? (P ) be chosen such that as

s∈s(P ,Q(µQ ))

in terms of effective SNR eigenvalue profiles, which are to be
searched in a feasible set

s(P , Q(µQ )) = s(P , Q) Q ∈ Q(µQ ) .
(30)
In the previous subsection, we have shown that the set
S(P , Q(µQ )) is convex. Note that this convexity, however,
does not generally imply (nor is implied by) the convexity
of the set s(P , Q(µQ )), hence establishing the convexity of
s(P , Q(µQ )) requires a separate proof. Indeed, we show in the
following that s(P , Q(µQ )) is also convex and has a simplex
shape, whose vertices are characterized by Theorem V.2 below.
Let ωi denote the non-increasingly ordered eigenvalues of
the generalized eigenvalue problem

R̂vi = ωi µ−1
(31)
Q I + R̃ vi .
Due to rank(R̂) = rank(P ) [cf. (18)], only the first rP =
rank(P ) eigenvalues ωi are different from zero. Let λ(A)
denote the vector of non-increasingly ordered eigenvalues of
a Hermitian matrix A.
Theorem V.2. The set [cf. (13b), (24)]
!
)
(
1
1
R̂ 2 QR̂ 2
Q ∈ Q(µQ ) (32)
s(P , Q(µQ )) = λ
1 + tr(QR̃)
is a simplex given by the convex hull of the origin σ (0) , 0
and of the rP linearly independent points
σ (n) = H(ω1 , . . . , ωn )

n
X
j=1

ej ,

n ∈ {1, . . . , rP }

(33)

where [e1 , . . . , eNP
] = I is the canonical basis, and
T
n
−1
H(x1 , . . . , xn ) = ( i=1 x−1
with n arguments x1 , . . . , xn
i )
denotes the harmonic mean thereof, divided by n.
Proof: See Appendix D.

C(UQ ) ⊆ C(UR̂ ).

(34)

Note that this requirement is stronger than the range space
inclusion property of Theorem V.1 [cf. (17)]. This particular
situation of eigenbasis alignment C(UR̂ ) ⊆ C(UR̃ ) occurs, for
example, when
)
using NT unitary pilots (i.e., P = tr(P
NT INT is a scaled
identity matrix)
• the channel gains are independently and identically distributed (R = I)
• the channel estimation error vanishes (R̃ = 0, R̂ = R)
• the pilots are aligned with the channel covariance, i.e.,
C(UP ) ⊆ C(UR ).
As we shall see later in Section VII, the latter condition
C(UP ) ⊆ C(UR ) is in fact necessary for joint optimality of
P and Q.
•

VI. P ILOT DESIGN FOR A PRESCRIBED PRECODER
To complement the previous Section V, we will now swap
the roles of P and Q so as to consider the optimization of
the pilot Gram P under a trace constraint, while the transmit
covariance Q has a fixed value [Problem (P.1.b)]. The optimal
pilot sequence reads as
P ? (Q) = argmax F (S(P , Q)).

(35)

P ∈P(µP )

A. Number of streams and pilot symbols
In analogy to the inequality (20) relating the ranks of P and
Q? (P ), we have a similar rank inequality for Problem (P.1.b)
too.
Theorem VI.1. For any utility f ∈ F and a prescribed
transmit covariance Q, the rank of the optimal pilot Gram
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P ? (Q) under a trace constraint is not larger than the rank
of Q:
rank(P ? (Q)) ≤ rank(Q).

(36)

Proof: See Appendix E.
In words, we can state this as [compare with (21)]
number of pilot symbols ≤ number of streams

max

B. Feasible set of effective SNR matrices
Let us rewrite Problem (P.1.b) as
argmax

F (S)

s∈s(PQ(Tp ))

(37)

The interpretation behind this rank inequality is that, if there
were more orthogonal training directions than there are data
streams precoded, we would necessarily be wasting some
pilot energy into directions that are not used for transmission
anyway.

S ? (Q) =

VII. J OINTLY PARETO OPTIMAL PILOT- PRECODER PAIRS
A. Problem statement
We move on to study a subproblem of (P.3). For this
purpose, we restate Problem (P.3) in the vector domain of
feasible profiles s so that it reads

∂+A

(38)

1

1

S(P , Q) =

1 + tr(QR) − tr(QR̂)

,

Q 2 R̂Q 2
1 + tr(QR) − tr(QR̂)
1

=

∂A

Fig. 3. Pareto border ∂ + A of a compact set A ⊂ R2

Regardless of which utility function f¯ ∈ F̄ we are considering, there exists an important subproblem of (P.3) that
is common to all utility functions: the characterization of the
search set ∂ + s(PQ(Tp )). The following subsections will build
up this characterization in several steps.

1

1

A

(40)

which is unitarily equivalent to
S̆(P , Q) =

(45)

and PQ(Tp ) was defined in (14). Exploiting the monotonicity
of utilities f¯ ∈ F̄, we can restrict the search set s(PQ(Tp ))
to its Pareto border ∂ + s(PQ(Tp )). To be precise, the Pareto
border of a set A ⊂ RN is the subset
o
n
∂ + A = a ∈ A @a0 ∈ A : a0 ≥ a with a0 6= a . (46)

in terms of effective SNR matrices, which belong to a feasible
set

(39)
S(P(µP ), Q) = S(P , Q) P ∈ P(µP ) .

R̂ 2 QR̂ 2

(44)

where the search set is
o
n
s(PQ(Tp )) = s(P , Q) (P , Q) ∈ PQ(Tp )

S∈S(P(µP ),Q)

We will show that this set is convex. To this end, we write out
R̃ as R − R̂, then S(P , Q) reads as [cf. (11)]

f¯(s),

1

Q 2 R̂Q 2

τ − tr(QR̂)

,

(41)

where τ = 1 + tr(QR). The unitary equivalence is due the
1
1
1
1
Hermitian matrices R̂ 2 QR̂ 2 and Q 2 R̂Q 2 having the same
eigenvalues because of the identity λ(AB) = λ(BA). As a
consequence, F (S(P , Q)) = F (S̆(P , Q)) for any F ∈ F, so
S(P , Q) and S̆(P , Q) can be used interchangeably. By comparing Expression (41) with the definition of linear fractional
functions (cf. Definition V.1), we identify R̂ 7→ S̆(P , Q) as
1
a linear fractional function with parameters A = √1τ Q 2 and
B = − τ1 Q, i.e.,


1
S̆(P , Q) = φ R̂; √1τ Q 2 , − τ1 Q .
(42)
In Appendix F, we show that the set of feasible R̂, namely

R − (R−1 + P )−1 P ∈ P(µP ) ,
(43)
is convex, from which follows immediately with Corollary V.1
that S̆(P(µP ), Q) is a convex set. For solving Problem (P.1.b),
it now suffices to replace S(P(µP ), Q) with S̆(P(µP ), Q) in
formulation (38) of Problem (P.1.b). Granted that the utility
F is concave or quasi-concave, Problem (P.1.b) can be solved
efficiently.

B. Number of streams and pilot symbols
Recall that (P.3) can be expressed in terms of (P.2) by adding
an outer optimization of the energy boost [cf. (15)]:


max
max
F (S(P , Q)) .
µP ,µQ ≥0
µP +(T −Tp )µQ =T µ

(P ,Q)∈P(µP )×Q(µQ )

(47)
Inside the curly braces is Problem (P.2), which can be equivalently written as


max F S(P , Q? (P )) = max F S(P ? (Q), Q)
P ∈P(µP )

Q∈Q(µQ )

(48)
with Q? (P ) and P ? (Q) defined in (16) and (35), respectively. We infer that the jointly optimal pilot-precoder pair for
Problem (P.2) must simultaneously fulfill the rank inequalities
(20) and (36). This means that the pilot Gram and transmit
covariance have equal ranks. Since this rank equality holds
regardless of the value of (µP , µQ ), it also holds for Problem (P.3). Since it also holds regardless of the value of Tp , it
also holds for Problem (P.4). Hence, we can state generally
that, for Problems (P.2), (P.3), (P.4),
r? , number of streams = number of pilot symbols
(49)
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is a necessary condition for a pilot-precoder pair (P , Q) to be
jointly optimal. Note that, in addition, Theorem V.1 requires
the optimal transmit covariance to lie in the range space of
R̂ and as a consequence, the rank of S(P , Q), which is the
number of non-zero entries in s(P , Q), is equal to r? as well.
C. Jointly optimal transmit and training directions
A fortunate circumstance when treating the joint problems (P.2), (P.3), (P.4), is that the jointly optimal transmit and
training directions have a very simple and intuitive characterization, enunciated in Theorem VII.1 below. As in the previous
Section, we set our focus on Problem (P.2), since the property
will extend immediately to Problems (P.3) and (P.4).
Let the channel covariance R, the pilot Gram P and the
transmit covariance Q have the following (reduced) eigendecompositions:
†
†
R = UR ΛR UR
, P = UP ΛP UP† , Q = UQ ΛQ UQ
.

Without loss of generality, we assume that the eigenvalues
of R are arranged in non-increasing order on the diagonal
positions of ΛR , whereas the eigenvalues of ΛP and ΛQ are
not sorted in any specific order. Let the set of columns of a
matrix A be denoted as C(A).

Theorem VII.1. For any utility f¯ ∈ F̄, in the joint optimization problem (P.2), there is no loss of optimality in restricting
the eigenvectors of the pilot Gram P (i.e., the left singular
vectors of the pilot sequence Xp ) and the eigenvectors of
the transmit covariance Q (i.e., the left singular vectors of
the precoder F ) to be a common subset of the eigenvectors
of the channel covariance R corresponding to the largest
eigenvalues of R. Formally, this is to say that the (reduced)
eigenbases UP and UQ should satisfy
C(UP ) = C(UQ ) = {uR,1 , . . . , uR,r? } ⊆ C(UR ),

(50)

where UR , [uR,1 , . . . , uR,NT ], and r? = rank(P ? ) =
rank(Q? ) denotes the pilot/precoder rank at the joint optimum
(P ? , Q? ) of Problem (P.2). 6
Proof: See Appendix G.
Since Theorem VII.1 holds irrespective of the values of
(µP , µQ ) and of Tp , we infer that it also holds for Problems (P.3) and (P.4).
This Theorem echoes similar results from previous publications. For example, in [3], the authors find that the optimal
pilot symbols are, as in the present case, scaled eigenvectors
of the channel’s transmit correlation matrix. However, they
optimize the pilot sequence with respect to the Frobenius
norm of the channel estimation’s mean-square error matrix
instead of the achievable rate. Similarly, in [5] it is proven
for a multiple-access setup that, under the assumption that the
channel estimate follows an UIU model (in the terminology of
[20]) slightly more general than ours, the transmit covariances
are aligned with the channel correlation as well. As to the pilot
the rank r? is not known a priori before solving the problem.
The notation in (50) is merely to indicate that C(UP ) and C(UQ ) should
contain eigenvectors of R corresponding to the largest eigenvalues of R.
6 Obviously,

sequence in [5], it is optimized with respect to different objectives: the trace and the determinant of the mean-square error
matrix of the channel estimation. The corresponding optimal
eigenbases for the pilot sequences are similarly aligned. The
main contribution of Theorem VII.1 is that of establishing
the jointly optimal eigenbases of pilot Gram and transmit
covariance with respect to a single utility function.
D. Pareto optimal allocation
Consequently, and without loss of optimality, we will align
the eigenbases of P and Q in conformity with (50). The
scalars [r]i = ri , [p]i = pi , and [q]i = qi shall denote the
eigenvalues of R, P , and Q, respectively. Under such assumptions, all matrices involved in the expression of the effective
SNR (11), namely R̂ and R̃ [cf. (7)], as well as Q, acquire the
same eigenbasis UR . We can readily see from Expression (11)
that S then inherits the (common) eigenvectors of P and Q,
i.e., C(US ) = C(UP ) = C(UQ ) ⊆ C(UR ), so that the profile
s is given by [cf. (11)]
s=

r̂ q
1 + q T r̃

(51)

and ‘ ’ denotes the componentwise product. Here, the eigenvalue vectors r̃ = r̃(p) and r̂ = r̂(p) = r−r̃(p) are functions
of p and respectively have entries
r̃i (pi ) =

ri
,
1 + ri pi

r̂i (pi ) =

ri2 pi
.
1 + ri pi

(52)

Hereinforth, we will write s(p, q) instead of s(P , Q) whenever we implicitly assume that the eigenbases are optimally
aligned according to (50). We do not impose any ordering of
the eigenvalues pi , qi , and ri . Instead we assume, without loss
of generality, that they are arranged in such way that the si
are non-increasingly ordered.
Upon optimally aligning the eigenbases as according to
Theorem VII.1, we now consider the remaining problem that
consists in jointly optimizing the allocation vector pair (p, q),
which belongs to a set that constrains the average power
radiated by the transmitter array:
n
o
T
T
T
Γ = (p, q) ∈ R2N
1
p
+
(T
−
T
)1
q
≤
T
µ
. (53)
p
+
s2
∂ + s(Γ )

1
1

s(Γ )
s1

Fig. 4. Sketch of the typical shape of a set s(Γ ) and its Pareto border
∂ + s(Γ ) for NT = 2.

By virtue of Theorem VII.1, we have s(PQ(Tp )) = s(Γ ).
In the following, we will devise a procedure for computing
the set of all allocations (p, q) that yield points located
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on the Pareto border ∂ + s(PQ(Tp )) = ∂ + s(Γ ). Given the
monotonicity of the entries of s(p, q) in pi and qi , we are
certain that any Pareto optimal allocation (p, q) will expend
the full power budget, and thus belong to

∂ + Γ = (p, q) ∈ Γ 1T p + (T − Tp )1T q = T µ . (54)
Hence, ∂ + s(Γ ) = ∂ + s(∂ + Γ ). Now note that the search set
∂ + s(∂ + Γ ) is not equal to the set s(∂ + Γ ), meaning that it
is not sufficient to simply choose some full-power allocation
(p, q) ∈ ∂ + Γ in order to obtain a Pareto optimal allocation.
Instead, we have the proper inclusion
∂ + s(Γ ) = ∂ + s(∂ + Γ ) ( s(∂ + Γ ).

s2

s1

Formally, the problem at hand can be stated as:
(p,q)∈Γ

s.t. s(p, q) = νe

(57)

and e is some normalized direction vector pointing into the
positive orthant, i.e., e ≥ 0 and kek = 1. As usual, the search
set Γ can be reduced to ∂ + Γ .
When we vary e, the set of all points νmax e that are
determined by this maximization procedure constitute what
we shall call a front border.
∂f A

A

Fig. 6. Front border ∂ f A of a closed set A ⊂ R2

The front border of a compact set A ⊆ Rn+ shall be denoted
as ∂ f A and be formally defined as
[
(58)
∂f A =
argmax ν.
e≥0
kek=1

a∈A
a=νe

Note that certain directions e may yield empty sets
{a ∈ A|a = νe} = ∅, so only non-trivial contributions (nonempty sets) should be retained when taking the union (58). As
we easily intuit from comparing Figures 3 and 6, the Pareto
border and front border of a compact set are not generally
identical. However, according to the next Lemma, identity
holds for the set s(Γ ).
Lemma VII.1. The Pareto border and the front border of the
set s(Γ ) coincide.

where η stands for [cf. (57)]

Fig. 5. Symbolic sketch of the procedure for computing Pareto border points
from ∂ + s(Γ ). Said points are parametrized by a unit-norm direction vector
e

ν

r̂ q
r̂ q
=
1 + r̃ T q
1 + r T q − r̂ T q

Proof: See Appendix H.
As a consequence, we can compute the Pareto border by
the above-mentioned technique.
Let us choose the norm k·k
P
to be the 1-norm ksk1 = i si , as this will turn out to be a
convenient choice. The quantity ν that is maximized in (56) is
the 1-norm of the vector s(p, q), constrained to being colinear
with e, i.e.,
η
=ν
(59)
s(p, q) = νe
ks(p, q)k1 =
T
1+r q−η

∂ + s(Γ )

max

s(p, q) =

(55)

In fact, any Pareto optimal allocation is a full-power allocation, but the converse is not true. This becomes clear when
counting dimensions: the vector s has NT real entries, so
any parametrization of the feasible set s(Γ ) with minimal
number of parameters will require at most NT real parameters.
A parametrization of the Pareto border ∂ + s(Γ ) will require
NT − 1 parameters. However, the entries of the vector pair
(p, q) represent 2NT parameters. Thus, to obtain a minimal
parametrization of ∂ + s(Γ ) there are at least NT − 1 excess
parameters to be eliminated. A direct elimination by working
off the explicit expression of s(p, q) in (51) does not seem
possible. Even replacing Γ with ∂ + Γ only saves one parameter.
The idea for reducing the parameter set so as to efficiently
compute Pareto optimal allocations (p, q) will be as follows:
we choose some vector norm k·k, then fix a non-negative
direction vector e ≥ 0 that is normalized as kek = 1.
This normalized vector points into the positive orthant of the
s domain and defines a half-line departing from the origin.
We then maximize the norm ks(p, q)k with respect to the
allocation (p, q) under the constraint that s(p, q) points into
the direction of e. In other terms, we determine the point from
the set s(Γ ) which lies farthest away from the origin, and is
located on the line running along e.

e

where ν = ks(p, q)k stands for the norm of s, while the
function s(p, q) is given by (51) as

(56)

η = kr̂

qk1 = r̂ T q.

(60)

Note that the colinearity constraint s(p, q) = νe implies the
colinearity r̂ q = ηe. Componentwise, the latter reads as
[cf. (52)]
ri2 pi qi
= ηei
1 + ri pi

(61)
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0.2

0.15

ν(p, e)

Consider e to be fixed. Then we see from (61) that, once η
is given, pi and qi are entirely determined from one another:
given any value of qi ≥ 0, the corresponding value of pi ≥ 0
i
is uniquely determined (as long as ηe
qi < ri ), and conversely,
given any value of pi ≥ 0, the value of qi ≥ 0 is uniquely
determined. This allows us to effectuate a (one-to-one) change
of parameters: we drop the qi and replace them by ei , thus
effectively replacing the parameter pair (p, q) ∈ Γ by the new
pair (p, e) ∈ D(T µ) × D(1), where D(·) is defined as

T
1T d ≤ α .
(62)
D(α) = d ∈ RN
+

0.1

0.05

0
1

From (61), the qi can now be expressed in terms of pi and ei
as
1 + ri pi
.
(63)
qi (pi , ei ) = ηei 2
ri pi

qi (p, e) =

1+ri pi
T µ − 1T p ei ri2 pi
P
1+rj pj .
T − Tp
2
j ej

(66)

We can now dismiss the initial problem formulation (56) in
favor of the equivalent formulation
p? (e) = argmax ν(p, e)

0

p1

(a) ν(p, e) as a function of p1 and p2
1.2

1

0.8

0.6

0.4

Consequently, ν can itself be expressed as a function of (p, e)
too [cf. (56)]:
η(p, e)
.
1 + r T q(p, e) − η(p, e)

0

(65)

rj pj

ν(p, e) =

0.5

p2

p2

By summing (63) up
P over i, and taking
P into account the
energy conservation i pi + (T − Tp ) i qi = T µ, we obtain
expressions of η and of qi which are functions of (p, e):
!−1
NT
T µ − 1T p X
1 + ri pi
(64)
η(p, e) =
ei 2
T − Tp
ri pi
i=1

1
0.5

(67)

0.2

0
0

0.2

0.4

0.6

p1

0.8

1

1.2

(b) Contour plot of the function ν(p, e) from Figure 7(a)
Fig. 7. Three-dimensional representation and corresponding contour plot of
a function ν(p, e)

p∈D(T µ)

with ν(p, e) as given in (66). Once the maximizer p? (e) is
determined, we compute the corresponding q ? (e) via (65) as


q1 (p? (e), e)


..
q ? (e) = 
(68)
.
.
qNT (p? (e), e)

The Pareto border ∂ + s(PQ(Tp )) = ∂ + s(Γ ) is described in
its entirety by the union (see Figure 5)
[
∂ + s(Γ ) =
s(p? (e), q ? (e)).
(69)
e≥0
kek1 =1

Definition VII.1. A function f : X 7→ R is quasi-concave
(resp. quasi-convex) on a convex and compact set X ⊂ Rn if
it can be represented as a concatenation
f (x) = (g ◦ h)(x)

(70)

of a concave (resp. convex) function h : X → R and a nondecreasing function g : R → R.
Lemma VII.2. The function ν(p, e) is quasi-concave in p.
Proof: See Appendix I.

This lemma renders (67) a quasi-convex problem, which can
be solved efficiently.
Figures 7(a) and 7(b) illustrate an example of a function
ν(p, e) for NT = 2 transmit antennas, channel coherence

T
T = 10 and SNR µ = 1, r = 2/3 1/3
and e =

T
1/2 1/2 . The quasi-concavity (but non-concavity) can
be well appreciated in said plot, since ν(p, e) appears to be
convex in p near the borders of its triangular domain D(T µ),
while it is concave in an inner region. Notwithstanding this
change of curvature, the function is globally quasi-concave in
p, since all upper contour sets, as illustrated in Figure 7(b),
are convex.
VIII. I TERATIVE JOINT DESIGN
Having studied Problems (P.1.a) and (P.1.b) as well as a
subproblem (Pareto optimal allocations) of Problem (P.3), we
now propose an iterative approach to solving Problems (P.3)
and (P.4).
Using Theorem VII.1, we align the eigenbases as C(UP ) =
C(UQ ) ⊆ C(UR ). Since we know from Sections V and
VI how to efficiently solve Problems (P.1.a) and (P.1.b) for
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Algorithm 2 Iteration for solving (P.4)
1: Tp ← 1
2: repeat
3:
. . . Algorithm 1 . . .
4:
(p? (Tp ), q ? (Tp )) ← (pn , qn )
5:
Tp ← Tp + 1
6: until Tp = min(T − 1, NT )
7: (p? , q ? ) = maxi f (s(p? (i), q ? (i)))

because the constraints on the feasible values of the effective
SNR eigenvalues s are far more intricate as is the simple trace
constraint on the transmit covariance in [20].
IX. S IMULATIONS
optimization of pilots
optimization of precoder
Pareto optimization

2
1.5

s2

(quasi-)concave utilities F , a natural way of tackling the joint
problem (P.2) is by alternating between the two problems in
the fashion of a block gradient ascent:


pn+1 = p? (qn )
qn+1 = q ? (pn )
or
?
qn+1 = q (pn+1 )
pn+1 = p? (qn+1 )
(71)
This procedure converges monotonically towards a fixed-point
of the iteration (pn+1 , qn+1 ) = (p? (qn ), q ? (pn )), which is a
local optimum for Problem (P.2). However, it yields no local
optimum of Problem (P.3), the reason being that no step in the
above iteration ever changes the balance between pilot energy
1T p and transmit power 1T q (energy boost). To accomodate
the energy boost, an additional step needs to be inserted in
the above iteration in order to readjust the allocation (p, q)
so as to remain Pareto optimal. This step can be performed
with the methods for computing the Pareto border, developed
in Subsection VII-D. Therefore, the proposed algorithm for
solving (P.3) should cycle through the following three steps:
1) Optimize p for a prescribed q
2) Optimize q for a prescribed p
3) Adjust (p, q) to be Pareto optimal

1
0.5

Algorithm 1 Iteration for solving (P.3)
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

p0 ←

q0 ←
n←0
repeat
p0 ← argmaxp∈D(1T pn ) f (s(p, q))
q 0 ← argmaxq∈D(1T qn ) f (s(p, q))
s(p0 ,q 0 )
en+1 ← ks(p
0 ,q 0 )k
1
pn+1 ← argmaxp∈D(T µ) ν(p, en+1 )
qn+1 ← q(pn+1 , en+1 )
sn+1 ← en+1 ν(pn+1 , en+1 )
n←n+1
until f (sn ) − f (sn−1 ) ≤ 

0
0

1

2

s1

3

4

(a) convergence of the profile s towards the optimizer, located
on the Pareto border (thick black line) of the feasible set s(Γ )
3.1
3
utility I [bits]

1:

Tp µ
NT 1NT
(T −Tp )µ
1NT
NT

2.9
2.8
optimization of pilots
optimization of precoder
Pareto optimization

2.7
2.6

1

4

7
iteration

10

13

(b) convergence of the utility function I(s) towards the optimum

In pseudocode, the algorithm is written out in Algorithm 1.
For (quasi-)concave utilities f¯ ∈ F̄, Steps 5 and 6 were
shown to be (quasi-)convex optimizations in Sections V and
VI, respectively. The computation of Steps 7 through 10 has
been explained in detail in Subsection VII-D, wherein Step 8
was shown to be a quasi-convex optimization.
We already mentioned in Section IV that the problem of optimally tuning the training duration length Tp could be tackled
by an exhaustive search over the set {1, . . . , min(T − 1, NT )}.
We thus simply need to wrap Algorithm 1 into an outer loop.
Note that the function ν(·, ·) is dependent on the parameter
Tp (though this is not reflected in notation), and should be
updated accordingly with the loop count. The algorithm for
(P.4) in pseudocode is written out in Algorithm 2 below:
The proposed algorithm may still suffer from efficiency
issues due, for instance, to the precision parameter  [Step 12
in Algorithm 1] being left as an arbitrary choice. A fast singleloop iteration in the spirit of Algorithm 1 in [20] would be
preferable, but such a reformulation of our algorithm following
the ideas of [20] does not seem straightforward. For one thing,

Fig. 8. Convergence of Algorithm 1 at an SNR of 10dB (µ = 10) for an
exemplary 2 × 2 MIMO channel, both in the s-domain [Fig. 8(a)] and in
terms of the utility value I(s) [Fig. 8(b)]

Figure 8 shows how Algorithm 1 (for fixed Tp = 2)
converges to the jointly optimal solution for the utility function
f (s) = I(s). The parameters chosen in this simulation are
T = 10, µ = 10 (i.e., 10dB), (NT , NR ) = (2, 2), and
(r1 , r2 ) = ( 23 , 13 ).
Figures 9(a) and 9(b) respectively show the quantities


T − Tp
f¯(s) =
I(s) −f¯(s) = tr E (I + Ŵ S Ŵ † )−1
T
(72)
optimized using Algorithm 2 and plotted against the SNR µ
(in decibels) for the same 2 × 2 system as for Figure 8, i.e.,
(r1 , r2 ) = ( 32 , 31 ) and T = 10. The former utility represents
an achievable rate [including an overhead factor as in (9)].
The latter utility is the negative of the per-symbol meansquare error achieved by a linear minimum mean-square error
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no optimization
optimized precoder
full−fledged joint optimization

6

achievable rate [bits]

5

4

3

2

1

0
−10

−5

0

5
µ [dB]

10

15

20

(a) achievable rate as a function of the SNR
2

the joint problem significantly. Furthermore, by deriving a
method for computing energy allocations which are Pareto
optimal in terms of the effective SNR eigenvalues, we managed to further reduce the dimensionality of the problem. By
combining these approaches into a single iteration, we have
proposed an algorithm for computing local optima of the joint
optimization problem.
It should be noted that the main contributions of this work
consist in offering insights and theorems that allow us to
reduce a multidimensional non-convex optimization problem
so as to render it tractable using common optimization tools.
As pointed out in Section VIII, the focus has not been on an
efficient and practical implementation, though there may be
room for further improvement. Future work may thus look at
possible refinements of the iterative algorithm, or extensions of
the system model, for instance to include more general fading
models.

1.8
achievable per−symbol MSE

1.6

A PPENDIX

1.4

A. Examples of utilities

1.2
1

TABLE I
E XAMPLES OF UTILITIES FROM THE CLASS F

0.8
0.6
0.4
0.2
0
−10

no optimization
optimized precoder
full−fledged joint optimization
−5

0

5
µ [dB]

10

15

20

(b) achievable mean-square error as a function of the SNR
Fig. 9. Two different utility functions against the SNR parameter µ for an
examplary 2 × 2 MIMO system. For both utilities, the performance of fullfledged optimization is compared to a partial optimization (precoder only) and
no optimization at all.

symbol estimator [see also Utility 9 in Table I]. In each of
the two figures, three curves are plotted for comparison: the
utility achieved with full-fledged joint optimization (P.4) using
Algorithm 2; the utility achieved for precoder optimization
(P.1.a) alone; the utility achieved when no optimization is
T µ
(T −Tp )µ
performed, i.e., P0 = Np T INT and Q0 =
INT .
NT
The relative gains in mutual information are well noticeable
especially for low and moderate SNR values. For higher SNR
instead, these gains are far less significant.
X. C ONCLUSION
We have presented an in-depth study of a joint pilotprecoder optimization for a general class of utility functions
of the effective SNR matrix.
Upon analyzing the two separate problems of pilot and
precoder optimization, both of which can be cast into
(quasi-)convex problems in the effective SNR domain provided
that the utility is itself (quasi-)concave, we have shown that
joint optimization requires the eigenbases of both the pilot
Gram and the transmit covariance to be aligned with the
channel’s transmit correlation matrix. This allows to simplify

Utility
I(S)
tr(S)
det(S)
tr(S −1 )−1
det(I + νS) with ν ≥ 0

Curvature in S
concave
linear
log-concave
log-concave
log-concave
log-concave
concave
log-concave
concave
concave

11
12
13
14
15

E det(I + Ŵ S Ŵ † )
E log det(Ŵ S Ŵ † ) for NT ≥ NR
E det(Ŵ S Ŵ † ) for NT ≥ NR

− tr E (I + Ŵ S Ŵ † )−1
 −1
tr E (S
+ Ŵ † Ŵ )−1 for det(S) 6= 0

Pr det(I + Ŵ S Ŵ † ) ≥ η

Pr log det(Ŵ S Ŵ † ) ≥ η for NT ≥ NR

Pr det(Ŵ S Ŵ † ) ≥ η for NT ≥ NR


Pr − tr (I + Ŵ S Ŵ † )−1 ≥ η
 −1

Pr tr (S
+ Ŵ † Ŵ )−1 ≥ η

16
17

kSk2F
λmax (S)

convex
convex

1
2
3
4
5
6
7
8
9
10

–/–
–/–
–/–
–/–
–/–

In the following, we provide a few examples illustrating
from which bounds or approximations of the mutual information I(S) the above utilities may arise.
a) Utility 2: A simple upper bound on I(S) is obtained
using the fact that E[Ŵ S Ŵ † ] = tr(S)NT I and by applying
Jensen’s inequality to the concave log-determinant:
I(S) ≤

NR
X

log(1 + tr(S)NT ).

(73)

i=1

b) Utility 5 with ν = NT NR : Using the determinant
identity det(I + AB) = det(I + BA) to write I(S) =
E log det(I + S Ŵ † Ŵ ), and applying Jensen’s inequality, we
get another upper bound:
I(S) ≤ log det (I + NT NR S) .

(74)

Here, we have used E[Ŵ † Ŵ ] = NT NR .

Copyright (c) 2016 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://ieeexplore.ieee.org. Digital Object Identifier 10.1109/TIT.2016.2578379
13

c) Utilities 6 and 11: By applying Jensen’s inequality to
the concave log function, we get the upper bound
I(S) ≤ log E[det(I + Ŵ S Ŵ † )].

The former case (i.e., NT ≥ NR ) justifies utilities 7 and 12.
In the latter case (i.e., NT ≤ NR ), note that

I(S) = log det(S) + E log det Ŵ † Ŵ
(77)
leads to utility 3. Clearly, I(S) is good as an approximation
of I(S) at high SNR, and was used as such in [21], [22]. Let
us also mention the tighter lower bound [23]



log(e)
,
(78)
I(S) ≥ NR log 1 + exp
I(S)
NR
the derivation of which makes use of the Minkowski inequality
for determinants.
B. Proof of Theorem V.1
Let P and Q have rank(P ) = rP and rank(Q) = rQ
respectively, with rP , rQ ∈ {1, . . . , NT }. The absolute difference of ranks be d = |rP − rQ |. The pilot matrix and precoder have reduced spectral decompositions P = UP ΛP UP†
†
and Q = UQ ΛQ UQ
, respectively, where the eigenbases
NT ×rP
UP ∈ U
and UQ ∈ UNT ×rQ are tall or square,
whereas ΛP and ΛQ are diagonal and positive definite. Let
UP ⊥ ∈ UNT ×(NT −rP ) and UQ⊥ ∈ UNT ×(NT −rQ ) denote
orthonormal bases of the nullspaces of P and Q, respectively,
†
so that UP† UP ⊥ = 0 and UQ
UQ⊥ = 0.
The reduced eigendecomposition of R̂ is consistently de†
, where ΛR̂ ∈ Rr+P ×rP is diagonal
noted as UR̂ ΛR̂ UR̂
positive definite and of size rP × rP , due to the rank equality
(18) which states that rank(R̂) = rank(P ). The orthonormal
nullspace of R̂ is denoted as UR̂⊥ ∈ UNT ×(NT −rP ) . We introduce the notation LA∩B to designate an orthonormal basis
of the intersection of range spaces range(A) and range(B).
If it exists, LA∩B is a matrix with the maximum number of
columns defined as


L† L = I,
LA∩B = L
.
∀x 6= 0 : ALx 6= 0 and BLx 6= 0
(79)
Assume that range(Q) * range(R̂), so the matrix LQ∩R̂⊥
is defined and has at least one column. We define a new
precoder Q0 ∈ Q(µQ ) as
Q =Q−

λrQ (Q)LQ∩R̂⊥ L†Q∩R̂⊥ ,

λmin (Q0 ) = min w† Q0 w.

(75)

d) Utilities 3, 7 and 12: We can lower bound I(S)
by removing the identity matrix inside the log-determinant.
Depending on the sizes of antenna arrays, this gives us a bound
I(S) ≥ I(S) with
(

E log det Ŵ S Ŵ †
for NT ≥ NR

(76)
I(S) =
E log det S Ŵ † Ŵ
for NT ≤ NR ,

0

have Q0  Q, and therefore tr(Q0 ) ≤ tr(Q). What remains
to prove is that Q0  0. The smallest eigenvalue of Q0 is

(80)

where λrQ (Q) is the smallest non-zero eigenvalue of Q. First,
we verify that Q0 ∈ Q(µQ ). Clearly, since λrQ (Q) ≥ 0, we

kwk=1

But since by definition of LQ∩R̂ , the range space of Q contains the range space of LQ∩R̂ L†Q∩R̂ , we have that w† Q0 w is
†
†
†
equal to w† ΠQ
Q0 ΠQ w, where ΠQ = UQ (UQ
UQ )−1 UQ
is the projector from CNT ×NT onto the basis UQ . We thus
have

λmin (Q0 )




†
= λmin ΠQ
Q − λrQ (Q)LQ∩R̂⊥ L†Q∩R̂⊥ ΠQ


†
≥ λmin ΠQ
QΠQ


†
− λrQ (Q)λmax ΠQ
LQ∩R̂⊥ L†Q∩R̂⊥ ΠQ



†
≥ λrQ (Q) 1 − λmax ΠQ
ΠQ λmax L†Q∩R̂⊥ LQ∩R̂⊥

= 0.

(81)

The second inequality holds because the spectral radius norm
λmax (·) is sub-multiplicative, while the last equality holds
because the projector ΠQ and the (sub)unitary LQ∩R̂⊥ have a
largest singular value of at most 1. We infer that Q0 ∈ Q(µQ ).
Notice that Q0 is purposely constructed so that Q0 R̂ = QR̂.
As compared to the matrix S = S(P , Q) obtained with the
precoder Q, the new matrix S 0 = S(P , Q0 ) thus reads as
1

S0 =

1

R̂ 2 Q0 R̂ 2
1 + tr(Q0 R̃)
1

=

1

R̂ 2 QR̂ 2
1 + tr(QR̃) − λrQ (Q) tr L†Q∩R̂⊥ R̃LQ∩R̂⊥



= kS

(82)

and thus turns out to be a scaled version of S, where the
positive scalar k is
k=

1 + tr(QR̃)
1 + tr(QR̃) − λrQ (Q) tr L†Q∩R̂⊥ R̃LQ∩R̂⊥

 > 1.

Therefore, we have S 0  S, so the precoder Q is necessarily
suboptimal, which means that range(Q) * range(R̂) cannot
hold for optimal Q. Instead, we must have range(Q) ⊆
range(R̂) for optimality, which concludes the proof.
C. Proof of Lemma V.1
Supposing we are in the first situation, i.e., A has full column rank, then A has a left pseudoinverse A] = (A† A)−1 A†
which can be used to define the inverse function %−1 . Let
Z = %(X) be the image of X. Given Z, one obtains X
by insulating it via left-multiplication with A] and rightmultiplication with A]† , and appropriate scaling:
A] ZA]† (1 + tr(BX)) = X

(83)

Left-multiplying (83) with B and taking the trace yields
tr(BA] ZA]† ) =

tr(BX)
,
1 + tr(BX)

(84)
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or equivalently,
1 + tr(BX) =

1
1 − tr(BA] ZA]† )

(85)

By combining (83) with (85), we recover the pre-image
X = %−1 (Z), and see that the inverse function %−1 is linear
fractional with parameters A] and −A]† BA] .
We now suppose that we are in the second situation, i.e., A
has full row rank and X is such that range(X) = range(A† )
for every element of X . Due to the latter constraint on the
span of X, we can write any X ∈ X as X = A† X̂A,
with X̂ given by the inverse relation X̂ = A[† XA[ , where
A[ = A† (AA† )−1 denotes the right pseudoinverse of A. The
function % can be represented as
% : X 7→

ÂX̂ Â†
AXA†
=
1 + tr(BX)
1 + tr(B̂ X̂)

(86)

with abbreviations AA† , Â and B̂ , ABA† . Since Â =
AA† has full rank (because A has full row rank), the function
% appears as an injective linear fractional function of X̂ with
parameters Â and B̂, whose inverse, according to findings
above, is linear fractional with parameters Â] and −Â]† B̂ Â] .
Denoting as Z = %(X) the image of X under the function
%, we can thus recover the pre-image X from Z as
X = A† X̂A = A†

]

Â Z Â

]†

1 − tr(Â]† B Â] Z)
A[ ZA[†
=
.
1 − tr(A[† BA[ Z)

A
(87)

Consequently, the inverse %−1 is linear fractional with parameters A[ and −A[† BA[ .
D. Proof of Lemma V.2
We first establish that S(P , Q) is monotonic in the transmit
power, in the sense that
0 ≤ k < k 0 ⇒ S(P , kQ) ≺ S(P , k 0 Q).

where (•)+ denotes the Moore-Penrose pseudoinverse (cf.
Section II), and where the parameter pair (Ψ , Υ ) shall be
subject to the four constraints
ψ ≥ 0,
tr(QΨ ,Υ ) = µQ ,
Υ † Υ = I,

range(Υ ) = range(R̂).

1
1
k
R̂ 2 QR̂ 2
(89)
1 + k tr(QR̃)
1
1
k0
<
R̂ 2 QR̂ 2 = S(P , k 0 Q) (90)
0
1 + k tr(QR̃)

S(P , kQ) =

k
owing to the fact that k 7→ 1+k tr(Q
is monotonically
R̃)
increasing in k.
Now, as a consequence of Theorem V.1 and of the
power monotonicity (88), optimal precoders Q will be elements of ∂ + Q(µQ ) ∩ range(R̂). By definition, this set
can be parametrized by rP non-negative coefficients ψ =
[ψ1 , . . . , ψrP ]T ∈ Rr+P stored in a diagonal matrix Ψ =
diag(ψ), and a tall or square (sub)unitary basis Υ ∈ UNT ×rP
as follows:
1 +
1 +
QΨ ,Υ = R̂ 2 Υ Ψ Υ † R̂ 2 ,
(91)

(92c)
(92d)

The first two constraints ensure that QΨ ,Υ belongs to
∂ + Q(µQ ), while the structure of Expression (91) ensures that
QΨ ,Υ belongs to range(R̂). The third and fourth constraints
(92c)–(92d) are clearly not necessary to fulfill QΨ ,Υ ∈
range(R̂) ∩ ∂ + Q(µQ ), but they induce no loss of generality
either and will turn out helpful later. The set ∂ + Q(µQ ) is thus
entirely parametrized by the parameter pair (Ψ , Υ ) subject to
the constraints (92). Consider now the feasible vectors
!
1
1
R̂ 2 QΨ ,Υ R̂ 2
s(P , QΨ ,Υ ) = λ
1 + tr(QΨ ,Υ R̃)
!
†
†
UR̂ UR̂
Υ Ψ Υ † UR̂ UR̂
T
∈ RN
(93)
=λ
+ .
1 + tr(QΨ ,Υ R̃)
This vector has at most rP non-zero entries because Ψ is
rP × rP . Therefore, we define a vector s̄ ∈ Rr+P of reduced
dimension, which contains the rP topmost (i.e., largest) entries
of s. Since range(Υ ) = range(R̂) [cf. (92d)], the matrix
†
UR̂
Υ is unitary, so we have
ψ
1 + tr(QΨ ,Υ R̃)
ψ
=
.
1 +
1 +
†
2
1 + tr Υ R̂
R̃ R̂ 2 Υ Ψ

s̄(P , QΨ ,Υ ) =

(94)

Note that we have not assumed so far that the entries of ψ or
s̄ are sorted in any specific order.
notational brevity,
call
 † For

1 +
1 +
2
2
α the vector of entries αi = Υ R̂
R̃ R̂
Υ i,i , then

(88)

This monotonicity holds because

(92a)
(92b)

s̄(P , QΨ ,Υ ) =

ψ
.
1 + αT ψ

(95)

On the other hand, the second constraint (92b) translates to
β T ψ = µQ , where β denotes the vector of diagonal entries
of Υ † R̂+ Υ , i.e., βi = [Υ † R̂+ Υ ]i,i . Together, this constraint
and equation (95) describe an affine plane of dimension rP −1,
because left-multiplying (95) with µ1Q β T + αT leads to the
affine equation

T
1
β+α
s̄(P , QΨ ,Υ ) = 1.
(96)
µQ
This affine equation, together with the non-negativity constraint ψ ≥ 0 [cf. (92a)], thus delimit a (rP − 1)-dimensional
simplex, whose elements fulfill
 X
s̄i

=1
ωi
(97)
i

s̄ ≥ 0
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PrP
ν̃n σ (n) . The inequality σ̃i < σ̃i+1 can
such that σ̃ = n=1
thus be written as

where
ωi =

1
.
+ αi

(98)

1
µQ βi

The rP vertices of the simplex described by (97) are the axis
points ωi ei .
Due to the symmetry property of utilities from the class
F, the ordering of the s̄i does not influence the utility value.
Assume that, for a given s̄ ≥ 0 fulfilling
P s̄π(i) (97), there exists
< 1, then s̄ is
an index permutation π such that
i ωi
suboptimal, since there exists an s̄0 = kΠ s̄ with k > 1
which also fulfills (97) and yields a larger utility value
f (s̄0 ) = f (kΠ s̄) = f (k s̄) > f (s̄). Therefore,
can discard
P we
s̄
all s̄ for which some permutation π yields i π(i)
ωi < 1. This
is equivalent to the requirement that the s̄i and ωi be ordered
in the same way, i.e.,
ωi ≤ ωj ⇒ s̄i ≤ s̄j .

(99)

Hence, without loss of optimality, we will restrain the set of
admissible s̄ to the following convex set, called S:
(
)
rP
X
s̄
i
= 1, ∀j : s̄j ≥ s̄j+1 ,
(100)
S = s̄ ∈ Rr+P
ω̄
i=1 i
where ω̄ = [ω̄1 , . . . , ω̄rP ]T contains the entries of ω arranged
in non-increasing order, i.e., ω̄1 ≥ . . . ≥ ω̄rP . Let us define
rP special points pertaining to S, which we shall denote as
σ (n) , and define as
∀n = 1, . . . , rP :

σ (n) = H(ω̄1 , . . . , ω̄n )

n
X

ej ,

(101)

j=1

where H(·, . . . , ·) and ej are defined in the statement of
Lemma V.2. In fact, it is easy to see that the σ (n) have
PrP σi(n)
non-increasing entries and fulfill
i=1 ω̄i = 1, and thus
belong to S. Now, we will show that the set S 0 of all convex
combinations of the σ (n) , i.e,
(r
)
P
X
X
S0 =
νn σ (n)
νn = 1, ∀n : νn ≥ 0 ,
(102)
n=1

n

0

is the same as the set S. We know that S is a subset of the
convex set S, for being a convex combination of a collection
of points from S, hence S 0 ⊆ S. Next, we argue that, if
we assume that some particular point σ̃ belongs to S \ S 0 ,
this implies that σ̃ does not lie in S because it would fail to
comply with some constraint from the definition (100) of S.
Therefrom, it will follow that S = S 0 .
Since the σ (n) pertain to S and are rP linearly independent vectors, theyPdefine the (rP − 1)-dimensional affine
rP s̄i
plane described by
i=1 ω̄i = 1. Therefore, to prove the
0
equality S = S , it will be sufficient to take some point
σ̃ = [σ̃1 , . . . , σ̃rP ]T to lie on said plane, and show that
an infringement
of an inequality σ̃i ≥ σ̃i+1 implies that
PrP
(n)
σ̃
=
ν̃
σ
with coefficients ν̃n such that either
n=1 n
P
ν̃
=
6
1
or
ν̃
<
0 for some index n. So, assume that
n
n n
σ̃i < σ̃i+1 for a given i. There exist unique coefficients ν̃n

rP
X

rP
X

(n)
ν̃n eT
<
i σ

n=1

(n)
ν̃n eT
.
i+1 σ

(103)

n=1

By inserting (101) into the latter inequality, we get
rP
X
n=i

ν̃n H(ω̄1 , . . . , ω̄n ) <

rP
X
n=i+1

ν̃n H(ω̄1 , . . . , ω̄n ),

(104)

which boils down to ν̃i < 0. This concludes the proof that
S = S 0 . Also, this simplex S contains only Pareto border
points, in the sense that S = ∂ + S. In fact,
point s̄00
Prany
P
00
0
dominating some point s̄ ∈ S would fulfill i=1 s̄i /ω̄i > 1
and thus lie outside S.
Now that we have fully characterized the set of Pareto
border points s̄ = s̄(P , QΨ ,Υ ) for a fixed Υ as a simplex
set S, we ask what the best choice for Υ is under the
constraints (92c)–(92d). Clearly, if there exists one single Υ ?
that simultaneously maximizes all vertices σ (n) in the sense
that for any Υ , we have
σ (n) (Υ ? ) ≥ σ (n) (Υ ),

n = 1, . . . , rP

(105)

then this Υ ? is optimal. Here, σ (n) (Υ ) denotes the value of
σ (n) , as defined in (101), with the ω̄i interpreted as functions
of Υ . Next, we show that such Υ ? is well-defined and
characterize it.
We state the multiobjective optimization problem
∀n = 1, . . . , rP :

max

Υ ∈UNT ×rP
range(Υ )=range(R̂)

H(ω̄1 , . . . , ω̄n ).

(106)

Omitting the range space constraint on Υ , we have that, with
the definition (98) of the coefficients ωi together with the
definitions of αi and βi , this multiobjective problem reads
as
∀n :

min

Υ ∈UNT ×rP

n h
X
i=1

1

Υ † R̂ 2

+

I
µQ

 1 + i
+ R̃ R̂ 2 Υ

π(i),π(i)

,

(107)
where π denotes the permutation which orders the diagonal entries of the matrix between square brackets so as
to be non-decreasingly ordered. If W DW † denotes
the
1 +
1 +
I
2
spectral decomposition of R̂ 2
+
R̃
R̂
where
µQ
W ∈ UNT ×rP , and D has non-increasingly ordered, positive
diagonal entries, then it is well known from majorization
theory that the solution of (107) is Υ ? = W , up to a column
permutation (e.g., [24, Theorem 4.3.26]). It turns out as well
that range(Υ ? ) = range(W ) = range(R̂), so the range
space constraint is systematically fulfilled. The columns of
Υ ? contain the eigenvectors υi of the generalized eigenvalue
problem

R̂υi = ωi µ1Q I + R̃ υi ,
(108)
corresponding to the rP largest generalized eigenvalues ωi .
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E. Proof of Theorem VI.1
Assume that rP > rQ . Similarly as for the proof of
Theorem V.1 in Appendix B, we will proceed by constructing
another pilot matrix in P(µP ) which strictly outperforms
P . Recall that the covariance of the channel estimate is
R̂ = R−R̃, as usual, and R̃ = (R−1 +P )−1 is the estimation
error covariance. We construct P 0 as
h
i−1
P 0 = R̃ + λrP (R̂)LQ⊥ ∩R̂ L†Q⊥ ∩R̂
− R−1 .
(109)
The subunitary matrix LQ⊥ ∩R̂ is defined as in the proof of
Theorem V.1. It exists and has at least d = rP − rQ columns.
First, we verify that P 0 ∈ P(µP ). In fact, P 0 can be written
out as
h
i−1
P 0 = R − R̂ + λrP (R̂)LQ⊥ ∩R̂ L†Q⊥ ∩R̂
− R−1 ,
(110)
where it becomes clear that P 0  0, because R̂ −
λrP (R̂)LQ⊥ ∩R̂ L†Q⊥ ∩R̂  0. On the other hand, the trace
of P 0 is upper-bounded as
h
i−1 
tr(P 0 ) = tr R̃ + λrP (R̂)LQ⊥ ∩R̂ L†Q⊥ ∩R̂
− tr(R−1 )
< tr(R̃−1 ) − tr(R−1 )
= tr(P ).

(111)

If we write R̃ = R̃(P ) to stress that it is essentially a function
of P , then we notice that P 0 is designed so as to leave the
product

QR̃(P 0 ) = Q R̃ + λrP (R̂)LQ⊥ ∩R̂ L†Q⊥ ∩R̂
= QR̃(P )

(112)
0

unchanged, irrespective of whether the pilots are P or P .
The same is true for s = λ(S), which is left unchanged when
replacing P by P 0 , because s depends on P only via the
product QR̃(P ), as seen from the relationship

1
1
λ QR − QR̃
λ R̂ 2 QR̂ 2
=
.
(113)
s=
1 + tr(QR̃)
1 + tr(QR̃)
We have thus constructed alternative pilots P 0 which yield the
same utility value f (s), yet saving on the training energy, since
tr(P 0 ) < tr(P ). We generate another pilot matrix P 00 = κP 0
with κ = tr(P )/ tr(P 0 ). The new pilots P 00 spend the same
amount of training energy as P , but yield a strictly larger
S 00 = S(P 00 , Q)  S(P , Q). Hence, P is suboptimal.
F. Convexity of the set of feasible R̂
Showing the convexity of the set of feasible R̂ is equivalent
to showing the convexity of the set of feasible R̃, because
R̂ = R − R̃ is merely R̃ scaled with −1 and summed with
a constant matrix R. Therefore, we show that the set

R̃ = (R−1 + P )−1 P ∈ P(µP )
(114)

is convex. For any pair (P1 , P2 ) ∈ P(µP )2 , there exists a
P3 ∈ P(µP ) and a α ∈ [0; 1] such that
αR̃1 + (1 − α)R̃2 = R̃3 ,

(115)

where R̃i = (R−1 + Pi )−1 for i = 1, 2, 3. By isolating P3 in
(115), the pilot Gram P3 is given by

−1
P3 = αR̃1 + (1 − α)R̃2
− R−1 .
(116)
Obviously, since R̃i  R for i = 1, 2, we have P3  0.
What remains to prove is that tr(P3 ) ≤ µP . Knowing that
the function X 7→ tr(X −1 ) is convex on the positive cone
X  0, we have
tr(P3 ) ≤ α tr(R̃1−1 ) + (1 − α) tr(R̃2−1 ) − tr(R−1 )
= α tr(P1 ) + (1 − α) tr(P2 )
≤ µP .
(117)

Hence, the set of feasible R̂ is convex, and so is Problem (P.1.b).
G. Proof of Theorem VII.1
We will proceed by showing that, in Problem (P.2),
for any given value of the pair (µP , µQ ), the search
set s(P(µP ), Q(µQ ))—and thus its Pareto border
∂ + s(P(µP ), Q(µQ ))—is left unchanged whether we
allow (P , Q) to take any value within P(µP ) × Q(µQ ),
or whether we restrict the choice of the basis UP such
that C(UP ) = {uR,1 , . . . , uR,r? }, where r? denotes the
number of non-zero entries of the s? . With a consequence
of Theorem V.2, we will eventually conclude on the desired
result C(UP ) = C(UQ ) = {uR,1 , . . . , uR,r? }.
To begin with, note that the set s(P(µP ), Q(µQ )) can be
represented as the union
[
s(P(µP ), Q(µQ )) =
s(P , Q(µQ )).
(118)
P ∈P(µP )

As a consequence of the rank equality (18), the elements
of s(P , Q(µQ )) have at most rP non-zero entries, because
1
1
rank(S) = rank(R̂ 2 QR̂ 2 ) ≤ rank(R̂) = rank(P ) = rP .

T
They can thus be written as s(P , Q) = s̄(P , Q)T 0T with
s̄(P , Q) ∈ Rr+P of reduced size. According to Theorem V.2,
this set of reduced-size vectors s̄(P , Q(µQ )) is the simplex
given by the convex hull of the points
σ

(0)

=0 σ

(n)

= H(ω1 , . . . , ωn )

n
X
j=1

ej ,

n ∈ {1, . . . , rP }.
(119)

Every such simplex is entirely described by ω =
[ω1 , . . . , ωrP ]T , the vector non-increasingly
ordered eigenval−1
−1
ues of the matrix R̂ µQ I + R̃
, which is a function of
P alone (not of Q). Consistently with the notation used so
far, ω(P(µP )) shall denote the set of feasible ω given that
P belongs to P(µP ). To prove Theorem VII.1, we will first
show that the set of Pareto border points ∂ + ω(P(µP )) is still
achievable under the restriction C(UP ) ⊆ {uR,1 , . . . , uR,r? }.
Recalling that R = R̂ + R̃ and R̃ = (R−1 + P )−1 , we write
out ω as

−1 
ω = λ R̂ µ1Q I + R̃


−1 
= λ R − (R−1 + P )−1 µ1Q I + (R−1 + P )−1
.
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1

1

Let us denote P 0 = R 2 P R 2 , then using the property
λ(AB) = λ(BA), the last expression can be rewritten as


−1 
ω = λ I − (I + P 0 )−1 (µQ R)−1 + (I + P 0 )−1
.
†
Let us now denote P 00 = UR
P 0 UR , so that the last expression
becomes


−1 
.
ω = λ I − (I + P 00 )−1 (µQ ΛR )−1 + (I + P 00 )−1
(120)

Let us write out the mutual relations linking P and P 00 in
full:
1

−1
UR ΛR 2 UP 00

00

diag(p

−1
†
)UP† 00 ΛR 2 UR
.

(121a)
(121b)

Regarding the (non-reduced) eigendecomposition P 00 =
UP 00 ΛP 00 UP† 00 with UP 00 ∈ UNT ×NT and ΛP 00 = diag(p00 ) =
diag(p001 , . . . , p00NT ), one can say that, if P is drawn from
P(µP ), then the corresponding eigenvalue profile p00 =
1 
1
†
2
2
UR
P UR ΛR
= λ(P R) [cf. (121a)] is
λ(P 00 ) = λ ΛR
drawn from a feasible set which we shall call p00 (P(µP )),
a notation which emphasizes its direct dependence on the domain P(µP ). As to the eigenbasis UP 00 , it obviously belongs
to UNT ×NT by definition, yet in general, we must presume
that not all pairs (p00 , UP 00 ) ∈ p00 (P(µP )) × UNT ×NT are
jointly feasible, since the eigenbasis UP 00 and the eigenvalues
p00 cannot be chosen independently of each other, due to the
special structure of Expression (121a). Instead, UP00 belongs
to a feasible set UP 00 (p00 ) ⊆ UNT ×NT (which depends on p00 ),
so the overall set of feasible pairs (p00 , UP 00 ) forms a subset
of the Cartesian product p00 (P(µP )) × UNT ×NT .
However, suppose for a while that p00 and UP 00 can be
drawn independently of each other from their respective domains p00 (P(µP )) and UNT ×NT . This assumption then corresponds to a relaxation of the original problem, as it possibly
extends the overall set of feasible P 00 , and consequently, of
feasible ω. The resulting set of achievable vectors ω under
this relaxation shall be denoted ω̄(P(µP )) ⊇ ω(P(µP )) and
is formally defined as
n
ω̄(P(µP )) = ω(p00 , UP 00 )
o
(p00 , UP 00 ) ∈ p00 (P(µP )) × UNT ×NT , (122)
wherein the two-argument notation ω(•, •) is defined as
[cf. (121b)]


−1
−1
†
ω(p00 , UP 00 ) , ω UR ΛR 2 UP 00 diag(p00 )UP† 00 ΛR 2 UR
.
(123)
The set ω̄(P(µP )) can be represented as a double union
[
[
ω̄(P(µP )) =
ω(p00 , UP 00 )
p00 ∈p00 (P(µP ))

=

∀d ≥ 0 : ω(p00 + d, UP 00 ) ≥ ω(p00 , UP 00 ).
Hence, since we are essentially interested in the Pareto border
∂ + ω̄(P(µP )) of the set ω̄(P(µP )), we can restrict our further
analysis to the set7
ω̄ + (P(µP )) =

[


ω p00 , UNT ×NT .

(125)

p00 ∈∂ + p00 (P(µP ))

1

†
2
2
P 00 = ΛR
UR
UP diag(p)UP† UR ΛR

P =

As seen from expression (120), ω(p00 , UP 00 ) is monotonic in
the eigenvalues p00i , meaning that

[
p00 ∈p00 (P(µP ))

UP 00 ∈UNT ×NT


ω p00 , UNT ×NT .

(124)

The remainder of the proof of Theorem VII.1 is completed
in four successive steps, each of which is detailed in a separate
paragraph, for the sake of a clearer structure: first, we specify
a method for constructing a particular Pareto border point
of the set ω(p00 , UNT ×NT ) given a particular value of the
vector p00 , where we show that this construction requires the
alignment C(UP ) ⊆ C(UR ); second, we show that the point
constructed this way, besides yielding a Pareto border point
of the relaxed set ω̄(P(µP )), is also contained in the smaller
(non-relaxed) set ω(P(µP )), so it must be a Pareto border
point of ω(P(µP )) as well; third, we show that, by varying
the eigenvalues p00 over the feasible set p00 (P(µP )), with
the aforementioned method of constructing particular Pareto
border points, we reach the whole Pareto border of ω(P(µP ));
fourth, we show that the alignment C(UP ) ⊆ C(UR ) implies
that UQ must as well be aligned such that C(UQ ) = C(UP ) to
reach the whole feasible set s(P(µP ), Q(µQ )), and conclude.
1) Let the orthonormal eigenbasis UP 00 = [u1 , . . . , uNT ]
be spanned by unit vectors ui , where the i-th vector ui is
associated to the i-th largest eigenvalue p00i . Given a fixed value
of p00 ∈ p00 (P(µP )), we construct a particular point of the
Pareto border ∂ + ω(p00 , UNT ×NT ) by solving the sequence of
optimization problems:
∀i ∈ {1, . . . , NT } :
s.t. ∀` ∈ {1, . . . , i − 1} :

U (i) = argmax ωi p00 , U



U ∈UNT ×NT


ω` = ω` p00 , U (i−1) . (126)

Clearly, U (NT ) will yield a Pareto optimal point, that is,
ω(p00 , U (NT ) ) ∈ ∂ + ω(p00 , UNT ×NT ).

(127)

Next, we will show by induction that U (NT ) = I. For this
purpose, let us explicitly solve the first problem (i = 1) of
(126), i.e.,
U (1) = argmax ω1 p00 , U



(128)

U ∈UNT ×NT

7 Note that ω̄ + (P(µ )) is generally not the Pareto border of ω̄(P(µ )),
P
P
but rather a superset thereof.
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With Expression (120), this reads as
"
#

v1† I − (I + U ΛP 00 U † )−1 v1
max
max

†
U ∈UNT ×NT kv1 k=1 v (µQ ΛR )−1 + (I + U ΛP 00 U † )−1 v1
1
"
#

1 − λmin (I + U ΛP 00 U † )−1


≤ max
−1 −1
+ λmin (I + U ΛP 00 U † )−1
U ∈UNT ×NT λmin µQ ΛR
=

1
1+λmax (ΛP 00 )
(µQ λmax (ΛR ))−1 + 1+λmax1(Λ

1−

[i]

P 00 )

=

1−

1
1+p00
1

(µQ r1 )−1 +

1
1+p00
1

.

(129)

This upper bound is tight and achieved if and only if v1 = e1 ,
and when U is of the form


1
0
U (1) =
(130)
0 W (1)
with some arbitrary W (1) ∈ U(NT −1)×(NT −1) . To prove the
induction step, we will show that if for a certain i ≥ 1, all
maximizers U (i) are of the form


I
0
U (i) = i
(131)
0 W (i)
with some arbitrary W (i) ∈ U(NT −i)×(NT −i) , and ∀` =
1, . . . , i : v` = e` , then U (i+1) also has the above block
structure (131), with an identity matrix Ii+1 top left and an
arbitrary rotation matrix W (i+1) bottom right. After solving
the i-th problem, we know that all solutions thereof are of the
form (131), which implies that the equality constraints for the
(i + 1)-th problem [cf. (126)] can only be fulfilled if U (i+1)
has the same structure as U (i) , i.e.,


Ii
0
U (i+1) =
(132)
0 W̃ (i)
with some unitary matrix W̃ (i) ∈ U(NT −i)×(NT −i) to be
determined. According to a straightforward adaptation of
the Courant-Fisher Theorem [24, Theorem 4.2.11], the nonincreasingly ordered eigenvalues λi (AB −1 ) with corresponding eigenvectors vi of a product of two Hermitian matrices A
and B −1 can be expressed as
λi (AB −1 ) =

max

v⊥Bvi−1 ,...,Bv1

v † Av
.
v † Bv

(133)

The (i + 1)-th optimization problem reads as
(
U

(i+1)

= argmax
U ∈UNT ×NT

max

constraints vi ⊥ Bei−1 , . . . , Be1 read as
h
i
Be` = (µQ ΛR )−1 + (I + U ΛP 00 U † )−1 e`
"
#
[i] −1
e`
I+ΛP 00
0
=
+
† e`
[i] −1
µQ r`
0
W̃ (i) I+ Λ̄P 00
W̃ (i)
h 1
1 i
e`
∀` = 1, . . . , i
(135)
+
=
µQ r`
1 + p00`

†
vi+1
Avi+1

)

v † Bvi+1
 i+1

Ii
0
s.t. U =
(134)
0 W̃ (i)

vi+1 ⊥Bvi ,...,Bv1

with A = I − (I + U ΛP 00 U † )−1 and B = (µQ ΛR )−1 +
(I + U ΛP 00 U † )−1 [cf. (120)], and ∀` = 1, . . . , i : v` = e` .
When writing out B, the vectors involved in the orthogonality

[i]

where ΛP 00
=
diag(p001 , . . . , p00i ) and Λ̄P 00
=
00
00
diag(pi+1 , . . . , pNT ). Thus, the orthogonality constraints
simply translate into vi+1 ⊥ ei , . . . , e1 . In other terms, the
first i entries of vi+1 must be zero. Thus, we can define
matrices (NT − i) × (NT − i) matrices Ă and B̆ as
† −1
[i]
Ă = I − I + W̃ (i) Λ̄P 00 W̃ (i)
† −1
(i)
[i]
B̆ = (µQ Λ̄R )−1 + I + W̃ (i) Λ̄P 00 W̃ (i)
, (136)
so that the optimization problem (134) boils down to solving
)
(
†
v̆i+1
Ăv̆i+1
(i)
.
(137)
W̃ =
argmax
max †
v̆i+1 v̆
W ∈U(NT −i)×(NT −i)
i+1 B̆ v̆i+1
This problem is fully equivalent in structure to the first
optimization problem (i = 1) as written out in Equation (129)
and has the same solution, i.e., [cf. (130)]


1
0
(i)
W̃ =
.
(138)
0 W (i+1)
Consequently, U (i+1) has indeed the structure (131), which
concludes the induction proof. We infer that U (NT ) = I, and
thus
ω(p00 , I) ∈ ∂ + ω(p00 , UNT ×NT ) ⊂ ω̄ + (P(µP )).

(139)

Thus, we have specified a method to construct specific Pareto
optimal points of the inner union in (124).
2) Recalling how P 00 is obtained from P ∈ P(µP ), namely
[cf. (121a)]
1

1

†
2
2
UR
UP diag(p)UP† UR ΛR
,
P 00 = ΛR

we can leverage Theorem V.2 (although with other variables)
to characterize the set p00 (P(µP )) of vectors of feasible, nonincreasingly sorted eigenvalues of the above matrix. First note
†
that P 00 has the same eigenvalues as UR P 00 UR
, so that the
set p00 (P(µP )) may be defined as [compare with (32)]
n
o
1
1
NT ×NT
p00 (P(µP )) = λ R 2 P R 2
P ∈ C+
, tr(P ) ≤ µP
(140)
Now, Theorem V.2 can be applied upon replacing R̂, R̃, Q,
Q(µQ ) and µQ (as they appear in the formulation of said
theorem) with R, 0, P , P(µP ) and µP respectively. This
leads to p00 (P(µP )) being characterized as the convex hull of
(n)
the points σ 00 , n = 0, . . . , NT defined as
σ 00
σ 00

(0)

(n)

=0
= µP · H(r1 , . . . , rn )

(141)
n
X

e` ,

n = 1, . . . , NT . (142)

`=1
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It can be readily verified that all points of this convex hull can
be reached when setting C(UP ) ⊆ C(UR ). When doing so,
the eigenbasis of P 00 is precisely UP 00 = I. But remember that
the choice UP 00 = I was required in the previous paragraph
for constructing a Pareto optimal point of ∂ + ω(p00 , UNT ×NT ).
Consequently, this Pareto optimal point is also contained in
the subset ω(p00 , UP 00 (p00 )) ⊆ ω(p00 , UNT ×NT ), and is thus
necessarily a Pareto optimal point of ω(p00 , UP 00 (p00 )), too.
3) We now ask whether all points of the overall Pareto
border ∂ + ω(P(µP )) are attained by the construction method
specified above, i.e., whether
[
∂ + ω(P(µP )) ⊆
ω(p00 , I).
(143)
p00 ∈∂ + p00 (P(µP ))

Let us write out ω(p00 , I) by means of (120) as
−1
Πω(p00 , I) = p00
(µQ r)−1 p00 + ξ
,

(144)

(146)

Since p00 ≥ 0, the scalar  must lie in the semi-open
interval  ∈ [0; mini µQ ri /ei [. From taking the Euclidian
norm of Expression (146), we obtain a function  7→ kp00 k2
which bijectively maps [0; mini µQ ri /ei [ onto R+ . Since any
p00 ∈ ∂ + p00 (P(µP )) has finite norm, there must necessarily
exist one single value of  fulfilling
−1
e ξ
1 − e (µQ r)−1
∈ ∂ + p00 (P(µP )). (147)
Consequently, all Pareto optimal points ∂ + ω(P(µP )) can be
reached by the construction method from paragraphs 2) and
3), so that we may write

∂ + ω(P(µP )) = ω ∂ + p00 (P(µP )), I .
(148)

4) Now that we have established that the Pareto border
∂ + ω(P(µP )) can be reached by setting C(UP ) ⊆ C(UR ),
we have that R̃ = (R−1 + P )−1 and R̂ = R − R̃
acquire the same eigenbasis, up to a column permutation.
Specifically, we have that the alignment C(UP ) ⊆ C(UR )
implies C(UP ) = C(UR̂ ) ⊆ C(UR̃ ). But as a consequence
of Theorem V.2, the alignment C(UR̂ ) ⊆ C(UR̃ ) leads to
[cf. (34)]
C(UQ ) ⊆ C(UR̂ ).

(149)

Hence, we obtain C(UQ ) ⊆ C(UP ) ⊆ C(UR ). Since we know
from Section VII-B that rank(P ? ) = rank(Q? ) at any joint
optimum (P ? , Q? ), we get the desired alignment property
C(UP ) = C(UQ ) ⊆ C(UR ).

C(UP ) = C(UQ ) = {uR,1 , . . . , uR,r? } ⊆ C(UR ),

(150)

(151)

which concludes the proof of Theorem VII.1.
H. Proof of Lemma VII.1
For
of the
would
would

any set A ⊆ Rn+ , the Pareto border ∂ + A is a subset
front border ∂ f A. In fact, if it were not so, then there
exist a Pareto optimal point, say a0 ∈ ∂ + A, which
not be the solution to
max ν

where Π ∈ PNT is a sorting permutation, ‘ ’ denotes componentwise multiplication, r −1 denotes the vector of entries
ri−1 (i.e., componentwise reciprocal), and diag(ξ) = Ξ =
−1
I+(µQ ΛR )−1 . The mapping p00 7→ p00 (µQ r)−1 p00 +ξ
is clearly injective, since ξ > 0. Additionally, it has the
property that for any real unit-norm vector e ≥ 0, there exists
a scalar  > 0 and a single feasible vector p00 ∈ ∂ + p00 (P(µP ))
such that
−1
p00
(µQ r)−1 p00 + ξ
= e.
(145)
To see this, we first rewrite Expression (145) as
−1
p00 = e ξ
1 − e (µQ r)−1
.

Obviously, in case (150) is a strict inclusion, the eigenbases
of P and Q should contain the eigenvectors of R associated
to the largest eigenvalues of R, hence

(152)

a∈A
a=νa0

in that another a00 ∈ A colinear with a0 would exist that would
have larger norm, i.e., ka00 k > ka0 k. Yet this is impossible by
the definition of ∂ + A, because a00 would dominate a0 in the
sense a00 ≥ a0 , hence the contradiction.
It thus suffices to prove that ∂ f s(Γ ) ⊆ ∂ + s(Γ ) in order to
conclude on set equality ∂ f s(Γ ) = ∂ + s(Γ ). For this purpose,
take s0 to be some point of the front border ∂ f s(Γ ). Assume
that there would exist another point s00 ∈ s(Γ ) different from
s0 that dominates s0 , that is, s00 ≥ s0 . For belonging to the set
s(Γ ), which is the union
[
[
s(Γ ) =
s(P , Q(µQ )), (153)
(µP ,µQ )
P ∈P(µP )
µP +(T −Tτ )µQ ≤T µ

the point s00 would be contained in at least one of the sets
s(P , Q(µQ )). Call P 00 ∈ P(µP ) a pilot Gram of rank rP 00
such that s00 lies in s(P 00 , Q(µQ )). According to Theorem V.2,
the set s(P 00 , Q(µQ )) is a simplex consisting of all convex
combinations of rP 00 + 1 points σ (n) , n = 0, . . . , rP 00 , with
σ (0) = 0 and [cf. (33)]
σ (n) = H(ω1 , . . . , ωn )

n
X
j=1

ej ,

n ∈ {1, . . . , rP 00 },

(154)

where ωi are the non-increasingly ordered eigenvalues of the
generalized eigenvalue problem [cf. (31)]
00
R̂00 vi = ωi (µ−1
Q I + R̃ )vi

(155)

with R̃00 = (R−1 + P 00 )−1 and R̂00 = R − R̃00 . Notice
that the linearly independent vectors σ (n) , n = 1, . . . , rP 00 ,
when linearly combined with non-negative coefficients, span
T
the linear subspace of RN
+ of vectors having non-increasingly
sorted entries on positions 1 through rP 00 , and zero entries on
positions rP 00 + 1 through NT . Consequently, both s0 and s00 ,
which by definition have non-increasing non-negative entries,
can be written as linear combinations
rP 00

s0 =

X
n=1

rP 00

νn0 σ (n)

s00 =

X

νn00 σ (n)

(156)

n=1

with unique non-negative coefficients νn0 and νn00P
. Since s00 ∈
00
00
00
s(P , Q(µQ )), the coefficients νn sum up to
n νn ≤ 1.
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Now, since s0 and s00 are distinct, and s0 ≤ s00 by assumption,
we must have
rP 00
rP 00
X
X
0
νn <
νn00 ≤ 1.
(157)
n=1

n=1

0

Therefore s lies in the interior of s(P 00 , Q(µQ )). Consequently, for a small enough  > 0, the point (1+)s0 is element
of s(P 00 , Q(µQ )), and thus of s(Γ ), which contradicts the initial assumption that s0 ∈ ∂ f s(Γ ). Hence ∂ f s(Γ ) = ∂ + s(Γ ).
I. Proof of Lemma VII.2
Clearly, maximizing ν(p, e) as defined in (66) is equivalent
to minimizing the function
ν̆(p) =

1 + r T q(p, e)
1
+1=
,
ν(p, e)
η(p, e)

(158)

where contrary to ν(p, e), the direction vector e is omitted in
the notation of the function ν̆(p). Writing the latter function
out in full with help of definitions (64) and (65) yields
−1 P
P

P
T µ−
p
1+ri pi
1+ri pi
1 + T −Tτi i
i ei ri2 pi
i ei ri pi
ν̆(p) =

−1
P
T µ− i pi P
1+ri pi
e
2
i i ri pi
T −Tτ
!
X 1 + ri pi
X
1 + ri pi
T − Tτ
P
+
ei
ei 2
=
T µ − i pi
ri pi
ri pi
i
i

, (T − Tτ ) ν̆1 (p) + ν̆2 (p) + ν̆3 (p),
(159)
the three functions ν̆1 (p), ν̆2 (p), ν̆3 (p) in the last line being
X
1
P
ν̆1 (p) =
ej rj−2
(160a)
pj (T µ − i pi )
j
X
1
P
ν̆2 (p) =
ej rj−1
(160b)
T
µ
−
i pi
j
X 1 + ri pi
.
(160c)
ν̆3 (p) =
ei
ri pi
i
We will now show that the three functions ν̆1 (p), ν̆2 (p) and
ν̆3 (p) are all convex functions of p on the interior of D(T µ) ⊂
(0; ∞)NT , which we shall denote as int(D(T µ)). It is easy to
see that ν̆3 is essentially a linear combination (plus a constant)
of functions 1/pi that are convex on the entire open orthant
NT
(0, ∞)NT , and thus on int(D(T µ))
P ⊂ (0; ∞) . Similarly, ν̆2
is convex on the open half-space i pi < T µ, and thus on the
subset int(D(T µ)) thereof. Finally, ν̆1 is a linear combination
of functions p1j T µ−1P pi , each of which is convex in p on
i
int(D(T µ)). This can be shown as follows: take a pair of
points p(1) , p(2) ∈ int(D(T µ))2 , then for any θ ∈ [0; 1],
1
(1)
θpj

≤θ

1

+ (1 −

(1)
pj

Tµ −

1
(2)
θ)pj

1
P

i

(1)

pi

(2) 
+ (1 − θ)pi
1
1
+ (1 − θ) (2)
P (2) , (161)
pj T µ − i pi

Tµ −

(1)
i θpi

P

because the left-hand side of the latter inequality is convex in
θ ∈ [0; 1], since it is of the form
1
1
A
(162)
1 + Bθ 1 + Cθ

with constants A =
(1)
(2)
i (pi −pi )
P (2)
T µ− i pi

(1)

1
P
(2)
pj (T µ− i

(2)
pi )

≥ 0, B =

(2)

pj −pj
(2)
pj

,C=

P

, and 1+Bθ ≥ 0 and 1+Cθ ≥ 0 by construction.
The convexity of (162) is best seen by differentiating twice:


d2
1
1
2
=
2
dθ 1 + Bθ 1 + Cθ
(1 + Bθ)(1 + Cθ)


C2
BC
B2
+
+
.
×
(1 + Bθ)2
(1 + Cθ)2
(1 + Bθ)(1 + Cθ)
(163)
The above expression is obviously positive if BC ≥ 0.
Otherwise, if BC ≤ 0, then the expression between square
brackets on the right-hand side of the last equality is lower
bounded by
C2
2BC
B2
+
+
(1 + Bθ)2
(1 + Cθ)2
(1 + Bθ)(1 + Cθ)

2
B
C
=
+
≥ 0. (164)
(1 + Bθ) (1 + Cθ)
Hence (161), and all the three functions ν̆1 , ν̆2 and ν̆3 are
convex in p on the open set int(D(T µ)). Thus, ν̆(p) is convex
on int(D(T µ)). Therefore ν(p, e) = 1/(ν̆(p) − 1), which
is a decreasing function of ν̆(p) > 1, is quasi-concave in p
on int(D(T µ)), according to Definition VII.1. Since ν(p, e)
vanishes on the boundary of D(T µ) and is continuous in the
vicinity of this boundary, we conclude that p 7→ ν(p, e) is
quasi-concave on the closure D(T µ).
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