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Abstract
Diversity is a well-established concept in wireless communications whose purpose is to quantify the
potential robustness of a receiver when multiple independent copies of the informative signal are received.
Indeed, there exists a formal definition of this concept within the context of wireless communications
that takes into account its practical usage, i.e. it is defined with respect to the symbol error probability
averaged over the channel statistical fluctuation. However, there is no consensus on the generalization
of the previous definition to other forms of signal processing applications. For this reason and being
inspired by an intuitive definition of diversity extracted from the multimodal data fusion framework,
the purpose of this dissertation is to explore the concept of diversity through the lenses of Information
theory, a numerical optimization framework based on the Majorization-Minimization principle and
the Grassmann manifold. The motivation behind the Majorization-Minimization algorithms is that
they fit perfectly to the optimization problems arising from information theoretic cost functions, while
the Grassmann manifold emerges naturally in the context of sparse-aware signal processing problems
that exhibit some sort of diversity. All these ideas are surveyed through three different scenarios: the
multisensor fusion, the Covariance Conversion from wireless MIMO communications and the detection
of correlation. All of the scenarios share the fact that the intrinsic dimension of the data is much
smaller than the ambient space dimension.

In the multisensor fusion problem, we analyze the intuitive definition of diversity in a straightforward
manner for three fusion policies. Firstly, the Covariance Intersection principle is reviewed to highlight
its connection to the minimum error entropy criterion and the waterfilling algorithm for optimal power
allocation in communications. Secondly, we derive a bounded descriptor based on the Rényi entropy of a
sensor network contamination worst-case scenario (unbounded variance). Thanks to the aforementioned
descriptor, it is possible to provide an operational interpretation to the commonly used L0 norm
regularization particularized for this problem. Finally, we consider a fusion scheme that incorporates a
subspace-based regression technique into the fusion operation. This proposal, which is inspired by a
duality with the problem of unstructured interference mitigation in navigation receivers, is motivated
by the fact that it is possible to obtain a measure of the fusion integrity when the temporal redundancy
of the measurements and the intersensor covariance matrix are estimated in a joint manner.

Besides, a different kind of diversity is unveiled in the Covariance Conversion problem for Frequency
Division Duplexing schemes from wireless communications. In essence, this problem consists in the
estimation of the Downlink channel covariance matrix using a prior estimation of the Uplink channel
covariance matrix. Particularly, we are interested in those cases where sparsity can be defined on the
second-order statistics, which are found in the mmWave and ultra-wide band channels. Through a
detailed analysis of this problem, we show a promising conversion algorithm founded on the Alternating
Direction Method of Multipliers.

Lastly, the detection of correlation between two Gaussian vectors problem serves as a way to
explore an information theoretic approach for the quantification of diversity. In fact, we transform this
setting into a Mutual Information estimation problem of M parallel Gaussian channels to yield the
aforementioned information theoretic measure. However, the Maximum Likelihood estimation of the
Mutual Information suffers from bias when a subset of these channels provide no information. In light
of this, we propose the adoption of model-order selection rules, well-known in other areas, as a means
for estimating information under a bias-variance trade-off.



Resumen
La diversidad es un concepto bien conocido en comunicaciones inalámbricas cuyo propósito es cuantificar
la robustez potencial de un receptor cuando se reciben múltiples copias independientes de una señal.
De hecho, existe una definición formal de este concepto que tiene en cuenta su uso práctico dentro
del contexto de comunicaciones inalámbricas, es decir, se define con respecto a la probabilidad de
error de símbolo promediada sobre la estadística del canal. Sin embargo, no existe consenso sobre
la generalización de la definición para otro tipo de aplicaciones. Inspirándonos en una definición
intuitiva de diversidad extraída de fusión de datos multimodal, el objetivo de esta tesis es explorar el
concepto de diversidad bajo la perspectiva de la teoría de la información, la optimización numérica
basada en el principio de MM y la variedad de Grassmann. La motivación detrás de los algoritmos de
MM es que se ajustan perfectamente a los problemas de optimización que surgen de la teoría de la
información, mientras que la variedad de Grassmann aparece naturalmente en el contexto de problemas
con esparsidad que muestran diversidad. Todas estas ideas se analizan a través de tres escenarios
diferentes: la fusión multisensor, la conversión de covarianza en comunicaciones inalámbricas MIMO y
la detección de correlación. Estos escenarios comparten el hecho de que la dimensión intrínseca de los
datos es mucho más pequeña que la dimensión del espacio global.

En el problema de fusión multisensor, analizamos la definición intuitiva de diversidad para tres
esquemas de fusión. En primer lugar, revisamos el principio de Intersección de Covarianza para resaltar
su conexión con el criterio de mínima entropía y el algoritmo de “waterfilling” en comunicaciones. En
segundo lugar, derivamos un descriptor basado en la entropía de Rényi del peor caso de contaminación
de una red de sensores. Gracias a este descriptor, es posible interpretar la regularización de norma
L0 para el problema de fusión de sensores con argumentos extraídos de la teoría de la información.
Finalmente, consideramos un esquema de fusión en la que se procesa conjuntamente la propia fusión
de los sensores y una técnica de regresión basada en subespacios lineales. Este planteamiento, que
se inspira en una dualidad con el problema de la mitigación de interferencias no estructuradas en
receptores de navegación, está motivada por el hecho de que es posible obtener una medida de la
integridad de la fusión cuando la redundancia temporal de las mediciones y la matriz de covarianza
intersensores se estiman conjuntamente.

Por otra parte, se revela un tipo diferente de diversidad en el problema de conversión de covarianza
para esquemas de duplexación por división de frecuencia en comunicaciones. Este problema consiste en
la estimación de la matriz de covarianza de canal del enlace de bajada utilizando una estimación previa
de la matriz de covarianza de canal del enlace de subida. Consideramos especialmente aquellos casos
donde se puede definir esparsidad sobre las estadísticas de segundo orden, que ocurre en los canales
“mmWave” y de banda ultra-ancha. A través de un análisis detallado de este problema, mostramos un
algoritmo de conversión prometedor basado en el ADMM.

Por último, el problema de detección de correlación entre dos vectores Gaussianos sirve como una
forma de explorar un enfoque basado en teoría de la información para cuantificar la diversidad. De
hecho, transformamos este problema en uno de estimación de la información mutua de M canales
Gaussianos paralelos para conseguir dicha medida de la diversidad. Sin embargo, la estimación de
máxima verosimilitud de la información mutua sufre de sesgo cuando un subconjunto de estos canales
no proporcionan información. Por este motivo, proponemos la adopción de reglas de selección de orden
de modelo, bien conocidas en otras áreas, como un medio para estimar información bajo un compromiso
de sesgo-varianza.



Resum
La diversitat és un concepte ben conegut en les comunicacions, el qual quantifica la robustesa d’un
receptor quan es reben múltiples còpies independents d’un senyal informatiu. De fet, existeix una
definició formal d’aquest concepte en el context de comunicacions sense fil que té en compte el seu ús
pràctic, és a dir, es defineix en funció de la probabilitat d’error de símbol promitjada sobre la fluctuació
estadística del canal. Tanmateix, no hi ha consens sobre la generalització de la definició anterior en
altres aplicacions de processament de senyal. Per aquest motiu i inspirant-nos en una definició intuïtiva
de la diversitat extreta de l’entorn de fusió de dades multimodal, l’objectiu d’aquesta tesi és explorar
el concepte de diversitat des de la perspectiva de la teoria de la informació, l’optimització numèrica
basada en el principi de MM i la varietat de Grassmann. La motivació dels algorismes de MM és
que s’ajusten perfectament als problemes d’optimització derivats de les funcions de cost basades en
mesures d’informació, mentre que la varietat de Grassmann sorgeix de manera natural en el context
de problemes de processament de senyals amb esparsitat que presenten diversitat. Totes aquestes
idees s’estudien a través de tres escenaris diferents: la fusió multisensor, la conversió de covariància de
comunicacions MIMO sense fil i la detecció de correlació. Aquests escenaris comparteixen el fet que la
dimensió intrínseca de les dades és molt més petita que la dimensió de l’espai global.

En el problema de la fusió multisensor, analitzem la definició intuïtiva de diversitat per a tres
esquemes de fusió. En primer lloc, revisem el principi d’intersecció de covariància per destacar la
seva connexió amb el criteri de mínima entropia i l’algorisme de “waterfilling” en comunicacions. A
continuació, derivem un descriptor basat en l’entropia de Rényi del cas pitjor de contaminació en una
xarxa de sensors. Gràcies al descriptor esmentat, és possible donar una interpretació a la regularització
de la norma L0 amb arguments extrets de la teoria de la informació. Finalment, considerem un esquema
de fusió que processa conjuntament la fusió i una tècnica de regressió basada en subespais lineals. La
proposta anterior, que s’inspira en una dualitat amb el problema de la mitigació d’interferències no
estructurades en receptors de navegació, està motivada pel fet que és possible obtenir una mesura de la
integritat de la fusió quan la redundància temporal de les mesures i la matriu de covariància intersensor
s’estimen de manera conjunta.

En segon lloc, es presenta un tipus diferent de diversitat en el problema de conversió de covariància
per als esquemes de duplexació per divisió de freqüència de comunicacions. Aquest problema consisteix
en l’estimació de la matriu de covariància de canal de l’enllaç de baixada mitjançant una estimació
prèvia de la matriu de covariància de canal de l’enllaç de pujada. En particular, estem interessats en
aquells casos en què l’esparsitat es pot definir sobre les estadístiques de segon ordre, els quals es troben
als canals de “mmWave” i de banda ultra-ample. Mitjançant una anàlisi detallada d’aquest problema,
mostrem un algorisme de conversió prometedor basat en el ADMM.

En darrer lloc, el problema de detecció de correlació entre dos vectors Gaussians serveix com a
forma d’explorar una manera alternativa de quantificar la diversitat basada en teoria de la informació.
De fet, transformem aquesta configuració en un problema d’estimació d’informació mútua de M canals
Gaussians paral·lels per obtenir la mesura teòrica de la informació esmentada anteriorment. No obstant
això, l’estimació de màxima versemblança de la informació mútua pateix de biaix quan un subconjunt
d’aquests canals no proporcionen informació. En vista d’això, proposem l’adopció de regles de selecció
de l’ordre de model, conegudes en altres àrees, com a una manera d’estimar la informació mútua sota
un compromís de biaix-variància.



Table of Contents

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Resumen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Resum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii
Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvi
Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xviii

1 Introduction 1
1.1 Motivation and goals of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Thesis outline and contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Sparse and other related information theoretic criteria 5
2.1 Sparsity and information theoretic cost functions . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 `p norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.1.1 Using`p norms in inverse problems . . . . . . . . . . . . . . . . . . . . 10
2.1.1.2 Interpretability of the `p norms . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.2 Information theoretic criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.1.2.1 Parametric Minimum Error Entropy criterion: Particularization to

Gaussian random matrices . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.1.2.2 Mutual Information of two random variables . . . . . . . . . . . . . . . 15

2.2 Preliminaries on Di�erential Geometry: the Grassmann manifold . . . . . . . . . . . . . 17
2.2.1 Geometry of the Grassmann manifold . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Principal Angles Between Subspaces . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2.3 Geodesics and distances in the Grassmann manifold . . . . . . . . . . . . . . . . 22

2.3 Information theoretic Model-Order Selection . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3.1 Bayesian Information Criterion (BIC) . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3.2 Akaike Information Criterion (AIC) and Generalized Information Criterion (GIC) 28

2.4 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Algorithmic framework 31
3.1 Preliminaries on optimization theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1.1 Level sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.1.2 Derivatives and stationary points of a function . . . . . . . . . . . . . . . . . . . 33

3.2 Riemannian optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2.1 Convex optimization review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2.2 G-convex optimization on the Grassmann manifold . . . . . . . . . . . . . . . . . 40

3.2.2.1 Toy problem: Riemannian perspective on Principal Component Analysis 44
3.3 Majorization-minimization framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

vii



3.3.1 The MM algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.3.2 MM block relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3.3 Construction of the majorant function . . . . . . . . . . . . . . . . . . . . . . . . 52

3.3.3.1 First-order majorants . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3.3.2 Second-order majorants . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.3.3 Jensen's inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3.4 MM framework on the Grassmann manifold . . . . . . . . . . . . . . . . . . . . . 57
3.3.4.1 MM algorithm on the Grassmann manifold . . . . . . . . . . . . . . . . 57
3.3.4.2 Block MM algorithm on the Grassmann manifold . . . . . . . . . . . . 58

3.3.5 Proximal algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.3.5.1 Alternating Direction Method of Multipliers (ADMM) . . . . . . . . . . 63

3.4 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4 Exploiting diversity in data fusion problems 69
4.1 General problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.1 Arithmetic and Geometric average fusion rules . . . . . . . . . . . . . . . . . . . 72
4.1.2 Benchmark fusion policy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.2 Covariance Intersection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.2.1 Derivation of the Covariance Intersection principle . . . . . . . . . . . . . . . . . 75

4.2.1.1 GA fusion interpretation of the CI principle . . . . . . . . . . . . . . . . 78
4.2.1.2 A minimum entropy interpretation to the optimal intersection weights

in the CI principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.2.2 Multisensor fusion under the perspective of Covariance Intersection . . . . . . . . 80

4.3 Minimum Error Entropy fusion under Contaminated Gaussian Noise . . . . . . . . . . . 81
4.3.1 Rényi entropy limit of the contaminated Gaussian model . . . . . . . . . . . . . 82
4.3.2 Entropic Best Linear Unbiased Estimator . . . . . . . . . . . . . . . . . . . . . . 85

4.3.2.1 Uncorrelated case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.3.2.2 Correlated case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.4 Conditional Maximum Likelihood-based solution for the blind fusion and regression
problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.4.1 Blind joint fusion and regression problem statement . . . . . . . . . . . . . . . . 90
4.4.2 Derivation of the PMEE criterion from the CML principle . . . . . . . . . . . . . 91
4.4.3 MM-based algorithm for the blind fusion and regression problem . . . . . . . . . 94

4.4.3.1 Update equation of the fusion rule,f . . . . . . . . . . . . . . . . . . . 95
4.4.3.2 Update equation of the regressors subspace,H . . . . . . . . . . . . . . 96

4.4.4 Convergence analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.4.5 Dealing with small sample sizes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.4.5.1 Diagonal intersensor covariance assumption . . . . . . . . . . . . . . . . 98
4.4.5.2 Bayesian prior on the sample covariance . . . . . . . . . . . . . . . . . . 99

4.4.6 Performance analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
4.4.6.1 Asymptotic numerical analysis . . . . . . . . . . . . . . . . . . . . . . . 104
4.4.6.2 Subspace estimation analysis . . . . . . . . . . . . . . . . . . . . . . . . 105
4.4.6.3 Testing the small sample size approaches . . . . . . . . . . . . . . . . . 106
4.4.6.4 Practical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.5 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5 Exploiting angular diversity in the Covariance Conversion problem 109
5.1 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.1.1 Angular Power Spectrum sparsity . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.1.2 Covariance Conversion problem statement . . . . . . . . . . . . . . . . . . . . . . 112

5.2 Estimation of a quantized sparse APS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.2.1 Sparse-aware APS estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.3.1 Testing the number of quantized samples . . . . . . . . . . . . . . . . . . . . . . 120



5.3.2 Testing the �tting constraint parameter . . . . . . . . . . . . . . . . . . . . . . . 120
5.3.3 Performance of the CC approaches with an increasing number of antennas . . . . 121

5.4 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

6 Discovering diversity via model-order selection rules 123
6.1 Problem statement: Mutual Information of two sequences . . . . . . . . . . . . . . . . . 124
6.2 Maximum Likelihood estimation of the Mutual Information . . . . . . . . . . . . . . . . 126
6.3 Regularized mutual information estimation via model-order selection . . . . . . . . . . . 128
6.4 Dealing with non-parallel datasets via Informative Canonical Correlation Analysis . . . 132

6.4.1 Empirical CCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
6.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.5.1 Mutually independent datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
6.5.2 Mutually dependent datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.6 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

7 Conclusions 139
7.1 Future lines of research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

8 Appendix 143
8.1 Appendices of Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

8.1.1 Derivation of the generalized Rényi Entropy of a matrix Gaussian distribution . 143
8.2 Appendices of Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

8.2.1 Proof of Proposition 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
8.2.2 Lebesgue Dominated Convergence Theorem . . . . . . . . . . . . . . . . . . . . . 144
8.2.3 ML estimator of uk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
8.2.4 Proof of eq. (4.113) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
8.2.5 Proof of (4.117) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
8.2.6 Proof of the unboundedness of (4.125) . . . . . . . . . . . . . . . . . . . . . . . . 146
8.2.7 Proof of equation (4.140) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
8.2.8 Proof of equation (4.158) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

8.3 Appendices of Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.3.1 Proof of (5.12) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.3.2 Solving the ADMM update equations . . . . . . . . . . . . . . . . . . . . . . . . 148

8.3.2.1 Solution of (5.30a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
8.3.2.2 Solution of (5.30b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
8.3.2.3 Solution of (5.30c) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

8.4 Appendices of Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
8.4.1 Proof of Lemma 6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Bibliography 151





List of Figures

1.1 Thesis outline. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1 Insights on the convexity of `p norms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Example: Visualization of Gr(3; 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3 Example: Visualization of TX Gr(2; 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.4 Example: Visualization of the principal angle � between two subspaces inGr(2; 1). Note

that the principal angles are a generalization of this particular case. . . . . . . . . . . . 21
2.5 Example: Visualization of the geodesic,� (t), that connects X with Y in Gr(2; 1). Note

that the distance is the arclength in this semi-circle, coinciding with the only principal
angle betweenX and Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.1 Example: Visualization of a g-convex set (highlighted area) inSt(2; 1) which is not
totally convex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Example: Visualization of a g-convex set onGr(2; 1), B �
4

(C). . . . . . . . . . . . . . . . 41
3.3 Relationship between several algorithmic frameworks that lie within the MM framework. 49
3.4 Example: Majorants of a function (red dashed lines).x i +1 and x i +2 are obtained by the

minimization of the majorant functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.1 Chapter 4 outline. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.2 Intersection of ellipses and the CI principle. . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.3 Number of selected sensors according to criterion(4.87) for di�erent � and " . Solid:

homoscedasticity, 
 m = 
 , 8m; dashed: heteroscedasticity,
 m = ( M � m + 1) 
 , where

 > 0 is any scale factor. The total amount of sensors isM = 250. . . . . . . . . . . . . 88

4.4 Graphical representation of (4.93) in R2. A segment of the constraint set coincides with
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Chapter 1

Introduction

1.1 Motivation and goals of this thesis

This dissertation is the result of the intersection of three concepts in signal processing: multimodal data
fusion [110], the Grassmann manifold [20] and the Information Theoretic Learning (ITL) paradigm
[151]. Although it may seem that, at �rst glance, these ideas are unrelated, the focus of this thesis is
to explore the potential connections between these frameworks with a strong emphasis on numerical
optimization theory. Firstly, we re�ect on the ideas that ignited our interest in these three topics.

Diversity and degrees of freedom are two key concepts in wireless communications that quantify
the potential performance gains of the processing of multiple channels [72], which complement the
information provided by the Signal to Noise Ratio (SNR). Unfortunately, there is no formal de�nition of
these quantities (similar to the de�nitions given in [72]) that can be applied to other signal processing
applications up to the authors knowledge. In the pursuit of a more general de�nition of these concepts,
our attention was drawn towards multimodal data fusion for one reason: there is an intuitive de�nition
of diversity in this problem [110]. Basically, two (or more) datasets have some sort of diversity if their
joint processing results in the extraction of complementary information that could not be recovered
otherwise, which is essentially what happens when multiple signals are processed jointly with the aim of
mitigating the e�ects of the fading channel when multiple independent copies of the informative signal
are received. [186]. In this regard, the focus of this thesis is to explore problems and cost functions
that exploit the implicit diversity of multiple datasets. Particularly, provided that the multimodal data
fusion framework encompasses a wide range of casuistics that are out of the scope of this dissertation,
e.g. the processing of heterogeneous data such as images or audio signals, we focus our gaze on the
multisensor fusion [103], the Covariance Conversion in wireless MIMO communications [125], [136] and
the detection of correlation [120], [159] problems, to explore other alternative expressions of diversity in
signal processing applications. While in the �rst two settings there is a necessity of exploiting diversity,
we are interested in the quanti�cation of the diversity on the last application.

Besides, our interest in the Grassmann manifold was triggered by the cycle-slips detection problem
from the Precise Point Positioning (PPP) mode of the Global Navigation Satellite System (GNSS) [167],
where the identi�cation of the noise subspace is a crucial step to compute the test statistic. Just to
brie�y introduce the Grassmann manifold, it is intuitively de�ned as the set that contains the subspaces
of a given dimension in which some notion of distances and curves connecting any two points of this set
can be de�ned [20]. In light of this intuitive de�nition, it is clear that the Grassmann manifold plays a
fundamental role in any signal processing application with orthogonality constraints (in addition to a
particular homogeneity condition [57]), such as in the previously mentioned detector of cycle-slips that
require the determination of the noise subspace [167], Principal Component Analysis (PCA) [96], [206],
Subspace Learning [16], [54], [191], Matrix Factorization [7], [45], Non-Coherent [208] and Opportunistic
[211] Communications, to name a few examples. Still, it is worth noting that the geometry of the
previous problems can also be studied in terms of the Stiefel manifold since any function satisfying
the homogeneity condition of the Grassmann manifold is parameterized by either manifold [57]. In
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fact, the Grassmann manifold is equivalent to the Stiefel manifold up to an invariance with respect
to a rotation, i.e. only the spanned subspace is relevant for the Grassmann manifold whereas the
Stiefel manifold is the set of matrices satisfying the orthogonality constraints. Nevertheless, although
there are known tools for signal processing that utilize the Stiefel manifold [31], [44], we prefer the
Grassmann manifold to study any problem with orthogonality constraints because, as it will be argued,
its geometric properties are much more versatile for the applications considered in this dissertation (see
[7] for an example). The main challenge that results from the utilization of the Grassmann manifold in
a numerical optimization problem is that the orthogonality constraints de�ne a non-convex set [29],
implying that already known convex optimization tools cannot be used straightforwardly.

Lastly, in the context of estimation of general parameters and �ltering problems, the core of the
ITL paradigm is to derive alternative cost functions to the Mean Squared Error (MSE) such that
they include more information of the training data than the �rst and second-order moments [149].
A consequence of the previous rationale is that the resulting criteria are robust, even when the data
deviates from the Gaussian assumption. Evidently, Information Theory is the mathematical foundation
in which the ITL paradigm is grounded [151]. In this sense, information theoretic measures, such as
entropies, divergences, and Mutual Information, are the main subject of study in this framework. While
divergences play an important role as measures of discrepancy between distributions [108], [116], we are
particularly interested in entropies and Mutual Information. On the one hand, the concept of entropy
captured our attention to exploit diversity in signal processing not only for its inherent robustness,
but also due to its close link to the sparse-aware signal processing [83], [161]. Indeed, sparsity and
entropy can be considered as di�erent expressions of the same underlying phenomenon, as explained in
a future chapter. For this reason, in addition to �nding practical interpretations of entropic quantities
[78], another objective of this dissertation is to investigate the hidden relationship between sparsity
and entropy. Similarly to what occurs with the orthogonality constraints, entropic measures tend to
de�ne non-convex optimization problems. On the other hand, provided that quantifying the amount
of diversity between two datasets can be re-casted as a dependence measurement problem, Mutual
Information is an ideal candidate for this task due to its information theoretic nature (robustness,
mainly) and to its interpretability. The use of information theoretic quantities in signal processing is a
continuation of [50].

As a result of the fact that most of the cost functions encountered throughout this dissertation are
non-convex, we had to resort to a robust numerical optimization framework capable of engaging with
both convex and non-convex optimization problems. Owing to a link identi�ed between the Direction
of Arrival in the presence of independent interferences [172] and multisensor fusion problems, we found
that the Majorization-Minimization (MM) framework [179] was suitable for the cost functions and
constraint sets considered in this dissertation. In this regard, the general MM framework allows us to
avoid descent-like algorithms [117], which we discourage because they are strongly tied to a user-de�ned
parameter (e.g. the gradient step), and to incorporate the Grassmann manifold in a natural manner
by means of the geodesically convex optimization paradigm [192]. Considering our growing interest
in the algorithmic perspective of signal processing, the three main topics are tainted by numerical
optimization theory.

To summarize, the goal of this thesis is to study the concept of diversity in signal processing using
information theoretic criteria. Throughout this research, it is shown that the Grassmann manifold
appears in a natural manner since sparsity can also be understood in terms of a low-rank linear model.

1.2 Thesis outline and contributions

This thesis is comprised of seven chapters. Excluding the introductory and concluding chapters, two
supporting chapters specifywhat kind of cost functions are encountered in this dissertation andhow we
solve their resulting optimization problems. The remaining three chapters are devoted to the study
of diversity, exploiting the tools that were introduced in the supporting chapters. Below, we brie�y
outline each chapter and the research contributions that resulted from them.

ˆ Chapter 2 details the sparse and other related information theoretic criteria that will be used
in subsequent chapters. Particularly, we evaluate three di�erent manners of studying sparsity:
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the classical sense of sparsity, low-rank subspace models and model-order selection rules. Within
the �rst idea, we relate the classical de�nition of sparsity with entropy, and introduce other
information theoretic measures. Secondly, this chapter provides an intuitive introduction to
the Grassmann manifold and analyzes it from a numerical optimization perspective. Lastly, we
review in detail the information theoretic model-order selection rules, as they are shown to be
an alternative form of obtaining sparse solutions in Chapter 6, emphasizing on the Bayesian
Information Criterion and the Generalized Information Criterion.
Utilizing ideas that emanated from this chapter, the author played a supportive role in the
following technical work:

� M. Vilà, C. A. López and J. Riba, "A�ne Projection Subspace Tracking," ICASSP 2021 -
2021 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),
Toronto, ON, Canada, 2021, pp. 3705-3709, DOI: 10.1109/ICASSP39728.2021.9415032.

ˆ Chapter 3 builds the algorithmic framework of this dissertation. This algorithmic framework
consists in the intersection of the Majorization-Minimization paradigm with the geodesically
convex optimization. Although the ideas are presented in a didactic manner, we concentrate on
the key concepts that are relevant for this thesis. Notably, we revisit known results in convex
optimization and proximal algorithm theory since they are needed throughout this dissertation.
In addition to the previous ideas, this chapter generalizes the MM framework and the Principal
Component Analysis problem with geometric ideas extracted from the Grassmann manifold.
The technical work that resulted from this chapter is:

� C. A. Lopez and J. Riba, "On the Convergence of Block Majorization-Minimization Al-
gorithms on the Grassmann Manifold," in IEEE Signal Processing Letters, vol. 31, pp.
1314-1318, 2024, DOI: 10.1109/LSP.2024.3396660.

ˆ Chapter 4 studies thoroughly the multisensor fusion problem. Speci�cally, we explore three
di�erent fusion policies that are tightly related with the Minimum Entropy Criterion. It is in this
chapter that we derived the majority of the results of this thesis. Firstly, we found connections
between the Covariance Intersection fusion policy and the water�lling algorithm from wireless
communications. Secondly, we derived an information theoretic justi�cation of the `0 norm
regularization for the multisensor fusion problem under a worst-case scenario of contamination.
Thirdly, we proved that a parameterized Minimum Error Criterion yields from the Conditional
Maximum Likelihood principle in the blind fusion and regression problem, resulting in a cost
function that admitted an implementation of a generalized MM algorithm over the Grassmann
manifold.
The technical works that resulted from this chapter are:

� C. A. Lopez and J. Riba, "Data Driven Joint Sensor Fusion and Regression Based on
Geometric Mean Squared Error," ICASSP 2023 - 2023 IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), Rhodes Island, Greece, 2023, pp. 1-5,
DOI: 10.1109/ICASSP49357.2023.10095018.

� C. A. Lopez, F. de Cabrera and J. Riba, "Minimum Error Entropy Estimation Under
Contaminated Gaussian Noise," in IEEE Signal Processing Letters, vol. 30, pp. 1457-1461,
2023, DOI: 10.1109/LSP.2023.3324295.

� C. A. Lopez and J. Riba, "Parametric Minimum Error Entropy Criterion: A Case Study in
Blind Sensor Fusion and Regression Problems," in IEEE Transactions on Signal Processing,
vol. 72, pp. 5091-5106, 2024, DOI: 10.1109/TSP.2024.3488554.

ˆ Chapter 5 unveils a hidden expression of diversity in the Covariance Conversion problem from
Frequency Division Duplex schemes in wireless communications. In particular, we consider a
setting where a certain notion of sparsity of the second-order statistics of the channel can be
de�ned. As a result, we reformulate this problem to an equivalent sparse regression problem. Our
proposed solution is capable of surpassing known state of the art approaches to the Covariance
Conversion problem when the sparse assumption holds.
The technical work that resulted from this chapter is:

� C. A. Lopez and J. Riba, "Sparse-Aware Approach for Covariance Conversion in FDD
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Systems," 2022 30th European Signal Processing Conference (EUSIPCO), Belgrade, Serbia,
2022, pp. 1726-1730, DOI: 10.23919/EUSIPCO55093.2022.9909956.

ˆ Chapter 6 focuses on the quanti�cation of diversity between two Gaussian random vectors by
means of the information theoretic coherence, which is a measure built on the MI between two
random variables. For this reason, the main contributions of this chapter consist in a regularized
estimation of the Mutual Information via model-order selection rules.
The technical work that resulted from this chapter is:

� C. A. López, F. de Cabrera and J. Riba, "Estimation of Information in Parallel Gaussian
Channels via Model Order Selection," ICASSP 2020 - 2020 IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), Barcelona, Spain, 2020, pp. 5675-5679,
DOI: 10.1109/ICASSP40776.2020.9053506.

ˆ Chapter 7 concludes this dissertation by outlining the achieved objectives and re�ecting on the
future lines of research.

A summary of this thesis can be found in Figure 1.1, where we relate the previously described
chapters (light green are the supporting chapters and light blue are the chapters that explicitly explore
diversity) and their inspiration from general frameworks (light red).

Figure 1.1: Thesis outline.
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Chapter 2

Sparse and other related information
theoretic criteria

The purpose of this chapter is to introduce the cost functions that are studied in this dissertation.
Particularly, we review the concepts of sparsity, information theoretic measures, subspace learning and
model-order selection with a mathematical optimization perspective. Although there are mentions to
convexity and non-convexity in this chapter, we refer to Chapter 3 for a review on those concepts.

There has been a increased interest in sparse-aware ideas in the Signal Processing community since
the publication of the seminal paper in Compressed Sensing (CS) [37]. From that point, sparse-aware
methods have been widely explored in signal processing applications, deepening the exploration of the
CS methodology [161], or even extending those ideas to statistical learning [79] and sparse �ltering
[205]. The classical idea of a sparse solutions comes from the problem of �nding the solution with
the most amount of components set to zero in an underdetermined system of equations [81], which is
referred to as asparse solution. Yet, in the context of this dissertation, not only we use sparse-aware
statistical learning ideas to induce sparse solutions, but we also use them to introduce structural priors
on a given model. In this regard, we show that there are several kinds of problems emanating from the
classical sparse de�nition that are equivalent from a mathematical optimization perspective (and also
application-wise). Thus, we aim at encompassing these kinds of problems in a generalized sparse signal
processing framework. In order to specify the aforementioned framework, we consider a toy example
that illustrates the fact that sparsity can be understood from di�erent perspectives. Let an arbitrary
signal y be modeled as:

y = Hx + w; (2.1)

being x 2 RD the encoding ofy using H 2 RN � D , which we term the matrix of regressors, and w 2 RN

is an additive noise vector. The correspondinginverse problem[6] of (2.1) consists on the estimation
of x given y. Two di�erent sparse-aware frameworks for solving the presented inverse problem are
identi�ed depending on the interplay between D and N .

1. If D � N , then H is considered adictionary of the input signal. In this setting, the sparse
assumption considers that the optimal value ofx has a limited amount of non-zero entries.
Denoting as S � D the presumed non-zero entries,x is said to be anS-sparse vector. In this
case, it is said that y admits a sparse representation onH or, equivalently, (2.1) is a sparse model
of y [33], [58]. The previous properties onx and y is what describes the classical de�nition of
sparsity [37]. There are two possible kinds optimization problems that result from the previous
interpretation of sparsity.
When H is known, the recovery of the sparse representation, i.e. estimatingx, is known assparse
coding [5]. As shown in the sequel, the sparse solution is induced from what we term asparse
inducing penalty that is added to the cost function for solving the original inverse problem. Note
that this interpretation can also be related to the use of frames in signal processing [106], where
H would be an overcomplete basis of vectors.
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On the other hand, when both H and x are unknown, the resulting optimization problem that
�nds those two parameters is known asdictionary learning. Problems of this kind have been
found useful in signal processing applications [202] due to its relationship with the known matrix
factorization (see [95] and [181] for a comparison between the two problems). However, in this
dissertation we only deal with the problems of the �rst kind because we avoid the dictionary
learning problem in favor of subspace-based approaches since the subspace-based approaches
imply the manipulation of smaller matrices.

2. For D < N , the signal component in (2.1) lies in a subspace with smaller dimension thanRN ,
enabling the incorporation of the Grassmann manifold [20] into the sparse-aware framework.
Thanks to the geometric properties of the Grassmann manifold [20], which often arises in signal
processing due to a homogeneity property of the cost functions [57], the estimation ofH and x
can be performed e�ciently by means of the geodesically convex optimization framework [192].
As a consequence, the subject of study of this scenario is encompassed in thesubspace learning
problem [62], in which the geometry of the Grassmann manifold plays an important role.
The subspace learning problem is related to other well-known signal processing techniques, such
as the matrix factorization problem [7], subspace tracking [54], [191] and the Principal Component
Analysis (PCA) framework [96], [206], to name a few. In this regard, it can also be shown that
the dictionary learning problem is equivalent to the subspace learning one. This is seen from
the fact that learning a low-rank subspace representation of a signal is equivalent to �rstly learn
an overcomplete representation ofy by estimating H and x (for the case whereD > N ), and
then to drop the components ofx that are zero and the respective columns ofH . The main
di�erence between the dictionary learning and subspace learning approaches is found on the
techniques that are used to solve them. While the dictionary learning problem is based on convex
optimization (often resorting to sparse regularizers), the subspace problem uses orthogonality
constraints [57] that enable geodesically convex optimization framework. The main advantage of
the subspace learning methods as compared to the dictionary learning is that they resort to the
manipulation of a smaller matrix of regressors. Hence, the subspace learning has the possibility of
being computationally faster and requires less memory than the dictionary learning counterpart.
However, it is shown in the sequel that in subspace learning methods global optimality must be
sacri�ced, so one can only ensure a local optimality of the resulting optimization algorithms.
As for the connection to the classical de�nition of sparsity, note that the total number of singular
values of the signal component in(2.1) is equal to D , the intrinsic dimension of the problem
[36], while the dimension of the ambient space isN . In this sense, the vector containing the
singular values isD-sparse. As an additional remark, this scenario can become agnostic of prior
information by the estimation of the intrinsic dimension (see [135] for an example), but the added
layer of estimating D is out of the scope of this dissertation.

The intuition behind preferring sparse solutions in practical applications comes from the Occam's
razor bias which states that the simplest explanation of a phenomenon of interest is the most likely to
be true [139]. In this dissertation, the use of sparse-aware techniques is motivated by the fact that a
model with the least amount of free parameters is less prone to modeling errors. Not only that, but
they also provide a natural robustness to the resulting parameter estimation. This is also the reason
why we are also interested in model-order selection rules [177] and their role at discovering the amount
of sparsity in a given problem.

As it is expanded in the sequel, sparsity can also be understood in terms of entropic measures [165],
which can be applied in many inverse problems that share the same structure as the one described
in (2.1) for D � N . Intuitively, given that sparse solutions have few non-zero components, they are
also related to a minimum entropy criterion [63]. This is inferred from the fact that entropy [150]
can be interpreted as the amount of dispersion in the measured statistical distribution. Hence, with
some abuse of notation, searching for the minimum value of a cost function using an entropic measure
regularizer on x must be equivalent to use a classical sparse inducing measure. Moreover, even though
this dissertation is motivated by the sparse-aware framework, we have found thatanti-sparse measures
[59] are also useful in the general data fusion problem. This kind of measures are useful for those
applications that require having the most amount of non-zero elements, but its respective cost function
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promotes sparsity, e.g. the Geometric Mean Squared Error (GMSE) [130]. Therefore, anti-sparse
measures promote maximum entropy solutions.

The structure of the remainder of this chapter is straightforward, where in each section we explore
a particular aspect of the toy inverse problem presented in (2.1). In Section 2.1, we relate and review
the concepts of sparsity and anti-sparsity with minimum and maximum entropy measures, respectively,
while studying their role (and measures that are derived from them) as cost functions. In Section 2.2,
we review the geometry of the Grassmann manifold as a way to study the sparsity in the subspace
sense under a numerical optimization perspective. Lastly, we complement the previous two sections
with an extensive review on model-order selection rules in Section 2.3.

2.1 Sparsity and information theoretic cost functions

Sparsity and entropy are two di�erent alternatives of quantifying the same phenomenon. In order to
highlight the similarities between those two concepts, we consider an intuitive de�nition of sparsity and
entropy that encompasses the properties that are used for solving the inverse problems that appear in
this dissertation [146].
De�nition 2.1 (Sparsity measures). Let x 2 RD . Then, any sparsity measure accounts for the
concentration of the energy in few coe�cients in x .
De�nition 2.2 (Entropic measures). Let x 2 RD be a random variable whose associate Probability
Mass Function (PMF) is p 2 RD (or any function that shares the same properties as the PMF ofx).
Then, any entropic measure quanti�es the dispersion inp and, as a result, in x .
Remark 2.1. The dispersion of the energy in most of the coe�cients in x , i.e. the antagonistic concept
to sparsity, is also referred to asdiversity [185] (not to be confused to the diversity in data fusion, see
De�nition 4.1). Therefore, an entropic measure grows as the diversity of a signal increases.

The above de�nitions describe two antagonistic phenomena onx. In fact, entropy and sparsity have
had a joint trajectory in several prior works. Particularly, generalized entropies [56] and an empiric
measure called theentropy function of a signal [83] are used in the literature as sparsity-promoting
regularizers for sparse signal recovery. The following example, which is extracted from [146], o�ers an
additional intuition on the relationship between sparsity and entropic measures.
Example 2.1. Let X 2 f x1; x2g be a random variable whose associated PMF isp = [ p1; p2]. Also, let
s(�) be any sparse measure andh(�) be any entropic measure. Then, these measures must satisfy:

1. Assuming initially that p1 > p 2, concentrating even more probability mass onp1 results in x1

being more certain to appear in any realization. As a consequence,p is more compressible. Under
the previous procedure, the measures of sparsity and entropy evolve in the following way:

" s(p) �# h(X ); (2.2)

2. Consider that p is = [1 ; 0]T initially. Then, any increment in p2 implies that both x1 and x2

are now possible outcomes. Consequently,p becomes less compressible, so the complexity ofx
increases, yielding:

# s(p) �" h(X ); (2.3)

where we denote with" and # when a measure is increasing and decreasing, respectively.
In light of the previous ideas, we are interested in the study of sparsity and information theoretic

measures, which are a generalization of entropic measures, in two families of optimization problems:
the ones that actively seek sparse solutions via a sparse regularizer and the ones whose cost function is
a parameterized information theoretic measure. Regarding the �rst kind of optimization problems, we
consider regularized optimization problems of the following form:

min
x

f (x ) + �r (x); (2.4)

where f (x) is a �tting function constructed in such a way that its minimization retrieves the optimal
solution of an inverse problem, e.g. the quadratic adjustment between the estimated model and the
measurements,r (x) is a regularization function that induces sparsity on x and � � 0 is a regularization

7
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parameter that speci�es the sparsity level of the optimal solution. An alternative formulation to the
one in (2.4) would be:

min
x

f (x ) s: t : r (x ) � Rs; (2.5)

where Rs � 0. Note that the reasoning behind the sign of the inequality constraint in (2.5) is that r (x)
is often assumed to be a convex function, and hence the overall constraint set would be convex. From
now on, (2.4) and (2.5) are termed the unconstrained and constrained formulations, respectively. In the
following proposition we show that both formulations (constrained and unconstrained) are equivalent
as long as the constrained formulation is feasible and� � 0 in (2.4).
Proposition 2.1 (Equivalence between unconstrained and constrained regularized optimization
problems). Let any two optimization problems be as the ones depicted in (2.4) and (2.5). Provided
that (2.5) is feasible and that� � 0 in (2.4), there exists two pairs of values(Rs; � ) such that (2.4) and
(2.5) are equivalent.

Proof. In order to prove this proposition, we �rstly show the conditions of the optimal solution of
(2.5) and relate them to the ones of(2.4). In this sense, the optimal solution of (2.5) must satisfy the
Karush-Kuhn-Tucker (KKT) conditions of the problem [29]. For the purpose of stating the equations
that depict the KKT conditions of (2.5), let us consider its respective Lagrangian:

L = f (x) + � (r (x ) � Rs) ; (2.6)

where � is the inequality constraint Lagrange multiplier. Then, the KKT conditions of the constrained
formulation are given by the following set of equations [29]:

r x L = r x f (x � ) + � � r x r (x � ) = 0; (2.7a)

r (x � ) � Rs � 0; (2.7b)

� � � 0; (2.7c)

� � (r (x � ) � Rs) = 0 ; (2.7d)

where x � and � � are the optimal values of the primal and dual variables, respectively. Assuming that
there exists x � and � � such that all equations in (2.7) are ful�lled, i.e. the constrained formulation is
feasible, substituting � = � � in (2.4) would yield the same optimal value ofx since(2.7a) is also the
only optimal condition of the unconstrained formulation in (2.4). �

Corollary 2.1.1. There exists a pair of values(Cs; Rs) such that the following two optimization
problems:

min
x

f (x ) s: t : r (x ) � Rs; (2.8a)

min
x

r (x ) s: t : f (x ) � Cs; (2.8b)

have the same optimal solution.
Remark 2.2. The proof of the previous corollary follows straightforwardly from the proof of the previous
proposition by linking (2.8a) and (2.8b) to a common unconstrained formulation.

The previous proposition o�ers a way to reformulate any given optimization problem. Particularly,
we are interested in the use of Corollary 2.1.1 to build optimization problems in such a way that the
user-de�ned parameters can be set in a more intuitive manner. For instance, it is di�cult to set the
regularization parameter in (2.4) without resorting to cross-validation techniques since it is challenging
to translate the pragmatic interpretation of � (directly related to the sparsity of the solution) to the
actual application. As seen in a future chapter, the formulations that are similar to the one in (2.8b)
are much more useful from a practical point of view. Taking as a reference the inverse problem depicted
by (2.1), we argue that the following optimization problem (inspired by (2.8b)):

min
x

r (x ) s: t : jj y � Hx jj2
2 � "; (2.9)

is much more suited for a practical implementation than the following one:

min
x

jj y � Hx jj2
2 s: t : r (x ) � Rs: (2.10)
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The reasoning behind the previous observation is that the constraint set in(2.9) has a much clearer
interpretation. Here, " accounts for the expected modeling errors due to the uncertainty of the
measurements. In contrast, there is no clear reasoning behindRs in (2.9), apart from controlling the
sparsity of the solution (whose optimal level is not known a priori). For the previous reasons, we favor
optimization problems that have the same structure as the one in(2.9) in front of the formulation
given in (2.10), or even an unconstrained formulation.

As for the remaining family of optimization problems considered in this dissertation, we are interested
in optimization problems of the following form:

min
x

I (x ) s: t : x 2 X ; (2.11)

where I (x) is any parameterized information theoretic function, which can be based on the Rényi
entropy or the Mutual Information (MI), and X is any constraint set that can be non-convex. Provided
that the properties of I (x ) are highly dependent on the considered information theoretic measure, we
contextualize the bene�ts of the previous formulation for each measure in the sequel. As a general
insight, information theoretic measures are known for providing robustness in a natural manner [52],
which comes in contrast to the`p norms as a sparsity measure. The aim of this approach within the
context of this thesis is to �nd a middle ground between the generality of non-parametric methods and
the optimality of model-based approaches. As a result, the proposed information theoretic formulations
are aligned with the robust signal processing framework [212], whose goal is to construct algorithms
that are close to optimal under nominal conditions, even if those conditions are only approximately
valid.

In the following subsections, we expand on the foundations of the cost functions on which future
chapters of this dissertation are substantiated. While we revieẁ p norms as sparse inducing regularizers
in the �rst subsection, we study the properties of a parameterized Rényi entropy [155], [165] and of the
Shannon MI with a numerical optimization perspective in the second subsection.

2.1.1 `p norms

De�nition 2.3 (`p norm). Let x 2 RD . Then, its `p norm is de�ned as:

jjx jjp =

 
DX

d=1

jxd jp
! 1

p

; (2.12)

where xd denotes thed-th component of x and p � 0.
The properties of an `p norm depend on the value ofp. For p � 1, the `p norms satisfy the distance

from origin axioms in normed vector spaces and thus they arenorms in the usual sense. From a
numerical optimization perspective, it means that they are convex functions of its input arguments [29,
Section 3.1.5]. In contrast, some of the axioms of normed spaces are not ful�lled forp < 1, and hence
the `p norms are referred to aspseudonormsin this case. Pseudonorms are known to be non-convex
functions. In order to illustrate the convexity of norms and non-convexity of pseudonorms, we show
graphically the unit `p norm balls for p equal to 0:5, 1 and 2 in Figure 2.1. The non-convexity of each
set is determined by the relative position of the (black) segment connecting[1; 0] and [0; 1] with respect
to the given unit norm ball in this �gure. For instance, the `0:5 unit norm ball de�nes a non-convex set
due to the fact that the aforementioned segment lies outside the unit norm ball. In contrast, the`1 and
`2 unit norm balls contain the black segment, where the`1 unit norm is the limiting case for a unit
norm ball to be convex.

A useful property of the `p norms that complements the previous observations from Figure 2.1 is
given in the following lemma.
Lemma 2.2 (Inequality of the `p norm). Let 1 < p < q < 1 . Then, the `p norms satisfy:

jjx jjq � jj x jjp: (2.13)

Remark 2.3. Note that (2.13) implies that the unit norm ball has a greater volume for increasing p.
This is clearly observed in Figure 2.1.
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2.1. Sparsity and information theoretic cost functions

(a) `0:5 unit norm ball. (b) `1 unit norm ball. (c) `2 unit norm ball.

Figure 2.1: Insights on the convexity of `p norms.

Regarding the applicability of `p norms in the sparse coding problem, there are three cases of
interest: the `0, `1 and `1 norms. One can obtain the`0 and `1 norms by computing the respective
limits. Particularly, the `0 norm yields:

jjx jj0 = lim
p�! 0

 
DX

d=1

jxd jp
! 1

p

= card(x); (2.14)

where card(�) denotes the cardinality of a vector, meaning that it is the function that counts the
non-zero elements of its argument. The previous result suggests that thè0 norm is an ideal sparsity
inducing regularizer. However, the main issue with the`0 norm as a regularizer is its non-convexity
and its non-continuity. Consequently, its use often results in combinatorial NP-hard problems [48]. As
an alternative, the `1 norm is used as a surrogate since it is the tightest convex relaxation of thè0

norm. Not only the `1 norm is convex, but it also promotes sparsity in practical applications [5], [37],
[205]. Given that there exist e�cient algorithms to solve regularized `1 problems (see [145] and [19] for
examples), we favour the`1 convex relaxation to induce sparse solutions.

Similarly to the `0 norm, the `1 norm is derived from the following limit:

jj x jj1 = lim
p�! 1

 
DX

d=1

jxd jp
! 1

p

= max( x); (2.15)

which, in contrast to the `0 norm, is a convex function of its input argument. Given that `0 and `1

norms are well-known regularizers that induce sparse solutions, it is intuitive to think that as p �! 1
the sparsity promoting property of `p norms fades away in favour of anti-sparsity. In fact, the `1 norm
have been proven useful for the task of promoting dispersed (anti-sparse) solutions [59], although its
anti-sparse inducing property acts in a tricky way. In the sequel, we show how this mechanism works.

2.1.1.1 Using `p norms in inverse problems

The particular cases of`0 and `1 norms have had a long trajectory in sparse inverse problems since
the earlier works on CS [37], where the Matching Pursuit (MP) [24] and Basis Pursuit Denoising
(BPD) algorithms [17] have been the staple approaches. While the MP formulation can be seen as the
classic formulation of CS, the BPD is much more suited for the signal processing applications that are
considered in this dissertation. In the following paragraphs, we review both formulations and comment
on their applicability.

Using as a reference the inverse problem depicted in(2.1), earlier approaches of the MP could be
used to obtain x, which are based on the following optimization problem:

x̂ = arg min
x

jj x jj0 s: t : Hx = y: (2.16)

Note that since y = Hx is an underdetermined system of equations (D > N ), it has an in�nite
amount of solutions. Thus, the above optimization problem is feasible in general. Nevertheless, the
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Chapter 2. Sparse and other related information theoretic criteria

optimization problem in (2.16) is known to be NP-hard [24] due to the non-convexity of the`0 norm.
As a matter of fact, the above optimization requires a combinatorial search that grows exponentially
with D for the purpose of ensuring the global optimality of the �nal solution. This is the reason why
the `0 is often relaxed to the `1 norm [37], [156], yielding the following convex program:

x̂ = arg min
x

jj x jj1 s: t : Hx = y: (2.17)

A matrix is said to ful�ll the RIP for some S if every N � S submatrix of the given matrix is
approximately orthogonal [37]. If H ful�lls the so-called Restrictive Isometry Property (RIP) [37] for
some integerS, then the optimization problem given in (2.17) is able to retrieve the sparsest solution
of the aforementioned system of equations, which containsS non-zero entries. Provided that ensuring
that a matrix satis�es this property is NP-hard in general and that the formulations similar to the one
in (2.17) are avoided, the RIP is out of the scope of this dissertation.

The main issue with the previous two formulations is that they often yield poor performance in
the presence of noise due to the fact that the equality constraint in(2.16) and (2.17) does not allow
room for errors in the signal model or in the measurements. This is the reason why, in practical signal
processing applications, the BPD approach [9], [17], [21] is preferred over the MP. The BPD is based
on the following level-set formulation:

x̂ = arg min
x

jj x jj1 s: t : jj y � Hx jj2
2 � �; (2.18)

where � accounts for expected �tting errors, which can consist on the additive noise or modeling errors.
Notice that we have already introduced the convex relaxation of thè 0 norm. Clearly, the BPD collapses
to the MP formulation for � ! 0. Invoking Corollary 2.1.1, we can rewrite (2.18) into the following
expression:

x̂ = arg min
x

1
2

jjy � Hx jj2
2 s: t : jj x jj1 � �; (2.19)

where � regulates the sparsity ofx and the multiplicative constant of the cost function is considered for
convenience. This latter formulation is termed the LASSO [184] in the literature. The main advantage
of (2.19) with respect to (2.18) is that the minimization of (2.19) is much easier than the minimization
of (2.18) because the constraint set is simpler to handle [9]. In fact, the solution of(2.19) can be found
by �rst minimizing the objective and then projecting onto the scaled `1 norm ball. Still, (2.18) can be
solved by means of the Alternating Direction Method of Multipliers (ADMM), which is an iterative
optimization scheme that is extensively reviewed in Chapter 3. As a summary,(2.19) admits a faster
minimization, but we prefer optimization problems that have the same structure as the one in(2.18) to
have an easier interpretation of the user-de�ned parameters, e.g. it seems easier to �x� than � in an
actual application.

Regarding the `1 norm, we show how its anti-sparse mechanism works in a toy optimization setting,
which is depicted by:

x̂ = arg min
x

g(x) s: t : jj x jj1 � c0; xT 1 = 1 ; x � 0D ; (2.20)

where g(x) is any cost function that naturally induces sparse solutions, e.g. GMSE criterion [130], and
1
D � c0 � 1 is the regularization constraint. The last two constraints are introduced to facilitate the
exposition of the anti-sparse mechanism. Assume that the optimal solution of (2.20) without thè 1

norm ball constraint is a sparse vector with only one non-zero component (whose value is1 due to the
second constraint). Then, if we activate the norm ball constraint and c0 satis�es c0 < 1, the optimal
solution of (2.20) is forced to allocate more energy in other components ofx , achieving the maximum
dispersion for c0 = 1

D , i.e. x = 1
D 1D . Note that c0 must be bounded in[ 1

D ; 1]. The reasoning behind
the previous bound onc0 is that (2.20) is unfeasible forc0 < 1

D since the remaining two constraints
cannot be satis�ed. Likewise, the `1 norm constraint becomes nuisance forc0 > 1 since the remaining
two constraints forces the values of each component inx to be bounded in [0; 1].
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2.1. Sparsity and information theoretic cost functions

2.1.1.2 Interpretability of the `p norms

Although the use of the `p norms has been driven by a pragmatic reasoning, it admits an interpretation
from a Bayesian point of view. This interpretation is an example of how it is possible to relate a
statistical prior with a structural prior (and viceversa). Thus, the Bayesian interpretation of the
BPD formulations from (2.18) or (2.19) are a fundamental �rst step to understand the incorporation
of structural priors in other cost functions widely used in signal processing. In this regard, the
aforementioned BPD formulations can be shown to be equivalent to a Maximum a Posteriori (MAP)
estimation of x by means of Proposition 2.1. This equivalence is achieved after the consideration of a
Laplacian prior on x [13]. In order to showcase this connection, let the statistical model ofy = Hx + w
be:

w � N (0; 
 w I N ); (2.21a)

xd � Laplace(0; bl ) 8d = 1 ; :::; D; (2.21b)

where xd is the d-th component of x and bl > 0 is the parameter of the Laplacian distribution. In
this case,H is a deterministic matrix. The joint distribution of x , assuming independence between
components, is obtained after the multiplication of the marginal priors:

f x (x ) =
DY

d=1

1
2bl

exp
�

�
jxd j
bl

�
=

1
(2bl )D exp

�
�

jjx jj1

bl

�
: (2.22)

Also, let the conditional distribution of y be:

f w (y jH ; x) =
1

p
(2� )N 
 N

w

exp
�

�
1

2
 w
jj y � Hx jj2

2

�
: (2.23)

Then, the MAP estimation of x consists on the maximization of the MAP function of the data given the
prior obtained by the multiplication of (2.22) and (2.23). The previous procedure yields the following
optimization problem:

x̂MAP = arg max
x

log(f w (y jH ; x)) + log( f x (x )) = arg max
x

�
1

2
 w
jj y � Hx jj2

2 �
jj x jj1

bl
+ C; (2.24)

where C gathers additive constants that do not depend onx. After rearranging terms and ignoring C,
the resulting optimization problem is:

x̂MAP = arg min
x

1
2

jjy � Hx jj2
2 +


 w

bl
jj x jj1: (2.25)

Notice that (2.25) is equivalent to the Lagrangian form of (2.18) or (2.19). Indeed, the MAP
framework o�ers a Bayesian interpretation to the user-de�ned parameters of the BPD formulations.
Still, choosing the parameter of the Laplacian distribution in a practical setting may still seem too
arbitrary (and prone to modeling errors) as compared to� in (2.18), whose value may be �xed using
pragmatic arguments.

In a similar fashion to the `1 norm, the `1 norm regularization also has a similar Bayesian
interpretation. Indeed, the `1 regularization is equivalent to assume a democratic prior [59] onx,
whose PDF is:

f x (x ) =
1

D!2D bD
d

exp
�

�
jjx jj1

bd

�
; (2.26)

where bd > 0 is the parameter of the democratic prior. With the same procedure as the one used to
obtain (2.25), the resulting optimization problem that is built using the democratic prior yields:

x̂MAP = arg min
x

1
2

jjy � Hx jj2
2 +


 w

bd
jj x jj1 ; (2.27)

which is the speci�c formulation that was used in [59] to enforce anti-sparsity on the toy inverse problem
depicted by (2.1).
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2.1.2 Information theoretic criteria

Even though there are several formal de�nitions of entropic measures, which are the foundations of
information theoretic measures, such as the Shannon or Tsallis entropies [195], we have chosen the
Rényi entropy [165] as the main building block for constructing information theoretic cost functions. As
shown in the sequel, the motivation behind the utilization of the Rényi entropy is that, not only it is a
generalization of the Shannon entropy [165], but its inherent structure provides of a natural robustness
to the �nal solution and a practical implementation. The Rényi entropy is de�ned in the following way.
De�nition 2.4 (Rényi entropy) . Let X be a discrete random variable with Probability Mass Function
(PMF) given by PX (X ). Then, its generalized Rényi's entropy is:

H � (X ) =
1

1 � �
log

 
DX

d=1

P �
X (X d)

!

; (2.28)

where X d for d = 1 ; :::; D are the possible outcomes ofX and � is the entropic index. Similarly, let
x � px (x ) be a bounded Lebesgue integrable Probability Density Function (PDF). Then, its generalized
(di�erential) Rényi's entropy is de�ned as:

h� (x ) =
1

1 � �
log

� Z 1

�1
p�

x (x )dx
�

: (2.29)

The previous two expressions can be expressed more compactly using the notation from̀p and L p

spaces respectively. In this way, (2.28) is rewritten as:

H � (X ) =
1

1 � �
log (jjpX jj �

� ) ; (2.30)

where the d-th component of pX is PX (X d). In a similar manner, (2.29) is equivalent to the following
expression:

h� (x ) =
1

1 � �
log (jjpx (x )jj �

� ) ; (2.31)

where:

jjpx (x )jj �
� =

Z 1

�1
p�

x (x )dx; (2.32)

which holds for the PDFs that were considered in De�nition 2.4. What is more, the previous de�nition
is known to collapse to the Shannon entropy and Shannon di�erential entropy (respectively) taking the
limit for � �! 1 and using L'Hôpital rule:

H1(X ) = �
DX

d=1

PX (X d) log (PX (X d)) ; (2.33)

and:

h1(x ) = �
Z 1

�1
px (x ) log(px (x ))dx; (2.34)

which veri�es that the Rényi entropy is indeed a generalization of the Shannon entropy. As an intuitive
comment, the exchange between the logarithm and the integral of the Rényi entropies (in contrast to
the Shannon entropy) facilitates its use in optimization problems due to the fact that this structure is
much more tractable in practice. As an example, the particular case of� = 2 , also known ascollision
entropy, promotes the use of second-order methods (see [35], [51] and references therein).

In the grand scheme, we motivate the study of information theoretic criteria that is based on Rényi
entropies by two ideas. On the one hand, we are interested in the search for an operational meaning
in the context of signal processing of the measures that are based on the Rényi entropy, given that
its de�nition and utilization was mainly driven by a pragmatic reasoning. In this sense, the original
purpose of Rényi entropies was to de�ne an entropic measure that satis�ed most of the Shannon entropy
axioms, but tailored in a way that an information theoretic proof of the Central Limit Theorem could
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be derived [78], [165]. Our objective is to �nd a natural way to answer the natural questions that
emerge in signal processing applications using information theoretic descriptors, as it happens with
the interpretation of the Shannon entropy as the compression rate of an information source [78] and
also with the Rényi entropy when it is seen as a particular case of theRényi divergence[61]. In the
particular case of this dissertation, we look for interpretations of information theoretic criteria in signal
processing applications, e.g. the properties of the solutions or the entropic parameters can be intuitively
explained within the context of the particular application. This comes in contrast to the use of `1 norm
regularization, which is often praised by practitioners, but its use may appear as an arbitrary additive
penalty to the original cost function.

On the other hand, information theoretic measures have the advantage of providing a robustness that
is inherent to their own nature. Indeed, this robustness is acquired by the fact that entropy depends on
the probability of the events rather than in their magnitude [50]. Thanks to this feature, this kind of
measures can also be used as a way to be not too restricted by the assumed model. Indeed, the known
Minimum Error Entropy (MEE) criterion has been widely used in signal processing applications to
deal with non-Gaussianity in a non-parametric manner, often resorting to kernelized measures of the
Rényi entropy [60], [77], [200]. Nevertheless, we are not interested in information theoretic measures
to face non-Gaussianity. Instead, we want to modify MEE-like criteria (and related approaches) to
ensure the optimality under nominal conditions (Gaussianity) while still being robust to deviations of
the assumed model. This is the reason why the information theoretic criteria that we consider in this
dissertation lie, in part, in the robust signal processing framework [212], in contrast to earlier works
that use the MEE criterion whose aim is to have a wide range of validity. An example of the previous
information theoretic framework is found in [52], where the authors use a particularized expression
of the Rényi entropy to robustify the estimation of the data covariance determinant, a widely used
statistic in signal processing.

Yet, we remark that the use of entropic criteria to promote sparse and robust solutions is not new in
signal processing applications. In [82], [83], entropy functions were used to solve inverse problems such
as the one depicted in(2.1). Those alternatives result in NP-hard non-convex problems, but they have
been proved to have higher probability of successful signal recovery than classical`1 norm approaches.

In the following subsections, we show the two main information theoretic cost functions that are
considered in subsequent chapters, which are based on parameterized expressions of entropy and the
MI. While we only study their properties in this chapter, these cost functions naturally appear in signal
processing problems when the Conditional Maximum Likelihood (CML) function [134], [160], [166] is
considered, as shown in Chapter 4.

2.1.2.1 Parametric Minimum Error Entropy criterion: Particularization to Gaussian
random matrices

As a way to exploit the natural robustness of the generalized Rényi entropies, we de�ne the Parametric
Minimum Error Entropy (PMEE) criterion to estimate a general parameter. As stated in an earlier
paragraph, the motivation behind this criterion is that the Rényi entropy serves a way to avoid being
too constrained by the assumed model (either statistical or structural) while still keeping as much as
possible the optimality of a model-driven method under the Gaussian assumption. Thus, this criterion
lies in the previously explained robust signal processing framework [212]. We refer to this way of
approaching a signal processing problem as asemi-data-driven approach.

With the purpose of de�ning the PMEE, let X � MN N;M (0; K ; Q) be a zero-meanN � M random
Gaussian matrix [4], whose associated PDF is:

pX (X ) =
1

(2� )
MN

2 det(Q)
N
2 det(K )

M
2

exp
�

�
1
2

tr( Q � 1X T K � 1X )
�

; (2.35)

where K 2 RN � N and Q 2 RM � M model the covariances among rows and columns ofX , respectively.
Then, the generalized Rényi entropy ofX is given by:

h� (X ) =
MN

2
log(2� ) +

N
2

log(det(Q)) +
M
2

log(det(K )) +
MN

2
log(� )
� � 1

; (2.36)
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whose derivation is detailed in Appendix 8.1.1 using De�nition 2.4 and (2.35). For the purpose of
unveiling the inherent robustness of the entropic measure, we consider an alternative expression of
(2.36):

h� (X ) =
MN

2

�
log(det(Q))

1
M + log(det( K ))

1
N + log(2 � ) +

log(� )
� � 1

�
: (2.37)

It is clear from the previous expression that the Rényi entropy of a Gaussian random matrix is based
on the geometric mean of the eigenvalues ofQ and K . In fact, the geometric mean by itself is known to
provide robustness to estimation problems [130] when used as a cost function. Moreover, the geometric
mean is linked to the Minimum Covariance Determinant (MCD) criterion, which is also known to be
useful against outliers and contaminated sources [85]. In this regard, an intuitive explanation of the
MCD estimators is that their goal is to construct a covariance matrix of the observed random variable
such that it minimizes the in�uence of outliers. The aforementioned link to the MCD provides more
insights on the performance of(2.37) as a cost function for other non-Gaussian distributions. It has
been shown in [85] that the MCD criterion is optimal for elliptically symmetric unimodal distributions,
e.g. a Gaussian distribution. Additionally, contaminated Gaussian random variables [188], which
are well modeled using Gaussian Mixture Models (GMM), are distributions that are also suited for
MCD-like estimators, as seen in [85]. Note that the value of� does not alter the previous observations
since � only a�ects in the positive additive term, log( � )

� � 1 , which decreases monotonically with� and
converges to 1 for� = 1 (the Shannon entropy). Inspired by (2.37), we de�ne the PMEE estimator of a
general parameter,� , as follows.
De�nition 2.5 (Parametric Minimum Error Entropy criterion) . Let two estimators of the covariances
parameterized by� be K̂ (� ) and Q̂(� ). Then, the PMEE estimator of � is:

�̂ = arg min
�

1
M

log(det(Q̂(� ))) +
1
N

log(det(K̂ (� ))) : (2.38)

Remark 2.4. The PMEE criterion minimizes the parametric error entropy for all � .
Remark 2.5. We have divided the expression in(2.37) by 1

MN and ignored the additive constants that
do not depend on the estimated covariances to obtain (2.38).
Remark 2.6. Provided that the optimization problem in (2.38) consists on the minimization of a concave
function (see Lemma 3.3), it is non-convex in general, being the main drawback of this criterion.

The robustness of the PMEE criterion is highlighted by the clear link to the MCD and the geometric
mean of the eigenvalues of the respective estimators. Thus, it inherits the optimality for elliptically
symmetric unimodal and contaminated distributions. As a �nal remark, not only the Gaussian
assumption serves as a way to keep the optimality of the PMEE under nominal conditions, but it is also
a natural way to specify the parameterized estimators of the covariances,̂K (� ) and Q̂(� ). In fact, the
natural estimators of the aforementioned covariance matrices that appear in the applications within this
dissertation are obtained using the CML principle [134], [160], [166] on a Gaussian likelihood function.

2.1.2.2 Mutual Information of two random variables

Up to this point, we have assumed that the diversity in the dataset of interest, consisting on the
parameters that describe the sparsity of said dataset, has already been discovered. For instance, it is
often assumed that the intrinsic dimension is known in the inverse problem depicted in(2.1). Yet, we
are also interested in the problem of estimating the parameters that depict the diversity in a dataset.
For the previous task, we resort to the MI between two random variables as a measure that quanti�es
the degree of dependence between two datasets. For simplicity, only the Shannon MI is considered,
although the MI can also be de�ned using the Rényi entropy. The (continuous) Shannon MI is de�ned
as follows [173], [183].
De�nition 2.6 (Mutual information of two random variables) . Let x and y be two random N -
dimensional vectors. For simplicity, we do not consider vectors with di�erent dimensions. Then, the
MI of x and y is given by the following expression:

I (x ; y) =
ZZ 1

�1
pxy (x ; y) log

�
pxy (x ; y)

px (x )py (y)

�
dxdy; (2.39)
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where pxy (x ; y), px (x ) and py (y) are the joint and marginal PDFs of x and y, respectively. The MI
can be alternatively rewritten as follows:

I (x ; y) = h1(x ) + h1(y) � h1(x ; y); (2.40)

where h1(x ; y) is the joint entropy of x and y.
While the previous de�nition inherits the robustness of the entropy, there are some new properties

that are exclusive to the MI. In fact, a useful property of the MI that is not satis�ed by the Rényi
entropy is detailed in the following lemma [107, Appendix], whose proof is remade since it is di�cult to
�nd a su�cient amount of detail in known references.
Lemma 2.3 (Invariance of MI with respect to homeomorphic transformations of the original variables).
Let x and y be two Gaussian random vectors. Also, letx0 = f (x) and y0 = g(y), where f : RN ! RN

and g : RN ! RN are homeomorphisms1. Then, it is veri�ed that:

I (x ; y) = I (x0; y0): (2.41)

Remark 2.7. Even though the MI is invariant to homeomorphisms, the PDFs of the associated random
variables may change in general.

Proof. Sincex0 and y0 are transformations of x and y, respectively, their associated PDFs are given by
[182]:

px 0(x0) =
px (x )

j det(J f (x )) j

�
�
�
�
x = f � 1 (x 0)

; (2.42a)

py 0(y0) =
py (y)

j det(Jg(y)) j

�
�
�
�
y = g� 1 (y 0)

; (2.42b)

px 0y 0(x0; y0) =
pxy (x ; y)

j det(J f (x )) jj det(Jg(y)) j

�
�
�
�
x = f � 1 (x 0) ;y = g� 1 (y 0)

; (2.42c)

where det(J f (x )) and det(Jg(y)) denote the determinant of the Jacobian matrices off and g. Note
that the previous three equations are only valid whenf and g are homeomorphisms [182]. Then, the
MI of x0 and y0 is given by:

I (x0; y0) =
ZZ 1

�1
px 0y 0(x0; y0) log

�
px 0y 0(x0; y0)

px 0(x0)py 0(y0)

�
dx0dy0 = (2.43a)

ZZ 1

�1

pxy (f � 1(x0); g� 1(y))
j det(J f (f � 1(x0))) jj det(Jg(g� 1(y0))) j

log
�

pxy (f � 1(x0); g� 1(y0))
px (f � 1(x0))py (g� 1(y0))

�
dx0dy0: (2.43b)

We introduce the change of variablesu = f � 1(x0) and v = g� 1(y0) into the last expression, yielding:

I (x0; y0) =
ZZ 1

�1

pxy (u; v)
j det(J f (u)) jj det(Jg(v)) j

log
�

pxy (u; v)
px (u)py (v)

�
dx0dy0 = (2.44a)

ZZ 1

�1
pxy (u; v) log

�
pxy (u; v)

px (u)py (v)

�
dx0dy0

j det(J f (u)) jj det(Jg(v)) j
= (2.44b)

ZZ 1

�1
pxy (u; v) log

�
pxy (u; v)

px (u)py (v)

�
dudv = I (x ; y); (2.44c)

where the last two steps are justi�ed from the following fact:

u = f � 1(x0); v = g� 1(y0) =) x0 = f (u); y0 = g(v) =) (2.45a)

dx0dy0 = j det(J f (u)) jj det(Jg(v)) jdudv =) (2.45b)

dx0dy0

j det(J f (u)) jj det(Jg(v)) j
= dudv: (2.45c)

�
1An homeomorphism is a bijective function such that said function and its inverse are both continuous and smooth

[46, De�nition 6.1.11].
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The previous lemma allows us to �nd such a transformation of the measurements that the overall
computation (and estimation) of the MI is much easier. Indeed, the previous observation is exploited in
Chapter 6, where the MI is the considered information theoretic descriptor for the task of quantifying
the amount of diversity between two datasets.

2.2 Preliminaries on Di�erential Geometry: the Grassmann
manifold

This section introduces the Grassmann manifold as a mean to introduce the tools that exploit the
sparsity in the subspace sense from the model in (2.1). Our aim is to provide some insights to facilitate
the understanding of the practical use of the Grassmann manifold in geodesically convex optimization.
For an extensive treatment on this manifold, we refer to [3], [20], [57].

The Grassmann manifold appears naturally in two kinds of optimization problems. On the one
hand, this manifold appears when there is an invariance with respect to a full rank matrix, which
we refer to as thehomogeneitycondition of the Grassmann manifold [57]. In order to illustrate this
idea, let an arbitrary function be f : RN � D �! R with D < N . Then, the aforementioned invariance is
depicted as:

f (X ) = f (XM ); (2.46)

where M is any D � D full rank matrix. Any function, f (X ), that is expressed in terms of a projection
matrix of X , i.e. P X = X (X T X ) � 1X T , satis�es the homogeneity condition. The latter statement is
true since, for any X � = XM , we get that:

X � (X T
� X � ) � 1X T

� = XM (M T X T XM ) � 1M T X T = (2.47a)

XMM � 1(X T X ) � 1(M T ) � 1M T X T = X (X T X ) � 1X T = P X : (2.47b)

In addition to the previous kind of functions, the Grassmann manifold also appears in problems
with orthogonality constraints, e.g. X T X = I , in which we are interested only in the subspace thatX
generates. In fact, one could also add the orthogonality constraint to a problem whose cost function
satis�es the homogeneity assumption. The added constraint is often advantageous since the constraints
X T X = I de�ne a compact set, which is often a necessary assumption for an iterative algorithm to be
convergent.

An example of the previous rationale is given by the toy inverse problem depicted by the second
case in (2.1), whereD < N . A cost function that could be used in the solution of the aforementioned
toy problem is:

f (H ) = min
x

jj y � Hx jj2
2 = yT (I � P H )y ; (2.48)

where P H = H (H T H ) � 1H T . Clearly, the previous cost function satis�es the homogeneity condition
since it is a function of a projection matrix. Thus, restricting to an orthogonal H does not change
f (H ). Notice that (2.48) is the cost function that is often considered in subspace learning problems
[16]. Motivated by similar cost functions to the one in (2.48), in the following subsections we review
the concepts behind the geometry of the Grassmann manifold.

2.2.1 Geometry of the Grassmann manifold

The Grassmann manifold, also known as the Grassmannian, is depicted as the set ofD dimensional
subspaces inRN , which is a set that has rich geometrical properties that can be exploited to derive
computationally fast and memory e�cient optimization algorithms. More formally, the Grassmann
manifold is de�ned as follows [20]:
De�nition 2.7 (The Grassmann manifold). Given an ambient space,RN , let the Grassmann manifold
be:

Gr(N; D ) = f [X ] � RN : [X ] is a subspace; dim([X ]) = Dg; (2.49)

where [X ] is any element of the Grassmannian andD < N .
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2.2. Preliminaries on Di�erential Geometry: the Grassmann manifold

In Figure 2.2, we show a representation of toy Grassmann manifold,Gr(3; 1). Note that Gr(3; 1) is
illustrated by a semi-sphere, given that antipodal points depict the same subspace.

Gr(3; 1)

X
Y

Z

Figure 2.2: Example: Visualization of Gr(3 ; 1)

In general, there is not a unique way to determine a signal subspace. For this reason, there are
several alternatives based on the so-calledequivalence classes. Informally speaking, representing a
point with an equivalence class is equivalent to assign an entire set with some notion of congruence
to a particular element of the aforementioned set, e.g. an orthonormal matrix or a projection matrix.
Particularizing on the Grassmannian, the fact that any subspace can be represented by any linear
combination of a given basis is an example of congruence. The set of equivalence classes is referred to
as aquotient space, which is a concept that is often used to describe the Grassmann manifold. With the
above idea in mind, the di�erent approaches to represent points of the Grassmannian are the following
ones [20]:

ˆ The basis perspectiveidenti�es a point [X ] 2 Gr(N; D ) with any set of D vectors such that they
span the same subspace as[X ]. In other words, each point is represented by the equivalence
class of all rankD matrices whose columns spans[X ]. Mathematically, a point in the Grassmann
manifold using the basis perspective is (non-uniquely) represented by any matrix that belongs to
the following set:

Stnc (N; D ) = f X 2 RN � D : rank(X ) = Dg; (2.50)

where Stnc (N; D ) denotes the non-compact Stiefel manifold [3]. Since any representativeX 2
Stnc (N; D ) is non unique, the equivalence class that represents[X ] is:

[X ] = f XM : X 2 Stnc (N; D ); 8M 2 GL(D)g; (2.51)

whereGL(D) is the set of theD � D non-singular matrices, also termed theGeneral Linear group.
In this manner, the Grassmann manifold is represented by the quotient spaceStnc (N; D )=GL(D).
Although the storage and manipulation of N � D matrices is computationally e�cient, the
non-compactness ofStnc (N; D ) is undesired for iterative algorithms. This perspective is reviewed
in [3].

ˆ Analogously to the basis perspective, theorthonormal basis (ONB) perspectiveuses any orthonor-
mal basis to represent[X ] 2 Gr(N; D ). As a consequence, any matrix that belongs to the Stiefel
manifold [57] is used as a representative in this approach:

St(N; D ) = f X 2 RN � D : X T X = I g; (2.52)

where the previous constraint is referred to as an orthogonality constraint. In a similar way,
any rotation of those D orthonormal vectors, i.e. the columns ofX , spans the same subspace.
Hence, there is an in�nite number of elements inSt(N; D ) to depict [X ] and, for this reason, each
subspace can be represented by the following equivalence class:

[X ] = f XR : X 2 St(N; D ); 8R 2 O(D)g; (2.53)

where O(D) is the set of D � D orthonormal matrices, i.e. R satis�es R T R = RR T = I D , also
known as the Orthogonal group. The equivalence class depicted in (2.53) de�nes the quotient
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Chapter 2. Sparse and other related information theoretic criteria

spaceSt(N; D )=O(D). Not only this approach is memory e�cient due to the manipulation of
N � D matrices, but it also has the advantage of using representatives that belong to a compact
set. The compactness can be veri�ed observing the constraint in (2.52), where the equality ensures
the compactness of the representatives. For more insights on compact sets, we refer to De�nition
3.4. This perspective is extensively studied in [57].

ˆ In contrast to the previous two approaches, in theprojection perspectiveeach point in Gr(N; D )
is uniquely identi�ed by a projection matrix. In consequence, the Grassmann manifold can be
represented by the following set:

Gr(N; D ) = f P 2 RN � N : P = P T ; PP = P; tr( P) = Dg: (2.54)

Note that this approach is relatable to the previous ones. Let[X ] be an arbritrary point in
Gr(N; D ) identi�ed by P X (a projection matrix), X nc 2 Stnc (N; D ) and X 2 St(N; D ). Then,
all those matrices can be related as follows:

P X = X nc (X T
nc X nc ) � 1X T

nc = XX T ; (2.55)

where it is remarked that the second and third expressions in (2.55) are equivalent for any
representative that belongs to the equivalence classes (2.51) and (2.53), respectively.
Even though this approach has the advantage of identifying each point in the Grassmannian
with a unique element, it is not a computationally e�cient approach since it requires to do
computations with N � N matrices, a problem that is aggravated in high-dimensional datasets.
This perspective is surveyed in [18].

ˆ Finally, in addition to the previous alternatives, the Lie group perspectiveuses equivalence classes
based on the Orthogonal group to represent a subspace. This approach is very useful to obtain
the geometrical properties of the Grassmann manifold, as expanded in [57]. However, one must
delve in the intricacies of Lie groups theory for the proper utilization of this perspective in
practical scenarios, which is not as thoroughly studied as the previous alternatives. For a practical
application of this approach, see [70].

As already stated, all these approaches are closely related and, as a result, deriving the Grassmann
Riemannian geometry with each perspective relies on Lie group theory to some extend [20]. With the
advantages and disadvantages of the previous approaches in mind, the ONB perspective is one of the
better �ts to represent subspaces for optimization purposes, which have had a long trajectory among
optimization practitioners. Henceforth, and with a slight abuse of notation, our proposed perspective
to describe points in the Grassmann manifold is the de�ned in the following way:
De�nition 2.8 (Representative of a subspace (ONB perspective)). We identify with X 2 St(N; D ), or
any rotation X r = XR , the entire equivalent class de�ned by:

[X ] = f XR : X 2 St(N; D ); 8R 2 O(D)g; (2.56)

which represents the quotient spaceSt(N; D )=O(D).
After de�ning how we represent each point in the Grassmannian, we next describe its Riemannian

geometry. The �rst step is the de�nition of the tangent space. The tangent space atX in the Grassmann
manifold can be de�ned informally as the set of possible directions (more speci�cally, a vector �eld)
in which any line passes tangentially throughX . This concept is important in optimization since the
Riemannian gradient (and any descent direction) of a function is a vector in the tangent space. From
now on, we refer to a single element of the tangent space as atangent direction.

The derivation of the Grassmann manifold tangent space relies on the exploitation of its quotient
structure. Considering that the Grassmann manifold can be represented asGr(N; D ) �= St(N; D )=O(D),
it is intuitive to think that both tangent spaces of Gr(N; D ) and St(N; D ) have some sort of relationship.
In fact, the tangent space ofGr(N; D ) coincides with the horizontal spaceof St(N; D ) [57], which is
obtained as the orthogonal complement of thevertical space. Intuitively speaking, the vertical space is
the set of tangent vectors inSt(N; D ) at X whose movements along those directions stay in the same
equivalence class, i.e.[X ] as in (2.53). Thus, the orthogonal complement of the vertical space are those
directions that point to di�erent equivalence classes in the Grassmannian.
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With the previous informal de�nition in mind, consider the general expression of a tangent direction
in St(N; D ) at X [57, Eq. (2.5)]:

� = XA + ( I N � XX T )B ; (2.57)

where A is a D � D skew-symmetric matrix and B is an arbitrary N � D matrix. The vertical and
horizontal spaces corresponds to the �rst and second terms of (2.57), respectively. Then, the tangent
space in the Grassmann manifold is de�ned as follows.
De�nition 2.9 (Tangent space of the Grassmann manifold). Let any X 2 Gr(N; D ), then the tangent
space is de�ned by the following set:

TX Gr(N; D ) = f � 2 RN � D : X T � = 0D � D g; (2.58)

whose general form is given by:
� = ( I N � XX T )D ; (2.59)

where D is any arbitrary N � D matrix. The previous expression is interpreted as the projection ofD
into the tangent space atX . Notice that this projection is invariant to any rotation of X .
Remark 2.8. Notice that (2.59) correspond to the second term in (2.57).

In Figure 2.3, we illustrate an insightful example of the tangent space at the pointX = [ cos( �
4 ); sin( �

4 )]
in Gr(2; 1). The tangent space is depicted by the points that belong to the highlighted tangent line to
the semi-circle, which is given by the following expression:

TX Gr(2; 1) =
�

x; y 2 R : y = �
cos(�4 )
sin( �

4 )
x

�
: (2.60)

Note that, in Figure 2.3, we placed the tangent space with an a�ne translation in such a way that it is
clear that it depicts the tangent directions at X , although it should be placed in the origin so it is a
vector space.

Gr(2; 1)

X

TX Gr(2; 1)

Figure 2.3: Example: Visualization of TX Gr(2 ; 1).

The last step to fully describe the geometry of the Grassmann manifold is the de�nition of its
canonical metric, also known as Riemannian metric [20]. From the canonical metric, one can de�ne
distances, geodesics and even relate tangent spaces from di�erent points by means of the parallel
translation. This metric is de�ned in the following way.
De�nition 2.10 (Canonical metric of the Grassmann manifold). Let A ; B 2 TX Gr(N; D ) be two
arbitrary directions at X . Then, the canonical metric of the Grassmann manifold is de�ned as:

hA ; B i X = tr( A T B ): (2.61)

Note that the dependence of the canonical metric atX appears in a tricky way, i.e. X does not appear
in the previous expression, which can be made more explicit using (2.59) as follows:

hA ; B i X = tr( A T (I N � XX T )B ); (2.62)

where nowA and B can be any arbitrary matrices in RN � D .
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Now that we have de�ned the basic geometric concepts, in the following sections we focus on the
principal angles, geodesics and distances in the Grassmannian. Those concepts are crucial in the
generalization of convex optimization for variables constrained in the Grassmann manifold and thus
they are fundamental in our algorithmic framework.

2.2.2 Principal Angles Between Subspaces

The use of Stiefel representatives to represent points on the Grassmannian suggests that the use of
classical matrix norms, such as the Frobenius norm of two matrices, is not useful forGr(N; D ). This
is due to the fact that the norm of a Stiefel representative is not a relevant �gure to distinguish it
from another representative. In fact, taking as an example the simpler caseGr(2; 1), using the angles
between lines yields an intuitive way to de�ne distances. Figure 2.4 depicts this intuition. Following
this insight, the Principal Angles Between Subspaces (PABS) aim at generalizing the concept of angles
between lines in the semi-circle to the general case,Gr(N; D ).

Gr(2; 1)

X

Y

�

Figure 2.4: Example: Visualization of the principal angle � between two subspaces inGr(2; 1). Note that the
principal angles are a generalization of this particular case.

Intuitively, the principal angles are the minimal angles between all possible basis of two subspaces,
yielding the following de�nition [69], [207].
De�nition 2.11 (PABS) . The principal angles between any two pointsX ; Y 2 Gr(N; D ) are de�ned
recursively for d = 1 ; :::; D as follows:

cos(� d) = max
x d 2 X ;y d 2 Y

xT
d yd s.t. jj xd jj2 = jjyd jj2 = 1 ; xT

d x k = 0 ; yT
d y k = 0 8k < d; (2.63)

where � d 2 [0; �
2 ].

Although (2.63) is derived from the intuitive de�nition of the PABS, there is a more practical
way to compute them using the SVD. After noting that (2.63) is an alternative way of de�ning the
singular values ofX T Y [104, Theorem 1.1], the PABS can be obtained from the following Singular
Value Decomposition (SVD):

X T Y = U cos(� )V T ; (2.64)

where cos(�) is applied element-wise on its input main diagonal and� is a diagonal matrix containing
the D principal angles betweenX and Y . Provided that the SVD orders the singular values (real and
non-negative by de�nition) in a descending order, the diagonal entries of� , which are bounded in
[0; �

2 ], are ordered in an ascending way.
For the purpose of manipulating and �nding clean expressions in terms of the PABS, it is often

advisable to operate with aligned representatives. This kind of representatives are described in the
following lemma [7, Proposition 1].
Lemma 2.4 (Principal alignment) . For any two points X ; Y 2 Gr(N; D ), one can �nd two aligned
representativesX a and Y a such that X T

a Y a = cos(� ).

Proof. Considering that X T Y = U cos(� )V T , we can rotate the original representative using the
singular vectors of the previous SVD to obtain the aligned representatives, i.e.X a = XU and Y a = YV .
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Then:
X T

a Y a = U T X T YV = U T U cos(� )V T V = cos(� ): (2.65)

�

From now on, X a denotes the aligned representative ofX . Now that we have shown how to compute
the principal angles betweenX and Y , it is proven useful in future chapters to relate the previous
principal angles to the ones betweenX and Y ? , where [Y ; Y ? ] 2 O(N ). In other words, we are
interested in �nding the angles betweenX and the orthogonal complement ofY . In the following
lemma we complement the principal alignment idea from Lemma 2.4 for the principal angles between
X and Y ? using ideas presented in [76].
Lemma 2.5 (Complementarity of the principal angles). Let � be the principal angles betweenX and
Y and let [Y ; Y ? ] be aN � N orthonormal matrix. Without loss of generality, assume thatD > N � D
and let Y ? 0 = [ 0N; 2D � N ; Y ? ] (i.e. a zero-paddedY ? ). Then, the principal angles betweenX and Y ? 0

are contained in the following matrix:

X T Y ? 0 = U sin(� )W T : (2.66)

Remark 2.9. Y ? 0 is a N � D matrix.
Remark 2.10. The left singular vectors in (2.66) are equal to the left singular vectors inX T Y and,
therefore, the aligned representativeX a is also aligned with Y ? 0.
Remark 2.11. SinceD > N � D , there are bD � (N � D)c non-trivial principal angles, i.e. � d 6= 0 or
� d 6= �

2 for d = 1 ; :::; D . Hence, the zero entries in the diagonal ofsin(� ) coincide with the zero-padded
columns of Y ? 0.

Proof. Consider the following equation:

I D = X T X = X T (YY T + Y ? 0Y T
? 0)X = X T YY T X + XY ? Y T

? X ; (2.67)

which can be rewritten using the fact that X T Y = U cos(� )V T as:

U cos2(� )U T + X T Y ? Y T
? X = I D : (2.68)

Now, let the SVD of X T Y ? 0 be U � �W T . Then, (2.68) is further rewritten as:

U cos2(� )U T + U � � 2U T
� = I D ; (2.69)

from where the only possible values ofU � and � are:

U � = U ; (2.70a)

� = sin( � ): (2.70b)

Similarly to cos(�), sin(�) is applied element-wise to its input main diagonal. �

The motivation behind the left zero padding in Y ? 0 and the constraint D > N � D is to ensure that
the matrix containing the principal angles, � , is a D � D matrix. Otherwise, we would need to express
the SVD of X T Y and X T Y ? with matrices having di�erent dimensions. As it is shown in Subsection
3.2.2.1 from Chapter 3, this particular case is more than enough to retrieve insightful results.

2.2.3 Geodesics and distances in the Grassmann manifold

A key issue in this thesis framework is the concept ofgeodesics. Intuitively, the geodesics are de�ned
as the path with shortest length between any two points in the Grassmannian. Note that all the
points along this path are also points in the Grassmann manifold. This intuitive de�nition leads to the
variational problem that de�nes the geodesic path connectingX with Y [57]:

� (t) = arg min
� ( t )

Z 1

0

Dd� (t)
dt

;
d� (t)

dt

E� 1
2

� ( t )
dt s: t : � (0) = X ; � (1) = Y ; (2.71)
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where this integral accounts for the distance (also referred to as thearclength) between X and Y .
Given that (2.71) is quite tedious to compute, an alternative derivation of Grassmann geodesics is
done from the geodesic equation (a di�erential equation that describes a geodesic path) in the Stiefel
manifold [57, Eq. (2.7)]. On account of the fact that the scope of this section is to learn how to use
the Grassmann manifold in an optimization framework, we do not detail the derivation of Grassmann
geodesics. Instead, we limit ourselves to study the geometric properties of the Grassmann geodesics,
which are de�ned as follows.
De�nition 2.12 (Grassmann geodesics). Let the tangent vectorT 2 TX Gr(N; D ) pointing to Y and
its compact SVD beT = U y � V T

y , where � � �
2 I . Then, the expression of the geodesic that connects

X with Y is:
� (t) = XV y cos(� t)V T

y + U y sin(� t)V T
y ; (2.72)

and the expression of the aligned geodesic, i.e. computing (2.72) using aligned representatives, is:

� a(t) = X a cos(� t) + � a sin(� t); (2.73)

where � a 2 RN � D is an orthogonal matrix such that � a(1) = Y a .
Remark 2.12. � is the matrix containing the principal angles betweenX and Y .
Remark 2.13. The rationale behind the constraint � � �

2 I is to ensure the uniqueness of the geodesic
expression. Indeed, when the principal angles betweenX and Y are all smaller than �

2 , it is known
that the geodesic that joins them is unique [199]. Nonetheless, when any of the principal angles equals
�
2 , X and Y are conjugate points, meaning that there are multiple geodesics joining them [57]. Actually,
there is an additional non-unique geodesic for every principal angle that is equal to�2 .

Remark 2.14. � (0) = X , � (1) = Y and d� ( t )
dt

�
�
t =0 = T . We verify the latter expression to provide more

insights on the manipulation of Grassmann expressions:

d� (t)
dt

�
�
�
�
t =0

= [ � XV y � sin(� t)V T
y + U y � cos(� t)V T

y ]
�
�
t =0 = U y �V T

y = T : (2.74)

Remark 2.15. The intuition behind (2.73) can be grasped from the following expression:

X T
a Y a = X T

a � a(1) = cos(� ) + X T
a � a sin(� ); (2.75)

from where it can be deduced that� a must comply with the following constraint so that Lemma 2.4
holds:

X T
a � a = 0D � D : (2.76)

In other words, � a belongs to the tangent space atX , TX Gr(N; D ).
Considering the expression of the (unique) geodesic, thecanonical distance in the Grassmann

manifold can be obtained using the integral expression in (2.71). Luckily, there is an equivalent (and
more convenient) integral to evaluate the arclength between two points:

darc (X ; Y ) =
Z 1

0
hT x ; T x i

� 1
2

X dt =
Z 1

0
hT y ; T y i

� 1
2

Y dt = jj � jjF ; (2.77)

where T x 2 TX Gr(N; D ) and T y 2 TY Gr(N; D ) are the tangent vectors at X and Y that point to Y
and X , respectively, de�ned in a similar way to T in De�nition 2.12. Note that the singular values of
T x and T y are both equal to � and hereby the arclength between two subspaces is symmetric.

Up to this point, it has not been yet discussed how to compute tangent vectors between two
subspaces. For this purpose, it is useful to de�ne theexponential and logarithm maps. Both of these
mappings represent functions that relate directions and points in the Grassmannian and are based on
De�nition 2.12 [57], [207].
De�nition 2.13 (Grassmann exponential map). For every X 2 Gr(N; D ), the exponential map is a
function de�ned as expX : TX Gr(N; D ) �! Gr(N; D ) such that:

expX (T ) = � (1); (2.78)

where � (t) is a geodesic ful�l ling � (0) = X and d� ( t )
dt

�
�
t =0 = T .
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Gr(2; 1)

X

Y

� (t)

Figure 2.5: Example: Visualization of the geodesic, � (t), that connects X with Y in Gr(2; 1). Note that the
distance is the arclength in this semi-circle, coinciding with the only principal angle between X
and Y .

De�nition 2.14 (Grassmann logarithm map). For every X ; Y 2 Gr(N; D ), the logarithm map is a
function de�ned as logX : Gr(N; D ) �! T X Gr(N; D ) such that:

expX (logX (Y )) = Y : (2.79)

In simpler words, the logarithm map at X of Y computes the tangent direction atX that points to Y .
While the exponential map is computed using the known expression of the Grassmann geodesics,

the logarithm map requires the Cosine-Sine Decomposition (CSD). As a matter of fact, the Grassmann
logarithm map is de�ned by the following system of equations [57], [207]:

�
X T Y

(I N � XX T )Y

�
=

�
V y cos(� )V T

y
U y sin(� )V T

y

�
; (2.80)

where logX (Y ) = T = U y � V T
y . The practical (and general) way to solve the above system of equations

is by means of the generalized SVD [190]. However, we propose an alternative way of computing the
logarithm map using aligned representatives. Invoking Lemma 2.4, equation (2.80) becomes:

�
X T

a Y a

(I N � X aX T
a )Y a

�
=

�
cos(� )

� a sin(� )

�
; (2.81)

where the desired result of thealigned logarithm map is T a = � a � . Notice that (2.81) only requires
to compute the SVD of X T Y in contrast to the generalized SVD in (2.80).

2.3 Information theoretic Model-Order Selection

In many signal processing applications, there is an inherent need to determine the degrees of freedom of
a given parameter. For instance, in the setting described in the previous section and in the sparse signal
model in (2.1), where the signal component lies in a low-rank subspace, the estimation of intrinsic
dimension D is a pragmatic procedure in a practical application [135]. The previous idea is formalized
in the model-order selectionframework [127] and it is considered in this dissertation as an auxiliary
tool that is used to discover the diversity of a dataset. Particularly, we are interested in model-order
selection criteria that are based on information theoretic arguments [127], [177]. The motivation behind
the consideration of this kind of approaches for the model-order selection problem is twofold. On the
one hand, we show and prove that the resulting criterion from the information theoretic model-order
selection is based on a simple (but powerful) additive penalty term on the log-likelihood function. On
the other hand, the information theoretic roots of the considered approach are clearly aligned with the
general tone of this thesis.

For the purpose of introducing the information theoretic model-order selection, let us consider a
random variable y with an associated PDF given by py (y j� D ), where � D 2 RD is the vector that
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contains the parameters of the model. In this setting,D is the true value of the model-order. The
objective of the model-order selection problem is to detect the value of the model-order,D , using the
available data. In other words, the solution of the model-order selection consists on choosing the best
PDF among the set of possible models denoted asf py (y j� L )gL 2M , where each item is characterized by
the model-order L . We consider that the set of possible model-orders is given by:

M = f L 2 N : 1 � L � N g; (2.82)

where each item denotes the dimension of the tested parameter,� L . The identi�cation of the best
model-order, D , using information theoretic arguments is based on the maximization of the following
cost [127], [177]:

D̂ = arg max
L

KX

k=1

log(py (y k j �̂ L )) �
L
2

� (K ); (2.83)

where the �rst term is the summation of the likelihoods of the K (independent) realizations ofy for the
model-order L particularized on the ML estimation of the parameter, �̂ L , and � (L; K ) is the penalty
term. In the previous equation, we di�erentiate the subscript L , the tested model-order, fromD and
D̂ , which are the true value and the �nal model-order decision obtained with a particular procedure,
respectively. The focal point of the information theoretic model-order selection is the penalty term,
whose goal is to induce a trade-o� between an over�tted model (highL) and an under�tted model (low
L) as a function of the data sample size. Although there are several particularizations of the penalty
term [127], we consider the ones summarized in Table 2.1 for concreteness.

Criterion Penalty , � (K )
Bayesian Information Criterion (BIC) [168], [171] ln(K )

Akaike Information Criterion (AIC) [8], [89] 2
Generalized Information Criterion (GIC) [177] � + 1 , for � > 1

Table 2.1: Known expressions of the penalty in model-order selection rules based on information theoretic
criteria.

Yet, there are some implicit assumptions that one must check before the utilization of(2.83) in
a practical problem. Depending on the chosen criterion from Table 2.1, there exists two conditions
that the Fisher information matrix of y with respect to � L must ful�ll so that (2.83) is an adequate
optimization problem for the model-order selection task. The Fisher information matrix is de�ned as
follows.
De�nition 2.15 (Fisher information matrix) . Let y be a random variable with an associated PDF
given bypy (y j� ). Then, its Fisher information matrix is given by:

F(� ) = � E
�

@2 log(py (y j� ))

@� @� T

�
: (2.84)

In the following subsections, we detail the derivations of the criteria stated in Table 2.1 with the
aim of specifying the reasons behind the constraints on the Fisher information. We remark that these
derivations can also be found in [22], [41], [177]. Just to anticipate the conclusions of the following
paragraphs, the non-singularity of the Fisher information is required for all the alternatives, while the
BIC relies on a speci�c asymptotic convergence of this matrix.

2.3.1 Bayesian Information Criterion (BIC)

From all of the alternatives shown in Table 2.1, the BIC stands out for its interpretability. For large
sample sizes, not only the BIC is known to be a consistent estimator ofD , but it is also related to
the Minimum Description Length (MDL) principle [171] with a well-known operational meaning, i.e.
an MDL model is the one that best describes the data with the least amount of parameters [168].
In simpler terms, the BIC is an MAP estimation of the model-order. Thus, the introduction of the
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2.3. Information theoretic Model-Order Selection

Bayesian framework to the model-order selection problem means that̂D is obtained from the following
optimization problem:

D̂ = arg max
L

pL (L jy ; � L ) = arg max
L

Z 1

�1
p� L (� L )

KY

k=1

py (y k j� L )d� L ; (2.85)

wherepL (L jy ; � L ) denotes the MAP function of L (with respect to the measurements and the parameter),
and p� L (� L ) is the prior density of � L . In (2.85), we have already considered theK possible realizations
in the form of the product of the K marginal likelihoods. The main issue with the integral in (2.85) is
that it is di�cult to compute in the general case. As a result, the BIC is derived from an approximation
of the aforementioned integral based on the Laplace approximation [22], which is summarized and
proved in the following lemma.
Lemma 2.6 (Laplace approximation of an integral). Let f : RD �! R be a function with a single global
maximum (rapidly decaying from that point). Then, we have the following approximation:

Z 1

�1
exp(f (x))dx �

s
(2� )D

det(�r 2
x f (x0))

exp(f (x0)) ; (2.86)

where x0 is the maximizer of f (x ) and r 2
x f (x0) is the (non-singular) Hessian matrix of f (x ) at x0.

Proof. Given the assumptions onf (x), it can be approximated around x0 by its second-order Taylor
expansion:

f (x ) � f (x0) +
1
2

(x � x0)T r 2
x f (x0)(x � x0); (2.87)

where the �rst-order term of the Taylor expansion does not appear sincex0 is the global maximizer, i.e.
the gradient vanishes at this point. Plugging the previous approximation into

R1
�1 exp(f (x))dx, we

obtain: Z 1

�1
exp(f (x))dx �

Z 1

�1
exp

�
f (x0) +

1
2

(x � x0)T r 2
x f (x0)(x � x0)

�
dx = (2.88a)

exp(f (x0))
Z 1

�1
exp

�
1
2

(x � x0)T r 2
x f (x0)(x � x0)

�
dx : (2.88b)

We want to rewrite the integrand in (2.88b) so that the whole integral is equal to 1. With the previous
goal in mind, we get:

exp(f (x0))
Z 1

�1
exp

�
�

1
2

(x � x0)T �
�r 2

x f (x0)
�

(x � x0)
�

dx = (2.89a)

exp(f (x0))C
Z 1

�1

1
C

exp
�

�
1
2

(x � x0)T �
�r 2

x f (x0)
�

(x � x0)
�

dx ; (2.89b)

where:

C =

s
(2� )D

det(�r 2
x f (x0))

; (2.90)

is a constant such that the integral in (2.89b) is equal to1. The previous statement is true since the
integrand in (2.88a) has the same structure as the PDF of a Gaussian random variable of the following
form:

x0 � N
�

x0;
�
�r 2

x f (x0)
� � 1

�
: (2.91)

In this manner, the original integral is approximated by:

Z 1

�1
exp(f (x))dx � C exp(f (x0)) =

s
(2� )D

det(�r 2
x f (x0))

exp(f (x0)) : (2.92)

�
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For the purpose of approximating the integral in (2.85) using the previous lemma, we rewrite it as
follows:

D̂ = arg max
L

Z 1

�1
p� L (� L )

KY

k=1

py (y k j� L )d� L = (2.93a)

arg max
D

Z 1

�1
exp

 

log

 

p� L (� L )
KY

k=1

py (y k j� L )

!!

d� L = arg max
D

Z 1

�1
exp (g(y; � L )) d� L ; (2.93b)

where g(y; � L ) = log(p� L (� L )
Q K

k=1 py (y k j� L )) . The previous expression allows us to invoke Lemma
2.6, yielding:

Z 1

�1
exp (g(y; � L )) �

s
(2� )L

det(�r 2
� L

g(y; �̂ L ))
exp(g(y; �̂ L )) ; (2.94)

where �̂ L is the ML estimation of � L (MAP if p� L (� L ) is also considered). After plugging the previous
approximation into (2.85), we obtain the optimization problem in which the BIC is based:

D̂ = arg max
L

vu
u
t

(2� )L

det
�

�r 2
� L

g(y; �̂ L )
� exp(g(y; �̂ L )) ; (2.95)

which can be further parsed by taking the logarithm of the previous expression:

D̂ = arg max
L

KX

k=1

log(py (y k j� L )) + log( p� L (� L )) +
L
2

log(2� ) �
1
2

log
�

det(�r 2
� L

g(y; �̂ L ))
�

: (2.96)

The second key aspect of the BIC is the consideration of a non-informative prior. An example of a
non-informative prior is:

p� L (� L ) = lim
v!1

1
p

(2�v )D
exp

�
�

1
2v

jj � L jj2
2

�
: (2.97)

While the consideration of a non-informative prior is useful from a practical point of view (it does
not require any knowledge of the particular problem), it has been object of criticism due to the fact
that this idea is contradictory to the Bayesian framework [193]. Nevertheless, the practicality and
interpretability of the BIC outweighs the aforementioned critique. Notice that any non-informative
prior, e.g. (2.97), implies that the Hessian ofg(y; � L ) yields:

r 2
� L

g(y; �̂ L ) = r 2
� L

log(p� L (�̂ L )
KY

k=1

py (y k j �̂ L )) =
KX

k=1

r 2
� L

log(py (y k j �̂ L ); (2.98)

which is an expression that becomes:

KX

k=1

r 2
� L

log(py (y k j �̂ L ) ! � K F(�̂ L ); (2.99)

for K ! 1 due to the Law of Large Numbers (see De�nition 2.15). Motivated by the previous result,
we plug (2.99) into (2.96) and let K ! 1 . Taking the limit for K ! 1 implies that we drop the terms
that do not increase with K in (2.96), resulting in the BIC optimization problem.

D̂ = arg max
L

KX

k=1

log(py (y k j� L )) �
1
2

log
�

det(K F(�̂ L ))
�

: (2.100)

Although the previous optimization problem is e�ective to determine the model-order, the BIC
methodology further simpli�es the second term of the previous expression by dropping the terms that
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do not grow with K in (2.100). In this regard, note that the determinant in second term in (2.100) can
be written as follows:

log
�

det(K F(�̂ L ))
�

= log( K L det(F(�̂ L )) = L log(K ) + log(det( F(�̂ L )) : (2.101)

The second term in (2.101) can be dropped as long as:

1
K

F(�̂ L ) ! K ; (2.102)

for K ! 1 , where K is a constant matrix with respect to � L . As a result of (2.102), the optimization
problem of the BIC is the following one:

D̂ = arg max
L

KX

k=1

log(f y (y k j� L )) �
L log(K )

2
: (2.103)

In summary, the conditions that the Fisher information matrix of y must ful�ll to invoke the BIC
expression given in(2.103) are the non-singularity of F(� L ) for all � K (so that Lemma 2.6 is valid) and
the asymptotic convergence ofF(�̂ L ) described in (2.102) (to be able to drop the Fisher information
matrix term). As a last remark, it is possible to drop (or to modify) any of the previous two constraints
on the Fisher information matrix and still obtain an BIC-like model-order selection rule (see [135] for an
example). Yet, other BIC-like estimations of the model-order are out of the scope of this dissertation.

2.3.2 Akaike Information Criterion (AIC) and Generalized Information
Criterion (GIC)

An alternative approach to the Bayesian framework for the detection of the model-order is the
minimization of the Kullback-Leibler (KL) divergence between the true and the tested model PDFs
with respect to all possible models. This measure is de�ned as follows:

DKL (pD jjpL ) = E
�
log

�
pD (y)
pL (y)

��
= (2.104a)

E [log(pD (y))] � E [log(pL (y))] ; (2.104b)

where the expected value is taken with respect topD (y). In the previous expression,pD (y) and pL (y)
are the PDF of the data (evidence function in the Bayesian framework) using the true and tested
models, respectively. Note that only the second term in(2.104b) is relevant for the model-order selection
framework since it is the only term between the previous two KL divergences that depends onL . Also,
in contrast to the BIC derivation, we do not need to implicitly consider the PDFs of the K di�erent
realizations in (2.104b) thanks to the expected value. As a consequence of the previous observation,
the AIC and the GIC are based on the maximization (for a minimum KL divergence) of the following
function:

dKL (L ) = E[log( pL (y j� L ))] : (2.105)

The previous expression is referred to as the relative KL information [177] or the KL discrepancy
[41]. The main issue withdKL (L ) as a cost function is that the expected value cannot be evaluated
since the true distribution of the data is unknown a priori [177]. This is the reason why in the AIC and
GIC literature [8], [41], [177] the authors often resort to a surrogate of the KL discrepancy of (2.105).
For the purpose of obtaining a suitable surrogate function, let us de�ne a new random variabley0 that
is identically distributed as y and independent fromy. Also, let K 0 be the number of �ctitious samples
of y0 and let �̂

0
L be the ML estimation of � L constructed from these samples. The goal of introducing

y0 is to obtain an approximation of the true distribution by means of a cross-validatory procedure [177].
Then, a surrogate of the KL discrepancy is:

d̂KL (L ) = E y

h
Ey 0

h
log(pL (y j�̂

0
L ))

ii
; (2.106)
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where:
log(pL (y j� L )) � Ey 0

h
log(pL (y j�̂

0
L ))

i
; (2.107)

is a negatively biased estimation oflog(pL (y j� L )) [40], [41]. Equation (2.107) is the reason why the
AIC and GIC are labeled cross-validatory model-order approaches in the literature [177]. The subscript
in the expected value operators in the previous two expressions speci�es with respect to which random
variable each expected value is being computed. Notice that the expected value operator in(2.107)
eliminates the dependency with the �ctitious random variable, y0. Yet, in order to avoid the potentially
di�cult integrals, we approximate the argument of the expected value in (2.107) by means of its
second-order Taylor expansion around̂� L (the ML estimation of � L obtained from samples of the
original random variable, y):

log(pL (y j�̂
0
L )) � log(pL (y j�̂ L )) +

1
2

(�̂
0
L � �̂ L )T

�
r 2

� 0
L

log(pL (y j�̂
0
L ))

� �
�
�
�
�̂

0
L = �̂ L

(�̂
0
L � �̂ L ) � (2.108a)

log(pL (y j�̂ L )) �
1
2

(�̂
0
L � �̂ L )T F(�̂ L )( �̂

0
L � �̂ L ): (2.108b)

After plugging the previous asymptotic approximation into (2.106), we get:

d̂KL (L ) � Ey

h
log(pL (y j�̂ L ))

i
�

1
2

Ey

h
Ey 0

h
(�̂

0
L � �̂ L )T F(�̂ L )( �̂

0
L � �̂ L )

ii
; (2.109)

where the �rst term gets out of the expected value with respect toy0 since it is independent of this
random variable (recall that �̂ L is constructed using realizations fromy). The last step to obtain the
AIC and GIC is to compute the double expected value from the second term in(2.109), which yields:

Ey

h
Ey 0

h
(�̂

0
L � �̂ L )T F(�̂ L )( �̂

0
L � �̂ L )

ii
= (2.110a)

Ey

�
Ey 0

� �
(�̂

0
L � � ) � (�̂ L � � )

� T
F(�̂ L )

�
(�̂

0
L � � ) � (�̂ L � � )

� ��
= (2.110b)

tr
�

F(�̂ L ) Ey
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��
= tr

�
F(�̂ L )

�
� F � 1(�̂ L ) + F � 1(�̂ L )

��
= L (1 + � ); (2.110e)

where:

� =
K
K 0: (2.111)

The meaning behind� is that, intuitively, the risk of over�tting (chossing a D̂ larger than D) might
be reduced if the validation set (samples fromy) is larger than the estimation sample (samples from
y0) [177]. The previous observation implies that� must be greater or equal to 1. In fact, the GIC is
obtained for � > 1, whereas the AIC is the particular case resulting from� = 1 . In (2.110), equation
(2.110d) is obtained using the fact that y and y0 are independent (and so are their respective ML
estimators of � L ), while (2.110e)holds from the asymptotic second-order moment of the ML estimators
[101, Theorem 7.3] and from the following fact [177]:

F(�̂
0
L ) =

1
�

F(�̂ L ): (2.112)

Finally, we obtain the desired approximation of the KL discrepancy by plugging (2.110e) into
(2.109):

d̂KL (L ) � Ey

h
log(pL (y j�̂ L )) � L (1 + � )

i
; (2.113)
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from where model-order selection cost function of the AIC and GIC are obtained taking the argument
of the expected value in(2.113). The reason behind choosing the argument of the previous expected
value as the �nal criterion is it is a biased estimate of (2.113). Thus, the �nal criterion is the one shown
in (2.83) and particularized for the AIC and GIC penalty terms given in Table 2.1.

As a summary, the AIC and the GIC only require the non-singularity of the Fisher information
matrix so that (2.110e) is a valid step. In a similar fashion to the BIC, these two criteria are expected
to have a better performance for large sample sizes. The reason behind the previous observation is that
all the previously described approximations (see(2.99) and (2.108)) improve as K ! 1 . With some
abuse of notation, we can say that these approaches are asymptotically consistent.

2.4 Concluding remarks

In this chapter, we introduced the kind of cost functions that are considered in this dissertation. As it
has been noted by the link between sparsity and entropy, all these cost functions are encompassed in
the information theoretic framework. Not only that, but we have also shown that subspace learning
techniques can also be related to a sparse signal processing methodology. In this sense, our main
motivation behind the consideration of the Grassmann manifold is the introduction of structural priors,
which are thought to be more versatile than classical statistical priors. Thus, the previous kind of
priors are much more suitable for practical applications.

The main issue with the previous framework is that it leads to challenging non-convex optimization
problems (see Section 2.2 or Subsection 2.1.2). In this regard, there is no e�ective implementation of a
globally optimal algorithm for the proposed globally optimal non-convex criteria (up to the authors
knowledge). This is the reason why we renounce to globally optimal solutions in favour of locally
optimal solutions, which are much faster to compute. As it is expanded in the sequel, the previously
mentioned locally optimal solutions have a reasonable performance. The previous observation, in
addition to the natural robustness and interpretability of the cost functions that are detailed in this
chapter, suggests that the framework detailed in this chapter can have a practical implementation in
signal processing applications.
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Chapter 3

Algorithmic framework

The purpose of this chapter is to introduce the framework that is used to solve the optimization problems
shown in Chapter 2. As it has already been mentioned, both convex and non-convex optimization
problems are considered in this dissertation. For instance, while the cost functions that are built using
an `1 norm regularization are convex, the problems that are based on information theoretic measures
often yield non-convex optimization problems (see(2.38) for an example). Likewise, the problems whose
constraint set is the Grassmann manifold are also non-convex due to the orthogonality constraints.

As it is often said in convex optimization theory, once a problem is formulated as a convex
optimization, then it is already solved. The motivation behind the previous statement is summarized
by the following two properties of convex formulations [29]: feasible convex optimization problems are
always solvable and there exist fast known algorithms that solve them. This is the reason why convex
optimization problems are preferred over non-convex formulations. In this regard, algorithms that solve
non-convex optimization problems, such as the ones mentioned in Chapter 2, must renounce to one of
the previous two properties due to the challenging nature of non-convex problems [48]. As a result,
non-convex methods can be classi�ed into two categories [55]:

1. The global optimization methodssearch and verify the global optimum of a non-convex optimization
problem, but they tend to be really slow for this purpose. An example of this methodology is
found in the branch and bound methods [144]. See [48, Section 8] for more instances of global
optimization methods.

2. The local optimization methodsthrive in their convergence speed but they do not necessarily �nd
a global optimum. Even if they found an optimal solution of the problem, they cannot distinguish
it from a stationary point.

In this dissertation, we focus on the latter family of algorithms to solve non-convex optimization
problems. In this sense, we are interested in the local optimization algorithms that are constructed
using the Sequential Convex Programming (SCP) framework. Informally speaking, this methodology
solves an optimization problem by means of iterative schemes based on the optimization of a convex
surrogate, whose optimal value is easily found, of the original cost. For non-convex problems, the
SCP framework splits the cost functions or the constraint sets into two independent components: the
convex and non-convex blocks of the original cost. While the convex components are unmodi�ed,
the non-convex terms are approximated by convex surrogates. In this manner, the overall problem
is solved iteratively using e�cient algorithms. In fact, the previous rationale is encompassed in the
known Majorization-Minimization (MM) framework, which will be thoroughly surveyed in this chapter.
Albeit this framework may fail to retrieve (or certify) the global optimum, a stationary point is often a
su�ciently well-behaved solution in practice. Besides, one could always repeat the given procedure
for di�erent initialization points to achieve a better estimate. Regarding the problems that consider
the subspace-based sparsity from Chapter 2 (see Section 2.2), we show that thegeodesically convex
optimization (g-convex for short) framework can complement the classical MM methodology. Indeed,
g-convex optimization can be seen as an alternative e�cient way of deal with some non-convex sets
(Riemannian manifolds). Although this framework is general to any Riemannian manifold, we only
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focus on its particularization for the Grassmann manifold with the main goal of generalizing some of
the known results of the MM framework to the Grassmann manifold constraint set.

Not only the rationale behind the MM framework is useful for non-convex optimization, but it can
also be applied to convex optimization problems as well. Whilst local optimization methods ensure the
converge to a stationary point of non-convex problems, they converge to a global optimum in convex
problems. Actually, the MM framework is the foundation of known algorithms, such as the Gradient
Descent [169], and the Iterative Soft-Thresholding Algorithm [19], among others, that are widely used
in the convex optimization literature.

The structure of this chapter consists of three sections. In Section 3.1, we introduce several
background concepts that will be needed to analyze the MM framework. Despite the fact that some
of those background concepts may seem familiar to the reader, this �rst section also serves as a
way to set the notation of the presented ideas. Secondly, we review some of the key ideas from the
convex optimization theory and compare them to their Riemannian counterparts (particularized on the
Grassmann manifold) in Section 3.2. Finally, the core of the MM framework that will be used in the
remaining chapters of this dissertation is described in Section 3.3. It is in Section 3.3 where the main
results regarding the MM framework are detailed. Particularly, our proposed generalization of the MM
framework to the Grassmann manifold can be found in Subsection 3.3.4.

3.1 Preliminaries on optimization theory

For clarity in the exposition, the concepts that are presented in this chapter are targeted towards
minimization problems, unless stated otherwise. Yet, we remark that these concepts can be easily
translated for maximization problems.

3.1.1 Level sets

Level sets are fundamental tools to assess the existence of optimal values of a given function. Thanks
to the extreme value theorem [152], the compactness of the sublevel and supralevel sets is a su�cient
condition for a minimum and a maximum (respectively) of a function to exist. In fact, the previous
statement is fundamental in optimization theory since it is one of the conditions for the feasibility of
an optimization problem. In the particular case of our algorithmic framework, we de�ne the sublevel
sets, which are a particular case of the level sets, as follows.
De�nition 3.1 (Sublevel set). Let f : X �! R be any arbitrary function. Then, its sublevel set is
de�ned as:

S(f; C ) = f x 2 X : f (x) � Cg; (3.1)

where C is a constant.
Remark 3.1. While sublevel sets are important for minimization problems, the supralevel setsare their
counterparts for maximization problems. The supralevel sets are de�ned as follows:

S0(f; C ) = f x 2 X : f (x) � Cg: (3.2)

We are interested in the assessment of the compactness of a function level set. For this purpose, we
review the properties that are needed for this analysis, which are the closedness and boundedness of a
set [46].
De�nition 3.2 (Open and closed sets). A set U is said to be open if for everyu 2 U there exists a
positive number r such that the ball of radiusr is contained in U. On the contrary, a set is said to be
closed if its complementary set is open.

The previous de�nition can be simpli�ed in an informal manner for the cases that are encountered
in this dissertation. Particularly, we are interested on sets that are de�ned using functions of the
optimization variables. In this regard, the following sets:

g(x) � 0; (3.3a)

g(x) � 0; (3.3b)
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g(x) = 0 ; (3.3c)

where g : RN ! R is a continuous function, are closed. Contrarily, the following sets:

g(x) < 0; (3.4a)

g(x) > 0; (3.4b)

are open. Additionally, RN is open and closed by de�nition [46]. The previous examples are useful
to quickly assess the closedness of most of the sets that are encountered in this dissertation. The
remaining concept that is needed to asses the compactness of a set is whether a set is bounded or not.
The boundedness of a set is de�ned as follows.
De�nition 3.3 (Bounded set). A set B is said to be bounded if there exists a positive valueC such
that:

jjbjj2
2 < C; (3.5)

for any b 2 B.
In contrast to the closedness of a set, there is no general rule of thumb for the assessment of the

boundedness of a set. Thus, we verify this property in a case by case basis henceforth. Finally, the
de�nition of compact sets emanates from the previous two de�nitions.
De�nition 3.4 (Compact set). A set is said to be compact if it is closed and bounded.

There are two cases in which the sublevel sets of a function are compact:X is itself compact or
f (X ) is a coercive function [92]. For completeness, we review the de�nition of coercive functions [15].
De�nition 3.5 (Coercive function). Let any arbitrary function be f : RN �! R. Then, it is said to be
coercive, or also radially unbounded, if for everyc > 0 there exists anr > 0 such that:

8x 2 RN : jj x jj2
2 > c =) f (x) > r: (3.6)

Remark 3.2. The previous de�nition implies that if f is coercive, then it has a global minimum value.
However, (3.6) is not useful to verify whether f has a global maximum value. For the purpose of
assessing the existence of a global maximum value off , (3.6) can be adapted as follows:

8x 2 RN : jj x jj2
2 > c =) f (x) < r; (3.7)

for every c > 0. A function that satis�es (3.7) is said to be negatively coercive.
One simple way to test coerciveness of a function is to study the behaviour off (x ) in terms of

jjx jj2
2. If f (x ) �! + 1 when jjx jj2

2 ! 1 , then f (x) is coercive. By the comparison of De�nition 3.1 with
De�nition 3.5, it is clear that the coerciveness of a function implies that its corresponding sublevel set
is compact.

3.1.2 Derivatives and stationary points of a function

Derivatives are used to determine descent directions of a function and to study the stationarity of a
solution in the numerical optimization theory, among other applications. For this reason, they are a
fundamental tool in any optimization framework. Given that variables constrained in the Grassmann
manifold are also considered in our algorithmic framework, there is a necessity for the generalization of
the directional derivatives. For this reason, we particularize the concept of Gateaux di�erentials, which
are the generalization of directional derivative for Banach spaces (a vector space with some notion of
metric) [2], to the context considered in this dissertation. The Gateaux di�erentials are de�ned as
follows.
De�nition 3.6 (Gateaux di�erentials) . Let any arbitrary function be f : X �! R, where X can be
Gr(N; D ) or RD . Then, the Gateaux di�erential of f at x 2 X is de�ned as:

Df (x)[� ] = lim
t �! 0+

f (x + t� ) � f (x )
t

; (3.8)

where � 2 X is the direction of the Gateaux di�erential.
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Remark 3.3. The rationale behind the positive constraint in t is to avoid the sign ambiguity in the
direction of the derivative. In this way, we emphasize the direction of the di�erential, � , which is critical
for the determination of descent directions. Not only that, but the aforementioned constraint also
causes that the set of Gateaux di�erentiable functions is larger than the set of di�erentiable functions
in the classical sense.
Remark 3.4. For those functions that are di�erentiable in the classical sense, the Gateaux di�erential
can be alternatively computed as follows:

df (x + t� )
dt

�
�
�
�
t =0

= r x f T (x )� ; (3.9)

where now � coincides with the classical directional derivative. Likewise, the equivalent Gateaux
di�erential expression for the (di�erentiable) functions whose input variables are matrices is:

Df (X )[� ] = lim
t �! 0+

f (X + t� ) � f (X )
t

=
df (X + t� )

dt

�
�
�
�
t =0

= tr( r X f T (X )� ); (3.10)

where � ; X 2 X .
Gateaux directional derivatives are useful for several tasks in our algorithmic framework. Firstly,

they can be used to approximate functions in a similar fashion to the �rst-order Taylor expansion. For
a given function f (x), this approximation yields:

f (x ) � f (x0) + Df (x0)[� ]; (3.11)

where x0 is the expansion point and� is the direction in which the approximation is computed. Note
that (3.11) is the generalization of the �rst-order Taylor expansion, which could be recovered from
(3.11) if f were a di�erentiable function in the classical sense (see(3.9)) and if � = ( x � x0). As it
is formalized in the sequel, for convex (and g-convex) functions,(3.11) is also a lower bound of the
original function. Similarly, it becomes an upper bound for concave (and g-concave) functions.

Secondly, there are non-di�erentiable functions in the classical sense whose Gateaux di�erential
does exists. In the following example, we show that the absolute value, which is the building block of
the `1 norm, is di�erentiable under De�nition 3.6.
Example 3.1 (Gateaux di�erentiability of the absolute value) . Let f (x) = jxj. Then, its Gateaux
di�erential at x = 0 yields:

Df (0)[d] = lim
t �! 0+

jtdj
t

= jdj lim
t �! 0+

jt j
t

= jdj: (3.12)

Besides, its Gateaux di�erential at x 6= 0 is given by:

Df (x)[d] = lim
t �! 0+

jx + tdj � j xj
t

=
df (x + td)

dt

�
�
�
�
t =0

= dsign(x); (3.13)

which follows from the fact that f is di�erentiable for every x 6= 0 . As a summary, the Gateaux
di�erential of f (x) = jxj is:

Df (x)[d] =

(
jdj x = 0
dsign(x) x 6= 0

: (3.14)

Note that the Gateaux di�erential is linear on d at the values of x where the function is di�erentiable,
while it is non-linear on d for the values of x such that the derivative does not exist.

Lastly, the use of directional derivatives is necessary to assess whether a solution of an iterative
optimization scheme is astationary point of a function. In essence, �nding stationary points is the
main goal of iterative optimization schemes. The stationary points are built on De�nition 3.6 and there
are two kinds: the local minimum and local maximum points.
De�nition 3.7 (Local minimum points) . Let f : X �! R be any arbitrary function. Then, any x 2 X
is a local minimum if:

Df (x)[� ] � 0 8x + � 2 X : (3.15)
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De�nition 3.8 (Local maximum points) . Let f : X �! R be any arbitrary function. Then, any x 2 X
is a local maximum if:

Df (x)[� ] � 0 8x + � 2 X : (3.16)

Remark 3.5. Stationary points are also de�ned using an alternative de�nition of directional derivatives,
which are known asDini derivatives [46, Appendix B]. The lower Dini derivative is de�ned as follows:

f 0
l (x ; � ) = lim

t �! 0
inf

f (x + t� ) � f (x )
t

; (3.17)

where lim inf denotes the limit inferior of a sequence, which is used to obtain the local minimum points
of a function. Similarly, the upper Dini derivative is the equivalent counterpart for the determination
of local maximum points. Its expression is given by:

f 0
s(x ; � ) = lim

t �! 0
sup

f (x + t� ) � f (x )
t

; (3.18)

where lim sup denotes the limit superior of a sequence. For simplicity, we do not consider the above
kind of directional derivatives.

It can be shown that the previous de�nition of stationary points is intuitive. As an example, consider
the absolute value function and its Gateaux di�erential (see Example 3.1). Clearly,x = 0 is the only
stationary point of f (x) = jxj since it is the only point in R such that Df (x)[d] � 0 for all d 2 R.
The fact that Df (0)[d] � 0 means that evaluating f (x) after taking a step in the direction of the
di�erential, d, increases the value of the function. Thus, it must be a local minimum (global minimum
in the previous example). In this regard, notice that the previous two de�nitions include the classical
de�nition of stationary points, i.e. gradients equal to zero, but they are much more precise in the
distinction of local minimum and maximum points.

Given that we are also interested in the block extension of optimization algorithms, such as the
Block Coordinate Descent (BCD) approach [154] or the block extension of the MM framework [123],
[162], it is useful to describe the cost functions whose coordinate-wise stationary points are equivalent
to stationary points as in De�nitions 3.7 and 3.8. The reasoning behind the previous statement is that
the block extension of the iterative optimization schemes is only able to search for coordinate-wise
stationary points. Coordinate-wise stationary points are described as follows.
De�nition 3.9 (Coordinate-wise minimum points). Let f : X � RM �! R be any arbitrary function.
Also, let the partition of x into N blocks of variables bex = ( x1; x2; :::; xN ), being the stacking of
x1; x2; :::; xN . The dimensions each block of variables are denoted byNn for n = 1 ; :::; N and satisfy:

M =
NX

n =1

Nn : (3.19)

Furthermore, let � n be an all zeroes vector except for then-th block, which contains the directiondn

of dimensions Nn , i.e. � n = ( 0; :::; dn ; :::; 0).. Then, any x 2 X is a coordinate-wise minimum with
respect to then-th block if it satis�es:

Df (x)[� n ] � 0 8x + � n 2 X : (3.20)

Remark 3.6. Coordinate-wise maximum points are de�ned in the same manner by changing the sign of
the inequality in (3.20).

With the previous de�nition in mind, we consider the concept of regular functions, which is a
formal description of the functions whose coordinate-wise stationary points are equivalent to the global
stationary points. Cost functions that satisfy this property are essential for block relaxations of iterative
schemes [162], [187]. We consider the de�nition of regular functions presented in [187, Lemma 3.1].
De�nition 3.10 (Regular function). Let f : X �! R be any arbitrary function. Also, let the partition
of x into N blocks of variables bex = ( x1; x2; :::; xN ) where the dimensions of then-th block of variables
are denoted byNn for n = 1 ; :::; N . In addition, let � n be an all-zeroes vector except for then-th block,

35



3.2. Riemannian optimization

which contains the direction dn of dimensions Nn , i.e. � n = ( 0; :::; dn ; :::; 0). Then, any x 2 X is said
to be a regular point of f if it satis�es the following implication:

Df (x)[� n ] � 0 8x 2 X s: t : x + � n 2 X ; 8� n 2 RN n ; n = 1 ; :::; N =)

Df (x)[� ] � 0 s: t : x + � 2 X ; 8� 2 X :
(3.21)

Note that the converse statement is not true in general.
Remark 3.7. Regular functions can be thought of as a relaxation of smooth (di�erentiable) functions.
An example of a non-regular function is found in [162, Figure 2.1].
Remark 3.8. The assumptions that ensure the regularity of a function are shown in [187, Section 3].

3.2 Riemannian optimization

Riemannian optimization, also referred to asgeodesically convex optimization(g-convex optimization
for short), is a generalization of convex optimization for Riemannian manifolds. This framework is a
tool that can be used to bypass the challenges behind the optimization of some particular non-convex
sets, e.g. the Grassmann manifold. In addition to this, g-convex optimization can be used to provide
a geometric interpretation to some well-known signal processing problems, such as the Principal
Component Analysis (PCA) and the Matrix Factorization problem [7].

The goal of this section is to review the particularization of g-convex optimization to the Grassmann
manifold and convex optimization. This review is mainly based on [29] (convex optimization) and
[57], [192] (g-convex optimization on the Grassmannian), which are very general, with an e�ort on
extracting the relevant concepts for this thesis. In this regard, we also show the intuition behind the
idea that the g-convex optimization is the generalization of convex optimization.

3.2.1 Convex optimization review

As it has been mentioned in Chapter 2, there is a solid literature on convex optimization problems
[29], [74]. Indeed, it is widely known that convex programs (optimization problems) can be solved
by means of relatively simple optimization algorithms that are fast and e�cient. This is the main
motivation behind looking for convex formulations in any kind of signal processing problem, often
relying in well-known techniques such as theconvex relaxation or the use of convex surrogates. A
general convex optimization problem is depicted as follows:

min
x

f (x ) s.t. x 2 C; (3.22)

where f (x) is a convex function and C is a convex set. We refer to C as the constraint or feasible set.
Notice that the fundamental de�nitions in convex optimization are convex setsand convex functions
[29].
De�nition 3.11 (Convex set). Any set C is said to be convex if and only if the following statement is
true for every x; y 2 C:

tx + (1 � t)y 2 C 8t 2 [0; 1]; (3.23)

where the above linear combination is also known asconvex combination.
Remark 3.9. A convex combination is a geodesic (or, equivalently, an exponential map) in the Euclidean
space [192].

The above de�nition is essential in optimization theory because not only it describs the constraint
sets that enable line search methods [117], e.g. Gradient Descent, but they also describe the geometric
properties that a set must ful�ll in order to be well-behaved in optimization. As it is shown in the sequel,
the previous idea encourages its generalization to g-convex optimization, where the very restricted
convex combination idea from(3.23) is substituted by a geodesic in a Riemannian manifold. Moreover,
the de�nition of convex and concave functions is also dependant on De�nition 3.11.
De�nition 3.12 (Convex function). Any function f : C �! R is said to be convex if it satis�es for
every x; y 2 C:

f (tx + (1 � t)y) � tf (x ) + (1 � t)f (y) 8t 2 [0; 1]: (3.24)
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De�nition 3.13 (Concave function). Any function f : C �! R is said to be concave if it satis�es for
every x; y 2 C:

f (tx + (1 � t)y) � tf (x ) + (1 � t)f (y) 8t 2 [0; 1]: (3.25)

Remark 3.10. f is convex if and only if the restriction to any line that remains on C is convex. To be
more speci�c, f (x ) is convex with respect tox if the function g(t) = f (x + ty) subject to x + ty 2 C is
convex with respect to t. An equivalent argument also holds for concave functions.
Remark 3.11. A function g is said to be concave if� g is convex. Also, when a function is both concave
and convex, i.e. (3.24) and (3.25) are ful�lled with an equality, it is said to be a�ne.
Remark 3.12. A local minimum is equivalent to a global minimum of f if it is convex. Equivalently, a
local maximum is a global maximum of f if it is concave.

There are two main implications emanating from the previous two de�nitions that are fundamental
in convex optimization theory. Both of them are based on �rst and derivatives of a convex/concave
function and they are summarized in the following two theorems.
Theorem 3.1 (First-order characterization of convex functions). Let f : C �! R be a convex di�erentiable
function de�ned on the convex setC. Then:

f (y) � f (x ) + r x f (x )T (y � x ) 8x; y 2 C: (3.26)

Remark 3.13. The vector (y � x) can be seen as a tangent direction fromx to y in the Euclidean space.
Theorem 3.2 (Second-order characterization of convex functions). Let f : C �! R be a convex (twice)
di�erentiable function de�ned on the convex set C. Then:

r 2
x f (x ) � 0 8x 2 C: (3.27)

Remark 3.14. The above two theorems can be particularized for concave functions by reversing the
sign of the previous inequalities.

In the sequel, we are using both of these theorems that characterize convex functions to derive
surrogate functions in the MM framework and to assess the convexity of a function. Note that a function
that is convex in the whole space becomes no longer convex when it is restricted in a non-convex set.
This is caused by the fact that there would exist convex combinations between two points that lie
outside the feasible set. Thus, it would not be possible to satisfy De�nitions 3.12 or 3.13.

Provided that the log-determinant function plays an important role in this dissertation (see (2.38)
for an example), we prove its concavity as an example [29], [75] in the following lemma.
Lemma 3.3 (Concavity of the log-determinant function) . The function f (X ) = log(det(X )) is concave
if X 2 S M

++ .

Proof. In order to proof this, we need to invoke Remark 3.10. Let us de�ne the following function:

g(t) = log(det( X + tY )) s.t. X + tY 2 S M
++ ; (3.28)

for t 2 [0; 1]. If (3.28) is proven to be concave, then the log-determinant function is also concave. Given
that X 2 S M

++ , the square root ofX exists. As a result, g(t) can be rewritten as follows:

g(t) = log(det( X
1
2 X

1
2 + tX

1
2 X � 1

2 YX � 1
2 X

1
2 )) = log(det( X

1
2 (I + tX � 1

2 YX � 1
2 )X

1
2 )) = (3.29a)

log(det(X )) + log(det(( I + tX � 1
2 YX � 1

2 ))) = log(det( X )) +
MX

m =1

log(1 + t� m ); (3.29b)

where � m for m = 1 ; :::; M are the eigenvalues ofX � 1
2 YX � 1

2 . Then, the second derivative ofg(t) is:

d2g(t)
dt2 = �

MX

m =1

� 2
m

(1 + t� m )2 ; (3.30)

which satis�es d2 g( t )
dt 2 � 0 for every t 2 R since� m is positive for m = 1 ; :::; M . Invoking Theorem 3.2,

we get that f (X ) is concave sinceg(t) is concave. �
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The previous proof provides some insights on the assessment of g-convex functions. Notice that, in
the above rationale, the restriction to a line can be interpreted as a geodesic on the manifold de�ned
by SM

++ . G-convex functions are aimed at generalizing the idea presented in the previous example.
Even though convex functions are important for any kind of optimization scheme, there is a

relaxation of this kind of functions that is equally important for iterative algorithms. This relaxation
of convexity, which is known asquasiconvexity [29], is based on the convexity of the level sets of a
function and it is de�ned as follows.
De�nition 3.14 (Quasiconvex functions). Any function f : C �! R is said to be quasiconvex in the
convex setC if any sublevel set of this function, i.e.:

S(f; � ) = f x 2 C : f (x) � � g; (3.31)

is convex.
De�nition 3.15 (Quasiconcave functions). Any function f : C �! R is said to be quasiconcave in the
convex setC if any supralevel set of this function, i.e.:

S0(f; � ) = f x 2 C : f (x) � � g; (3.32)

is convex.
Remark 3.15. Similarly to convex and concave functions, the restriction to any line of a quasiconvex or
quasiconcave function also results in a quasiconvex or quasiconcave function, respectively.
Remark 3.16. The de�nition of quasiconvex functions implies:

f (tx + (1 � t)y) � max(f (x); f (y)) 8t 2 [0; 1]; (3.33)

from where it can be seen that quasiconvexity is a relaxation of convexity since:

(1 � t)f (x ) + tf (y) � max(f (x); f (y)) 8t 2 [0; 1]: (3.34)

Similarly, quasiconcave functions satisfy:

f (tx + (1 � t)y) � min( f (x ); f (y)) 8t 2 [0; 1]; (3.35)

whose relation with concavity can be seen from the following expression:

(1 � t)f (x ) + tf (y) � min( f (x ); f (y)) 8t 2 [0; 1]: (3.36)

The above remarks are highlighted for two reasons. While the �rst remark is useful to verify whether
a function is quasiconvex, the second remark highlights the fact that verifying the convexity or concavity
of a function is a su�cient condition to show its quasiconvexity or quasiconcavity, respectively, which is
relevant in the MM framework.

Although it is out of the scope of this thesis, there is a standard way to deal with quasiconvex
problems calledquasiconvex programming[74]. It is especially useful for those functions whose convexity
nor concavity cannot be guaranteed. As an example, we analyze the previous properties of a function
that plays an important role in Section 4.3 from Chapter 4.
Example 3.2 (Quasiconvexity of the logarithm of a positive semide�nite quadratic form) . Let
f : RM �! R be de�ned as:

f (x ) = log( xT Cx ); (3.37)

where C 2 S M
++ . Firstly, it can be shown that the previous function is concave for M = 1 . For M = 1 ,

f (x) becomes:
f (x) = log( cx2) = log( c) + 2 log( x); (3.38)

which is a concave function since:

d2f (x)
dx2 = �

2
x2 < 0 8x 2 R: (3.39)
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Next, we show that f (x ) is not convex nor concave whenM > 1. For the purpose of proving the
non-convexity of f (x ), let us consider the Hessian matrix off (x ):

r 2
x f (x ) = H (x) =

C
xT Cx

� 2
Cxx T C
(xT Cx )2 : (3.40)

Clearly, in order to assess the convexity or concavity off (x ), one needs to evaluate the de�niteness of
H (x). The previous evaluation can be performed by evaluating the positiveness or the negativeness of
h(x ; v) = vT H (x)v for all v ; x 2 RM , where v is an arbitrary vector. To facilitate the assessment of
the positiveness/negativeness ofh(x ; v), we rewrite this function as follows:

h(x ; v) = vT H (x)v = (3.41a)

vT Cv
xT Cx

� 2
vT Cxx T Cv

(xT Cx )2 = (3.41b)

vT Cv
xT Cx

� 2
(xT Cv )2

(xT Cx )2 = (3.41c)

(vT Cv )(xT Cx ) � 2(xT Cv )2

(xT Cx )2 ; (3.41d)

from where the quadratic forms of the previous expression can be interpreted as the norms and dot
products of v and x sinceC is a positive de�nite matrix [138, Chapter 2]. Note that the sign of h(x ; v)
can be evaluated from the numerator of(3.41d) because its denominator is always positive. We show
that there are two instances whereh(x ; v) is positive and negative. Taking av that is orthogonal to x
in the vector space whose inner product is constructed usingC, we get that the numerator in (3.41d)
yields:

(vT Cv )(xT Cx ) > 0; (3.42)

becausexT Cv = 0 in this case. Contrarily, by setting v = � x , the numerator in (3.41d) becomes:

(vT Cv )(xT Cx ) � 2(xT Cv )2 = � 2(xT Cx )2 � 2� 2(xT Cx )2 = � � 2(xT Cx )2 < 0 8x 2 RM : (3.43)

As a result, there are combinations of values ofx and v such that h(x ; v) is positive and negative.
Hence,H (x) is not positive nor negative de�nite, so f (x) is non-convex and non-concave forM > 1.

Interestingly, we show that f (x ) is quasiconvex forM > 1. With the previous goal in mind, consider
the sublevel set off (x ):

S(f; � ) = f x 2 RM : log(xT Cx ) � � g; (3.44)

which can be rewritten as follows:

S(f; � ) = f x 2 RM : xT Cx � exp(� )g: (3.45)

Proving the convexity of S(f; � ) is a su�cient condition to certify the quasiconvexity of f . With
this purpose in mind, we verify the convexity of the set described by(3.45). First, let x ; y 2 S(f; � ).
Also, let z = tx + (1 � t)y . Then:

zT Cz = (3.46a)

(tx + (1 � t)y)T C(tx + (1 � t)y) � txT Cx + (1 � t)yT Cy � (3.46b)

t exp(� ) + (1 � t) exp(� ) = exp( � ); (3.46c)

where (3.46b) holds sincexT Cx is a convex function with respect to x (C 2 S M
++ ensures the convexity

of the aforementioned quadratic form) and(3.46c) follows from the fact that x ; y 2 S(f; � ). Therefore,
S(f; � ) is a convex set, sof is a quasiconvex function.
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3.2.2 G-convex optimization on the Grassmann manifold

Building upon the earlier overview on convex optimization, in this subsection we review a generalization
of convex optimization for variables constrained in the Grassmann manifold. Note that, although the
surveyed concepts on g-convex optimization are particularized to the geometry of the Grasmannian
shown in Section 2.2, these ideas are general to other Riemannian manifolds. Still, given that there
are known results of g-convex optimization for the Grassmann manifold, we do not tackle the general
case. Instead, this subsection serves as a way to showhow to useg-convex optimization. In contrast
to what happens in convex optimization with convex sets, there is a necessity to de�ne two types of
Riemannian convex setssince, in a Riemannian manifold, the paths that connect any two points within
the manifold may not be unique in general. This leads to the distinction betweentotally convex sets
and geodesically convex sets[192].
De�nition 3.16 (Totally convex sets on the Grassmann manifold). Let G � Gr(N; D ). Then, it is
said that G is a totally convex subset of the Grassmann manifold if, for anyX ; Y 2 G, any path within
the Grassmann manifold connecting those points is also contained inG.
Remark 3.17. The above de�nition is often relaxed so that only geodesics (paths with minimum
distance) are required to be contained inG. In this manner, sets that satisfy this relaxation are de�ned
as geodesically convex sets(or g-convex sets for short). In the Euclidean space, both de�nitions are
equivalent since the only path connecting any two points is the straight line. In general, it is easier to
deal with totally convex sets as compared to g-convex sets. In the case of the Grassmannian, the whole
manifold is totally convex, but it does not exists any subset of the Grassmann manifold such that it is
totally convex. One of the implications of the previous statement is seen in Lemma 3.4.

To exemplify the di�erence between g-convex sets and totally convex sets, in Figure 3.1 we show
an example of a g-convex set that is not a totally convex set in theR2 unit sphere, i.e. the particular
case of the Stiefel manifold given bySt(2; 1) [192]. Note that there are two possible paths between
two points in St(2; 1), i.e. the short and long arcs, and that the g-convex subset is depicted by the
highlighted area in Figure 3.1. Clearly, the long arc does not belong to the highlighted area. Thus, it is
not a totally convex set. On the contrary, given that every geodesic (the short arcs) between any two
elements of the highlighted area is contained in the aforementioned set, it ful�lls the de�nition of a
g-convex set.

St(2; 1)

XY

Figure 3.1: Example: Visualization of a g-convex set (highlighted area) in St(2; 1) which is not totally convex.

Luckily, totally convex sets are not mandatory for g-convex optimization. Instead, g-convex sets are
well-behaved for the de�nition of g-convex functions, as seen in the sequel. Regarding the Grassmann
manifold, note that the whole Grassmann manifold is a g-convex set (also, totally convex) since there
exists a geodesic joining any two points. Yet, the assessment of g-convex subsets in the Grassmann
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manifold must be done with care. For this purpose, we focus our analysis onball-like1 g-convex subsets
on the Grassmannian. To this end, we �rstly de�ne balls in the Grassmann manifold.
De�nition 3.17 (Ball on the Grassmann manifold). Let an arbitrary point in the Grassmann manifold
be C 2 Gr(N; D ). Then, an open ball of radius� in the Grassmann manifold is given by:

B � (C) = f X 2 Gr(N; D ) : � X � � I D g = f X 2 Gr(N; D ) : darc (X ; C) < �
p

Dg; (3.47)

where � X contains the principal angles betweenC and X .
Remark 3.18. Note that the intuition behind the upper bound on the canonical distance in (3.47) comes
from the fact that the canonical distance is de�ned as the Frobenius norm of the matrices that contain
the principal angles (see (2.77)). In this regard, by setting� 0 = � I D , we get that:

jj � 0jjF = jj � I D jjF = �
p

D; (3.48)

which is the upper bound given in the last expression of (3.47).
Given the previous de�nition, the conditions that a ball in the Grassmann manifold must ful�ll to

be a g-convex subset on the Grassmann manifold are summarized in the following lemma [7, Lemma 2].
Lemma 3.4 (G-convexity of balls on the Grassmann manifold). Let a ball on the Grassmann manifold
be B � (C) for any C 2 Gr(N; D ). Then, B � (C) is a g-convex subset of the Grassmannian if and only if:

� �
�
4

: (3.49)

The proof of this Lemma can be found in [7].
In Figure 3.2, we show an example that provides some insights on Lemma 3.4 in the simple case of

Gr(2; 1) (the semi-circle in R2). The intuition behind the maximum radius for a Grassmann ball to
be g-convex is that the furthest two points in this subset ofGr(2; 1), Y and X in Figure 3.2, can be
connected by a geodesic with principal angle�

2 . The previous geodesic is such that its expression is
unique (see Remark 2.13). On the contrary, the geodesic that connectsX and Z is outside the g-convex
subset sinceX is close toZ0, which belongs to the same equivalence class asZ (Z = � Z0).

Gr(2; 1)

C

XY

Z

Z0

Figure 3.2: Example: Visualization of a g-convex set on Gr(2 ; 1), B �
4

(C ).

Before diving into the details of g-convex functions, we �rstly need to extend classical notions of
calculus for the Grassmannian, such as gradients and Hessians [57], [192].
De�nition 3.18 (Gradient of a function on the Grassmann manifold). Let f : Gr(N; D ) �! R be a
function such that its Gateaux di�erential exists. Then, the gradient on the Grassmann manifold (also
referred to as Riemannian gradient) at a point X 2 Gr(N; D ) is de�ned as the unique tangent vector

1By ball-like sets we mean those subsets that are de�ned as upper bounds of a distance with respect to a point, e.g.
f x 2 X : d(x ; y ) � r g, where d(�; �) is any distance de�ned on X and y is the center of the ball.

41



3.2. Riemannian optimization

grad f (X ) 2 TX Gr(N; D ) such that:

hgrad f (X ); � i X =
df (� (t))

dt

�
�
�
�
t =0

= Df (X )[� ] 8� 2 TX Gr(N; D ); (3.50)

where � (t) is a geodesic that points in the direction described by� 2 TX Gr(N; D ). Invoking the
expressions of the tangent space, the gradient on the Grassmannian is related to the classical gradient
of f thanks to the following expression:

grad f (X ) = ( I N � XX T )r X f (X ): (3.51)

Proof of (3.51). The expression of the Grassmann gradient is obtained di�erentiatingf (� (t)) . Using
the chain rule [147], this derivative yields:

df (� (t))
dt

�
�
�
�
t =0

= tr
�

r X f T (� (t))
d� (t)

dt

� �
�
�
�
t =0

; (3.52)

which, after plugging the derivative of the geodesics obtained in (2.74), yields:

tr
�

r X f T (� (t))
d� (t)

dt

� �
�
�
�
t =0

= tr
�
r X f T (X )�

�
= tr

�
r X f T (X )( I N � XX T )�

�
; (3.53)

where � (0) = X and d� ( t )
dt

�
�
t =0 = � is any tangent direction at X . The last expression is obtained

thanks to the fact that (I N � XX T )� = � since � 2 TX Gr(N; D ). Considering that:

hgrad f (X ); � i X = tr
�
(grad f (X ))T �

�
; (3.54)

the only tangent vector, grad f (X ) 2 TX Gr(N; D ), such that (3.53) and (3.54) are equivalent is
grad f (X ) = ( I N � XX T )r f (X ). �

Remark 3.19. Although De�nition 3.18 is particularized on the Grassmannian, the expression given in
(3.50) is general for any di�erentiable manifold. In fact, equation (3.50) is the expression of the Gateaux
di�erential for di�erentiable functions (in the classical sense) in the Euclidean space (see (3.9)).

Note that the properties of classical derivatives in optimization also apply for the Grassmann
gradients, e.g. stationary points satisfy De�nitions 3.7 and 3.8, and the negativeness or positiveness of
(3.50) indicates that � is a descent or crescent direction, respectively. In a similar manner, we also
review the de�nition of the Hessian in the Grassmann manifold.
De�nition 3.19 (Hessian of a function on the Grassmann manifold). The Hessian of a function
f : Gr(N; D ) �! R at a point X on the Grassmann manifold (also referred to as the Riemannian
Hessian) is de�ned with the following second derivative:

hessf (X )[� ; � ] =
d2f (� (t))

dt2

�
�
�
�
t =0

; (3.55)

where � (t) is a geodesic departing fromX with direction � .
Notice that, in contrast to the classical Hessian, the Riemannian Hessian is a quadratic form (scalar)

of the tangent direction. If one were interested in computing the Hessian with respect to two di�erent
directions, hessf (X )[� 1; � 2], the standard process of metric polarization should be used (see [174, Eq.
(21)]). This aforementioned process is useful to compute the so-calledIntrinsic Cramér-Rao Bound
[175].

In light of the previous overview on g-convex sets and Riemannian calculus, linking the concepts of
geodesics and convex functions results in the de�nition of g-convex functions.
De�nition 3.20 (G-convex functions). Let f : G �! R be an arbitrary function, where G � Gr(N; D ) is
a g-convex subset of the Grassmannian. Then, it is said to be g-convex inG if the following condition
is satis�ed:

f (� (t)) � (1 � t)f (X ) + tf (Y ) 8t 2 [0; 1]; 8X ; Y 2 G; (3.56)

where � (t) is the geodesic that connectsX and Y . The particularization to the Grassmann manifold
comes from the expression of the geodesic given in De�nition 2.12.
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Remark 3.20. A convex function is a particular case of g-convexity with respect to the geodesic described
by the convex combination between two points (see (3.23)).
Remark 3.21. The g-convexity of a function can be seen as a generalization of Remark 3.10. In other
words, if f (� (t)) is convex, thenf is g-convex.
Remark 3.22. Unfortunately, it is known that a smooth function that is g-convex on a compact
Riemannian manifold is a constant function (see [44, Remark 5.6] and references therein). Nevertheless,
a function that is locally g-convex in a given neighbourhood, e.g. a g-convex ball on the Grassmann
manifold (see Lemma 3.4), is well-behaved for optimization, as it is shown in the sequel. For simplicity
and unless otherwise stated, we continue the analysis of g-convex optimization assuming that functions
are globally g-convex.

In a similar manner to convex functions, there are �rst and second-order characterizations of
g-convex functions. They are specially useful for g-convex functions since they are powerful tools to
analyze (locally) g-convex functions. These characterizations are surveyed in the following theorems.
Theorem 3.5 (First-order characterization of g-convex functions). Let G be a g-convex subset of the
Grassmannian. A g-convex di�erentiable function f : G �! R satis�es:

f (Y ) � f (X ) + hgrad f (X ); (I N � XX )T Y i X 8X ; Y 2 G: (3.57)

Remark 3.23. Theorem 3.5 is particularized for g-concave functions by reversing the sign of the previous
inequality.
Remark 3.24. Note that the result in (3.57) is a particularization of the following expression for g-convex
functions [7], [203]:

f (Y ) � f (X ) + hgrad f (X ); � i X ; (3.58)

for any Y ; X 2 G and � 2 TX Gr(N; D ).

Proof. Let a geodesic onG be such that � (0) = X and � (1) = Y . After rearranging terms in (3.56)
and dividing by t both sides, we obtain:

f (Y ) � f (X ) +
f (� (t)) � f (X )

t
; (3.59)

from where, after taking the limit for t �! 0 and invoking equation (3.50), we get:

lim
t �! 0

f (� (t)) � f (X )
t

=
df (� (t))

dt

�
�
�
�
t =0

= hgradf (X ); � i X ; (3.60)

for any tangent direction � 2 TX Gr(N; D ) pointing to Y . Intuitively, we can choose� = ( I N � XX T )Y .
Plugging (3.60) into (3.59) yields the desired result. �

Notice that, in (3.57), (I N � XX )T Y computes a tangent direction from X to Y with no regard for
the step length, as it is not needed to obtain the lower bound in(3.57). A more formal lower bound
would require the logarithmic map (see (2.80) or (2.81)), which would yield a similar expression to the
one in (3.57). In the following theorem we generalize Theorem 3.2 using De�nition 3.19 [192].
Theorem 3.6 (Second-order characterization of g-convex functions). Let G be a g-convex subset of the
Grassmannian. A g-convex di�erentiable function f : G �! R satis�es:

hessf (X )[� ; � ] � 0 8X 2 G; 8� 2 TX Gr(N; D ): (3.61)

Remark 3.25. G-concave functions would yield a negative Hessian.

Proof. [192] Let a geodesic onG be such that � (0) = X and � (1) = Y . Also, let 
 f (t) = f (� (t)) . From
De�nition 3.20, we get:

f (� (t)) � (1 � t)f (X ) + tf (Y ); (3.62a)


 f (t) � (1 � t)
 f (0) + t
 f (1); (3.62b)
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sincef (X ) and f (Y ) are equivalent to 
 f (0) and 
 f (1), respectively. In other words, 
 f (t) is a convex
function with respect to t. Hence, from Theorem 3.2 we get that:

d2
 f (t)
dt2 � 0; (3.63)

from which, after particularizing the previous expression for t = 0 , we get (3.61). �

Similarly to the convex case and with the same motivations in mind, g-convex functions are relaxed
to g-quasiconvex functions [203] in the following de�nition.
De�nition 3.21 (G-quasiconvex functions). Any function f : G �! R is said to be g-quasiconvex in the
g-convex subsetG � Gr(N; D ) with respect to the geodesic� (t) if it satis�es:

f (� (t)) � max(f (X ); f (Y )) 8X ; Y 2 G: (3.64)

Remark 3.26. If, for every possible geodesic inG, the sublevel set de�ned as:

S(f; � ) = f t 2 [0; 1] : f (� (t)) � � g; (3.65)

is convex, thenf is g-quasiconvex.
De�nition 3.22 (G-quasiconcave functions). Any function f : G �! R is said to be g-quasiconcave in
the g-convex subsetG � Gr(N; D ) with respect to the geodesic� (t) if it satis�es:

f (� (t)) � min( f (X ); f (Y )) 8X ; Y 2 G: (3.66)

Remark 3.27. If, for every possible geodesic inG, the supralevel set de�ned as:

S0(f; � ) = f t 2 [0; 1] : f (� (t)) � � g; (3.67)

is convex, thenf is g-quasiconcave.
Remark 3.28. G-quasiconvexity and g-quasiconcavity are particular cases of path-connected functions
(see [92, Section III-A]).

Even though the classical de�nitions of quasiconvexity or quasiconcavity are based on the convexity
of level set (and the Grassmann manifold admits a similar idea), we prefer the above de�nition to
characterize g-quasiconvex functions because the intuition behind them is much easier to grasp in
practice.

3.2.2.1 Toy problem: Riemannian perspective on Principal Component Analysis

In order to provide a use case of g-convex optimization, we show a geometric interpretation of the
well-known PCA [97], which is based on a trace maximization problem with orthogonality constraints, in
this subsection. Although the solution to this problem is well known in the literature, the assessment of
its geometric structure is not known. In this manner, we exemplify the additional geometric insights that
g-convex optimization provides to a classical optimization problem. Given that the Matrix Factorization
problem is a particular case of the PCA problem, the following rationale is our proposed generalization
to the ideas presented in [7]. Let us consider the following trace minimization problem:

X̂ = arg max
X

1
2

tr( X T SX ) s: t : X 2 Gr(N; D ); (3.68)

where S 2 S N
+ is usually the covariance matrix (or some estimation of it) of some signal and the1

2
scaling is to derive cleaner expressions of gradients and Hessians. Note that(3.68) is a non-convex
problem (in the classical sense) due to two reasons: the constraint set,Gr(N; D ), is non-convex and
the optimization problem is a maximization of a convex function. That being said, we are interested in
the study of the Riemannian gradient and Hessian of the cost function in(3.68) to provide a geometric
interpretation of its stationary points. Additionally, we show the conditions in which (3.68) behaves
(locally) as a g-convex optimization problem. Henceforward, we denote asf P CA (X ) = 1

2 tr (X T SX ) the
cost function in (3.68).
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For the purpose of obtaining the stationary points of (3.68), let the gradient on the Grassmannian
of f P CA (X ) be:

grad f P CA (X ) = ( I N � XX T )r f P CA (X ) = ( I N � XX T )SX ; (3.69)

where r X f P CA (X ) = SX is the classical gradient off P CA (X ). In order to unveil its geometric
properties, we reformulate the previous Riemannian gradient in terms of the principal angles between
X and the signal subspace ofS, i.e. the eigenvectors corresponding to the largestD eigenvalues ofS.

Without any loss of generality and with the objective of deriving clean expressions, we assume that
D > N � D . In this regard, optimizing with a variable constrained in Gr(N; D ) or Gr(N; N � D) is
equivalent (assuming that the dimensions of the matrix multiplications match in both cases) due to
the fact that Gr(N; D ) is di�eomor�c 2 to Gr(N; N � D). As a result, one could always optimize with
respect to Gr(N; D ) or Gr(N; N � D) interchangeably. An alternative argument is based on the fact
that estimating a subspace with D (signal subspace) orN � D (noise subspace) dimensions yields an
equivalent estimation error [175]. From a practical point of view, estimating the orthogonal space to the
signal subspace in(3.68) would require a minimization problem instead of a maximization one, which is
not restrictive for the rationale behind the geometric interpretation of the PCA problem shown in the
next paragraphs. With the previous rationale in mind, let an alternative expression of the SVD ofS be:

S = U sD sU T
s + U n D n U T

n ; (3.70)

where the columns ofU s 2 RN � D contain the eigenvectors corresponding to the largestD eigenvalues
of S, which are contained on the diagonal matrixD s 2 RD � D . The remaining term in (3.70) consists of
zero-padded matrices that contain the remaining eigenvectors and eigenvalues ofS. The zero-padding
in U n and D n is such that their dimensions are equal to the ones ofU s and D s, respectively. In this
regard, we denote as:

U n =
�
0N; 2D � N U 0

n

�
; (3.71)

where the columns ofU 0
n 2 RN � N � D contain the eigenvectors corresponding to the smallestN � D

eigenvalues ofS. Equivalently:

D n =
�
02D � N; 2D � N 02D � N;N � D

0N � D; 2D � N D 0
n

�
; (3.72)

where D 0
n 2 RN � D � N � D is the diagonal matrix containing the smallest N � D eigenvalues ofS. The

behaviour of (3.69) in terms of the principal angles betweenX and U s is summarized in the following
theorem.
Theorem 3.7 (First-order characterization of f P CA (X )). Let the Riemannian gradient of f P CA (X ) be
given by (3.69) and let a decomposition ofS be as in (3.70). Then, using aligned representatives ofX ,
U s and U n , the Riemannian gradient of f P CA (X ) in the Grassmann manifold is given by:

grad f P CA (X ) = � s sin(� )V T
s D sV s cos(� ) + � n cos(� )V T

n D n V n sin(� ) =

� s sin(� )� s cos(� ) + � n cos(� )� n sin(� );
(3.73)

where V s; V n 2 RD � D are orthonormal matrices, � s 2 TX Gr(N; D ), � n =
�
0N; 2D � N � 0

n

�
, � 0

n 2
RN � N � D is an orthonormal matrix such that � n 2 TX Gr(N; D ), � s = V T

s D sV s and � n = V T
n D n V n .

Remark 3.29. The values of � such that grad f P CA (X ) = 0N;D are:

[� ]d;d = 0 or [� ]d;d =
�
2

8d = 1 ; :::; D: (3.74)

Therefore, any X whose columns consist of a subset of theN eigenvectors ofS is a stationary point of
(3.68).

2One could always �nd a one to one mapping between a subspace and its orthogonal complement. Thus, they are
equivalent manifolds.
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Proof. Firstly, we show that (3.73) is derived from:

grad f P CA (X ) = ( I N � XX T )SX = ( I N � XX T )(U sD sU T
s + U n D n U T

n )X : (3.75)

Invoking the principal alignment principle from Lemma 2.4 betweenX and U s and the complementarity
of the principal angles from Lemma 2.5, we get the following expressions:

U T
s X a = V T

s cos(� ); (3.76a)

U T
n X a = V T

n sin(� ); (3.76b)

(I � X aX T
a )U s = � s sin(� )V s; (3.76c)

(I � X aX T
a )U n = � n cos(� )V n ; (3.76d)

where V s; V n 2 O(D) are rotation matrices such that U s and U n are aligned with X a . The aligned
logarithm map de�ned in (2.81) is used to derive (3.76c) and (3.76d). With (3.76) in mind, the �rst
term in (3.75) yields:

(I � XX T )U sD sU T
s X = � s sin(� )V T

s D sV s cos(� ); (3.77)

whereas the second term is given by:

(I � XX T )U n D n U T
n X = � n cos(� )V T

n D n V n sin(� ): (3.78)

Lastly, the �nal expression of grad f P CA (X ) is obtained by the summation of (3.77) with (3.78). �

Notice that in the previous proof we can see the motivation behind the particular case ofD > N � D
and the zero-padding inU n and D n . In this regard, it is thanks to the aforementioned zero-padding
and to the ascending ordering of� (see De�nition 2.11) that we are able to write (3.77) and (3.78) in
terms of � since the zero-padded columns coincide with thebD � N

2 c trivial principal angles entries in
cos(� ), i.e. [� ]d;d = 0 . In simpler words, the trivial principal angles are those that result from the
intersection between two subspaces, which is always non-empty whenD > N � D .

The above theorem shows that the stationary points of f P CA (X ) consist of any subset ofD
eigenvectors ofS. In other words, any subset ofD eigenvectors ofS can be either a local maximum, a
local minimum or a saddle point. However, Theorem 3.7 does not certify which subset of eigenvectors
is the optimal solution of the optimization problem given in (3.68). In light of the previous observation,
we want to verify the (at least local) g-concavity of the cost function of the problem in (3.68) since it is
one of the possible ways of assessing whether a given point is a (local) maximum of the original cost.
For the previous reason, the following theorem formalizes the local g-concavity off P CA (X ) around U s.
Theorem 3.8 (Second-order characterization off P CA (X )). Let an optimization problem be de�ned as
in (3.68). Then, the Riemannian Hessian of f P CA (X ) yields:

hessf P CA (X )[� ; � ] = � tr(cos(� )� s cos(� )� T � ) + tr( � T � s sin(� )� s sin(� )� T
s � )

� tr(sin( � )� n sin(� )� T � ) + tr( � T � n cos(� )� n cos(� )� T
n � ); (3.79)

where � is an arbitrary direction in TX Gr(N; D ) and the remaining parameters are de�ned in Proposi-
tion 3.7. Moreover, the Riemannian Hessian satis�es:

hessf P CA (X )[� ; � ] � 0; (3.80)

for any X 2 B �
4

(U s). Hence, f P CA (X ) is locally g-concave onX 2 B �
4

(U s).
Remark 3.30. The result given in (3.80), in addition to Remark 3.29, implies that U s is a maximum
point (at least a local one) of f P CA (X ).
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Proof. Firstly we derive the Riemannian Hessian in terms of the principal angles betweenX and U s,
and secondly we show which values of the principal angles satisfy (3.80). The Hessian off P CA (X ) on
the Grassmann manifold is obtained from the following expression:

hessf P CA (X )[� ; � ] =
d2f P CA (� (t))

dt2

�
�
�
�
t =0

; (3.81)

where � (t) is a Grassmann geodesic as in (2.72). Notice thatf P CA (� (t)) can be rewritten as

f P CA (� (t)) = tr
�

S� (t)� T (t)
�

, implying that the Riemannian Hessian can be obtained by, �rstly,

di�erentiating � (t)� T (t) two times and then plugging the resulting expression intof P CA (� (t)) . Di�er-
entiating � (t)� T (t) two times yields:

d2� (t)� T (t)
dt2

�
�
�
�
t =0

= � 2X� T �X T + 2 �� T ; (3.82)

from where, given the shown decomposition ofS (see (3.70)) and after plugging (3.82) intof P CA (� (t)) =

tr
�

S� (t)� T (t)
�

, we get the initial expression of the Riemannian Hessian:

hessf P CA (X )[� ; � ] = � tr( X T U sD sU T
s X� T � ) + tr( � T U sD sU T

s � )

� tr( X T U n D n U T
n X� T � ) + tr( � T U n D n U T

n � ): (3.83)

With a view of assessing the geodesic concavity off P CA (X ) from the previous Hessian, we want to
rewrite (3.83) as a function of the principal angles betweenX and U s, denoted as� . Importing (3.76)
from Theorem 3.7 into (3.83) results in the following expression:

hessf P CA (X )[� ; � ] = � tr(cos(� )� s cos(� )� T � ) + tr( � T � s sin(� )� s sin(� )� T
s � )

� tr(sin( � )� n sin(� )� T � ) + tr( � T � n cos(� )� n cos(� )� T
n � ); (3.84)

where we have used the fact that(I N � XX T )� = � (since it is a tangent direction at X ) to obtain
the positive terms.

In order to obtain the second conclusion of this theorem in(3.80), we need to further parse (3.84) and
obtain for which values of � the Hessian matrix of f P CA (X ) is negative. Following a similar rationale
as in [7], the above expression can be further simpli�ed rewriting the direction� 2 TX Gr(N; D ) as
~� sin(� ), where ~� is orthonormal and � is a diagonal matrix whose entries are bounded in[0; �

2 ]. This
reformulation is inspired by the second equation from(2.81), which is a possible approach to depict
any arbitrary direction to any point of the Grassmann manifold. Then, (3.84) is further rewritten as:

hessf P CA (X )[ ~� sin(� ); ~� sin(� )] = � tr(sin 2(� ) cos2(� )� s)

+ tr(sin( � )� T
s

~� sin2(� ) ~�
T

� s sin(� )� s)

� tr(sin 2(� ) sin2(� )� n )

+ tr(cos( � )� T
n

~� sin2(� ) ~�
T

� n cos(� )� n ); (3.85)

where we used the product commutativity of diagonal matrices and the circularity of the trace to obtain
the previous expression of the negative terms. To show the negativity of the Hessian, we resort to an
upper bound of (3.85). This upper bound is derived by noting that the matrices inside the traces of
the positive terms in (3.85) are majorized as follows:

sin(� )� T
s

~� sin2(� ) ~�
T

� s sin(� ) �
1
2

sin2(� ); (3.86a)

cos(� )� T
n

~� sin2(� ) ~�
T

� n cos(� ) �
1
2

sin2(� ); (3.86b)
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which follows from:
sin(� ) �

1
p

2
I D ; (3.87a)

cos(� ) �
1

p
2

I D ; (3.87b)

for � � �
4 I D , and:

~�
T

� s � I D ; (3.88a)

~�
T

� n � I D ; (3.88b)

since ~� , � s and � n are orthonormal. The justi�cation of the last observation is a result of the
fact that the eigenvalues of the identity matrix (which are all equal to 1) are greater or equal to the
eigenvalues of the product of twoN � D orthogonal matrices. As a result,(3.85) is upper bounded by:

hessf P CA (X )[� ; � ] � � tr(sin 2(� ) cos2(� )� s) + tr
�

1
2

sin2(� )� s

�

� tr(sin 2(� ) sin2(� )� n ) + tr
�

1
2

sin2(� )� n

�
= (3.89a)

tr
�

sin2(� )
�

1
2

I D � cos2(� )
�

� s

�
+ tr

�
sin2(� )

�
1
2

I D � sin2(� )
�

� n

�
= (3.89b)

tr
�

sin2(� )
�

1
2

I D � sin2(� )
�

(� n � � s)
�

� 0; (3.89c)

where the left hand side of (3.89c) is obtained thanks to the following expression:

1
2

I D � cos2(� ) =
1
2

I D � (I D � sin2(� )) = �
1
2

I D + sin 2(� ) = �
�

1
2

I D � sin2(� )
�

: (3.90)

The upper bound in (3.89c) follows from � n � � s � 0D;D (see the de�nition of � s and � n in Theorem
3.7) and from the fact that

�
1
2 I D � sin2(� )

�
� 0D;D as long as the principal angles are all bounded

in [0; �
4 ]. As a summary, the �nal expression found in (3.89) implies that the Hessian of f P CA (X ) is

non-positive for � � �
4 I D , which is the de�nition of B �

4
(U s). �

Theorem 3.8 only assesses thatU s is a local (possibly global) maximum point of the original problem
in (3.68). In fact, it is the optimal value of (3.68) since:

f P CA (U s) = tr( U T
s SU s) = tr

�
U T

s (U sD sU T
s + U n D n U T

n )U s
�

= tr( D s); (3.91)

which is the sum of theD largest singular values, i.e. the known PCA solution [27], [97]. In this regard,
Theorem 3.8 complements the previous result since it characterizes to which extent the PCA cost
function behaves in a g-concave manner aroundU s. Actually, the previous observation proves to be
useful in the iterative optimization schemes involving a Grassmann constrained variable that are shown
in the sequel. Unfortunately and up to the authors knowledge, the remaining stationary points of the
PCA cost function are too di�cult to characterize due to the complex structure of the Hessian given in
(3.79), contrary to the results shown in [7, Corollary 6]. This is the reason why we had to show the
optimality of U s with the intuitive derivation given in (3.91), in addition to theorems 3.7 and 3.8.

3.3 Majorization-minimization framework

The Majorization-Minimization (MM) framework [179], also known as the Successive Upper-bound
Minimization (SUM) [162] framework, is an approach to construct optimization algorithms that are
capable of providing a solution to both convex and non-convex problems. In essence, the goal of an MM
algorithm is to obtain a stationary point of the original problem by means of successive optimizations
of a surrogate function which majorizes (or minorizes in the case of maximization problems) the
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original cost. Particularly, this surrogate is a tight upper bound (lower bound for maximization
problems), which is constructed using the current iterate, of the original cost. The main advantage
of this rationale is that the resulting sequential steps for optimization are easier than the original
problem since the surrogates are designed in such a way that its optimal value is retrieved with ease
(not necessarily with a closed-form solution). In this regard, we are also especially interested in the
block extension of the MM framework, which consists in the combination of the Block Coordinate
Descent (BCD) [154], [187] approach with the MM methodology. In essence, the block extension (or
also, block relaxation) of the MM partitions the optimization variables into several blocks of variables
and applies the MM methodology to a single block while keeping the values of the remaining blocks
�xed [92], [179, Subsection II-B]. The previous procedure provides the MM framework of an additional
desired properties that are highlighted throughout this section. In addition to the review of the
previous ideas, the main goal of this section is to extend the MM framework and its block extension
to variables constrained in the Grassmann manifold. As an additional remark and for clarity in the
exposition, the MM framework detailed in this section is centered around minimization problems. Yet,
it can be extended for maximization problems by reversing the sing of the inequalities and by the
substitution of convex functions by concave functions (and viceversa). The previous steps result in a
Minorization-Maximization framework [179].

Figure 3.3: Relationship between several algorithmic frameworks that lie within the MM framework.

We show examples of several known algorithmic frameworks that can be encompassed within the
MM methodology in Figure 3.3, where it is observed that the majority of those frameworks are gathered
in the family of Proximal algorithms. While we address most of the algorithms that are depicted in
Figure 3.3 (especially the proximal algorithms family), there are some of them that are not properly
addressed in this dissertation since they are a combination of other algorithmic frameworks. Particularly,
the Forward-Backward Splitting Algorithms (FBSA) [73] integrates the Gradient Descent framework
[117], [169] with aproximal iteration [145], which are both extensively treated in subsections 3.3.3.2
and 3.3.5, respectively. Thus, delving into the ideas behind the FBSA is redundant.

Before the introduction of the MM framework, let us de�ne the global convergence(not to be
confused with the global optimum of a function) of an iterative optimization algorithm for a proper
analysis of this general iterative optimization scheme.
De�nition 3.23 (Global convergence of an iterative algorithm). Let an optimization problem be de�ned
as:

min
x

f (x ) s: t : x 2 X ; (3.92)

and a sequence of iteratesf x i gi 2 N be generated by an iterative optimization algorithm. Then, it is said
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that the given optimization algorithm is globally convergent if the previous sequence satis�es:

lim
i �! 1

jj x i +1 � x i jj2
2 = 0 ; (3.93)

and:
lim

i �! 1
f (x i ) = f (z); (3.94)

where z is a stationary point of (3.92) as in De�nitions 3.7 or 3.8, for every initialization point x0. In
other words, f x i gi 2 N is a sequence convergent to a stationary point of (3.92).
Remark 3.31. In simpler words, an optimization scheme is globally convergent if it converges to a
stationary point for any initialization point. Since it may be confusing at �rst glance, we remark that
the global convergence idea is not equivalent to aglobal optimization method, which require that the
point of convergence is a global optimum (minimum or maximum) of the original cost.
Remark 3.32. For variables constrained in the Grassmann manifold, (3.93) becomes:

lim
i �! 1

darc (X i +1 ; X i ) = 0 ; (3.95)

where darc (�; �) is de�ned in (2.77).

3.3.1 The MM algorithm

Consider the following optimization problem:

x̂ = arg min
x

f (x ) s: t : x 2 X ; (3.96)

where f : RN �! R is a continuous function and X is a closed convex set. Applying an MM algorithm
to (3.96) would generate a sequence of feasible points,f x i gi 2 N, obtained from the optimization of
a surrogate function of f (also referred to as the majorant function [92]). The majorant function,
denoted asg(�jx i ) : X �! R, is built using the i -th iterate, x i . Mathematically, the previous procedure
is summarized using the following sequential optimization problem:

x i +1 = arg min
x

g(x jx i ) s: t : x 2 X : (3.97)

The conditions in which the sequence generated by(3.97) is a globally convergent one are summarized
as follows [87], [162], [179].
(A1) The surrogate must be a tight approximation of the original cost:

g(x jx ) = f (x) 8x 2 X : (3.98)

(A2) The surrogate must majorize the original cost:

g(x jy) � f (x ) 8x; y 2 X : (3.99)

(A3) The �rst directional derivatives of the surrogate and of the original cost must be equivalent at the
current iterate. Using Gateaux di�erentials, the previous condition is depicted by the following
equation:

Dg(x jx0)[� ] = Df (x)[� ] 8� 2 RN s: t : x + � 2 X ; (3.100)

for x0 = x.
(A4) g(x jy) must be continuous on(x ; y) 2 X � X .

For illustration purposes, Figure 3.4 depicts the MM principle emanating from (A1)-(A4). The
previous conditions only ensure that, if the sequence generated by(3.97) reaches a limit point, then it
is a stationary point. In this sense, an additional assumption on the original problem in(3.96) that
ensures the convergence to limit points off x i gi 2 N (and their existence) is necessary. In other words,
the sequencef x i gi 2 N must be compact. The coerciveness off (x ) in X [162] (see De�nition 3.5) and
the compactness ofX [87], [179] are two of the most common assumptions on the original problem
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Figure 3.4: Example: Majorants of a function (red dashed lines). x i +1 and x i +2 are obtained by the
minimization of the majorant functions.

that results in a compact sequence of iterates,f x i gi 2 N. Yet, we show in Section 4.4 from Chapter 4
that certain majorants force the compactness of the aforementioned sequence without the need of the
previous two assumptions onf (x) or X . In light of the previous observations, we did not incorporate
the previous ideas as an additional assumption on the MM framework since they are contingent on the
speci�c scenario.

Regarding the convergence point, there are two possible outcomes of a convergent MM algorithm,
which depends on the convexity of the optimization problem in (3.96). While an MM algorithm is
capable of obtaining a global minimum of (3.96) if the original cost is convex, in the contrary case
(non-convex f ), the algorithm depicted by (3.97) is only guaranteed to converge to a stationary point
without the veri�cation of whether it is the global optimum or not. Still, this latter behaviour is
enough in practical applications, where a fast convergence speed is much more valuable, especially in
scalable applications, than the global optimality. Although a formal convergence proof of the algorithm
described by(3.97) is found in [162], we remark that it can also be envisioned from the proof of Theorem
3.10 (by translating the Grassmann arguments to the Euclidean manifold).

3.3.2 MM block relaxation

Given that there are cases in which the feasible set can be expressed as the cartesian product of
structured subsets, the MM framework is often combined with the BCD procedure to exploit the
inherent structure of the feasible set. Indeed, this alternative provides even more �exibility on the design
of the majorant functions, which often results in a faster convergence rate [179]. This improvement can
be seen from the fact that constructing an speci�c majorant function for each block yields a potentially
much better upper bound of the original cost than with the single block approach. In order to review
the block relaxation of the MM algorithm, consider the following optimization problem:

x̂ = arg min
x

f (x ) s: t : x 2 X 1 � ::: � X M ; (3.101)

where, again, f : RN �! R is a continuous and regular function. There areM di�erent blocks of
variables that are such that Xm � RN m with

P M
m =1 Nm = N . Consequently, the optimization variable

in (3.101) can be decomposed asx = ( x1; :::; xM ) where xm 2 X m for m = 1 ; :::; M . The previous
decomposition is what enables the block relaxation in a similar way to the BCD [154], [187]. For clarity
in the exposition, we write x = ( x1; :::; xM ) and X = X1 � ::: � X M interchangeably when needed.
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The MM block relaxation applied to (3.101) requires a majorant function for each block of variables.
Thus, the successive update equations yield:

xm;i +1 = arg min
x m

gm (xm jx1; :::; xM ) s: t : xm 2 X m 8m = 1 ; :::; M; (3.102)

wherexm;i denotes thei -th iteration of the m-th block. Similarly to the non-block MM algorithm, there
are a set of assumptions on theM majorants that ensure the convergence of the block MM algorithm,
which are founded on the ones in (A1)-(A4) from Subsection 3.3.1. The majorants' conditions for the
convergence of the block MM are reviewed as follows.
(B1) The majorants must be tight approximations of the original cost:

gm (xm jx ) = f (x) 8x 2 X ; xm 2 X m : (3.103)

(B2) The majorants must majorize the original cost:

gm (xm jy ) � f (y) 8y 2 X ; 8xm 2 X m : (3.104)

(B3) The �rst directional derivatives of the surrogate and of the original cost must be equivalent at
the current iterate. In terms of the Gateaux di�erentials of the majorants and of the original
cost, the previous idea is depicted mathematically as follows:

Dgm (xm jx )[� m ] = Df (x)[� ] s: t : x + � 2 X ; (3.105)

for all � = ( 0; :::; � m ; :::; 0) and m = 1 ; :::; M .
(B4) The majorants, g(xm jy ), must be continuous on(xm ; y) 2 X m � X for all m = 1 ; :::; M .
(B5) All the majorants must be quasiconvex (quasiconcave if they de�ne a maximization problem).
(B6) Each majorant must have a unique minimizer.

Notice that (B1)-(B4) are imported from the non-block MM since they are the assumptions that
de�ne the MM framework, whereas (B5)-(B6) are imported from the BCD procedure [187]. In this
case, (B3) only ensures that the limit points are coordinate-wise stationary points (see De�nition 3.9).
This is the reason why the block extension of the MM framework requiresf to be a regular function,
so the coordinate-wise stationary points are equivalent to the global stationary points. The remaining
conditions for the global convergence of the block MM methodology, i.e. the compactness of the
generated sequence, are equivalent to the ones presented for the non-block MM case from Subsection
3.3.1. The convergence proof of the block MM can be found in [92], [162] and can also be grasped from
the proof of the generalized case to the Grassmann manifold detailed in Subsection 3.3.4.2.

3.3.3 Construction of the majorant function

The most important aspect of the MM algorithm is the construction of the majorant function. Indeed,
not only the choice of the majorant de�nes the performance and convergence rate of the resulting
sequence, but also the selection of a suitable majorant is one of the most di�cult tasks in this framework.
In the broader picture, the properties of the majorant function that are cherished are the following
ones [87], [179].

ˆ Separability of the variables, which enables parallel computing.
ˆ Avoiding large matrix inversions or any other expensive computations.
ˆ Convexity (or quasiconvexity) and smoothness.
ˆ The existence of a closed-form minimizer. The uniqueness of this minimizer is also preferred.
A surrogate that satis�es the above properties simpli�es the resulting algorithm and, thus, it provides

a huge improvement with respect to the original optimization problem. The iterative procedure is the
price to pay for the simpli�cation of the original cost. Even though the above items are well known
to practitioners, there is no general ruleset to build the majorant functions. Instead, there are some
known rules of thumb that are useful to derive the majorant functions [179], which are reviewed in
the following subsections. For clarity in the exposition, we do not consider strategies that may apply
speci�cally to the block relaxation. Nevertheless, the following guidelines can also be applied to each
block of variables independently.
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3.3.3.1 First-order majorants

Assume that the original cost, f (x ), can be decomposed in the following way:

f (x) = f 0(x ) + h(x); (3.106)

where f 0(x ) is a convex function andh(x) is a di�erentiable concave function. Invoking Theorem 3.1
for concave functions, it is veri�ed that h(x) is upper bounded as follows:

h(x) � h(x i ) + r x h(x i )(x � x i ); (3.107)

where x i is the i -th iterate. In this way, an upper bound of f (x) is derived by plugging (3.107) into
(3.106):

f (x ) � f 0(x ) + h(x i ) + r x h(x i )(x � x i ): (3.108)

Hence, after ignoring additive constants that do not depend onx, the resulting majorant yields:

g(x jx i ) = f 0(x ) + r x hT (x i )x : (3.109)

The previous majorant has the advantage that it results in a simple and separable function as long
as f 0(x ) also meets those requirements. The above derivation is the one used in the Concave-Convex
Procedure (CCP) [204] and the Frank-Wolfe algorithm for non-convex optimization [94], [109]. In order
to show the utility of the �rst-order majorants, we review the Frank-Wolfe algorithm for non-convex
optimization in the following example.
Example 3.3 (The Frank-Wolfe algorithm [94]) . Let an optimization problem be described as follows:

min
x

f (x ) s: t : x 2 C; (3.110)

where f : RN ! R is a concave di�erentiable function. Note that (3.110) is a non-convex problem since
it consists of the minimization of a concave function [80]. An intuitive and straightforward application
of the MM framework using a �rst-order majorant in (3.110) would result in the following sequential
optimization problem:

x i +1 = arg min
x

r x f T (x i )x s: t : x 2 C: (3.111)

Still, the main issue with the previous sequential convex program is that it does not admit any kind of
line search acceleration scheme [117], i.e. improving the convergence speed by changing the implicit
step-size. This is the reason why the Frank-Wolfe algorithm incorporates an upper bound of the original
cost using di�erentials (or descent directions) such as the one given in(3.11). Following the previous
idea, the upper bound that the Frank-Wolfe algorithm utilizes is the following one:

f (x) � f (x i ) + r x f T (x i )d; (3.112)

where d 2 C is such that x + d 2 C. As a result, the Frank-Wolfe algorithm consists in the following
two update equations:

d i +1 = arg min
d

r x f T (x i )d s: t : d 2 C; x + d 2 C; (3.113a)

x i +1 = u(x i ; d i +1 ); (3.113b)

where u(x i ; d i +1 ) is any function that performs a step in the descent direction, d i +1 . Clearly, a
u(x i ; d i +1 ) such that:

u(x i ; d i +1 ) = x i + d i +1 ; (3.114)

is not only the simplest alternative but it is also equivalent to the solution provided by the resulting
algorithm from (3.111) since the two problems are related via a change of variables. Instead, the
classical Frank-Wolfe algorithm considers the following expression ofu(x i ; d i +1 ) [68], [94]:

u(x i ; d i +1 ) = (1 � 
 )x i + 
 d i +1 ; (3.115)
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for 
 = 2
i +1 . Notice that the previous expression can be interpreted as a low-pass in�nite impulse

response �lter of the descent directions, i.e. averaging the sequence of descent directions. In this sense,

 is a forgetting factor. As a �nal remark, although we have particularized the Frank-Wolfe algorithm
for a concave cost function, so the MM framework can be applied, practical implementations of this
algorithm are able to retrieve the optimal solution (global minima) of a convex optimization problem
[94].

3.3.3.2 Second-order majorants

A re�nement of the �rst-order majorants that are capable of yielding a better approximation of the
original cost are the second-order majorant functions. Not only they are simple to derive, but they
often result in strongly convex functions [29], which are functions that have better numerical-properties
in optimization (see Section 3.3.5 for more insights). In order to introduce the second-order majorants,
assume that f : RN �! R is a continuous non-convex di�erentiable function. Then, the second-order
Taylor expansion majorants are constructed using the following inequality:

f (x ) � f (x i ) + r x f T (x i )(x � x i ) +
1
2

(x � x i )T M i (x � x i ); (3.116)

where M i 2 S N
+ is such that M � r 2f (x i ). The resulting majorant from the previous expression is:

gT (x jx i ) = r x f T (x i )x +
1
2

(x � x i )T M i (x � x i ): (3.117)

The degree of approximation of this kind of majorants is dependant on the selection ofM i . Indeed,
the closerM i is from r 2f (x i ), the better the second-order approximation of the original cost is. A
rigurous approach to the previous problem is built on the following optimization problem:

M i = arg min
X

jjX � r 2
x f (x i )jj2

F s: t : X � 0N;N : (3.118)

Note that the previous convex program guarantees thatM i � r 2
x f (x i ). The optimal solution of (3.118)

is given by [29, p. 399]:

M i =
NX

n =1

max(0; � n;i )un;i uT
n;i ; (3.119)

where � n;i and un;i are the n-th eigenvalue and eigenvector ofr 2f (x i ), respectively. In other words,
the optimal solution of (3.118) is the eigendecomposition ofr 2

x f (x i ) after ignoring the terms with
negative eigenvalues. The previous procedure is what ensures thatM i majorizes the Hessian atx i .
Also, the resulting M i is always semi-de�nite positive, meaning that the resulting majorant is always
convex.

An alternative, and more general, second-order majorant is based on the following lemma [179,
Lemma 12].
Lemma 3.9 (Descent Lemma). Let f : RN �! R be a continuous di�erentiable function with Lipschitz
constant L . Then, the following inequality is satis�ed:

f (x ) � f (y) + r x f T (y)(x � y) +
C
2

jjx � y jj2
2; (3.120)

for any C � L .
Remark 3.33. The Lipschitz constant of a function is de�ned as the minimum positive constant such
that [19]:

jjr x f (x ) � r x f (y)jj2

jj x � y jj2
� L: (3.121)

Invoking Lemma 3.9, we can obtain a much simpler (as compared to(3.117)) second-order majorant
as follows:

gL (x jx i ) = r x f T (x i )x +
C
2

jjx � x i jj2
2; (3.122)
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with a C such that it is greater than the Lipschitz constant of the orginal function. Both of the
previous majorants have complementary properties that make them suitable for di�erent scenarios.
While gT (x jx i ) in (3.117) is the majorant that best approximates the original cost, it requires more
computational resources for its construction than the one in (3.122). What is more,gL (x jx i ) results in
an easier optimization problem since the variables are separable. The separability of the variables can
be seen from the fact that (3.122) can be rewritten as:

gL (x jx i ) =
NX

n =1

xn [r x f T (x i )]n +
L
2

(xn � xn;i )2; (3.123)

where xn , xn;i and [r f T (x i )]n are the n-th components of x , x i and r f T (x i ), respectively. The most
known iterative scheme, the Gradient Descent [169], is based on the second-order majorant given in
(3.122). For the purpose of contextualizing all the previous ideas, we review the Gradient Descent
algorithm in the following example.
Example 3.4 (MM perspective on the Gradient descent algorithm). Let an optimization problem be
described as follows:

min
x

f (x ); (3.124)

where f : RN ! R is a di�erentiable function with Lipschitz constant L . Again, invoking Lemma
3.9 and its resulting majorant from (3.122), we get that the use of a second-order majorant for the
optimization problem given in (3.124) results in the following iterative scheme:

x i +1 = arg min
x

r x f T (x i )x +
C
2

jjx � x i jj2
2; (3.125)

with C � L . The solution of the previous sequential convex program is obtained from the following
equations (obtained after taking the gradient of its cost function and substituting x by x i +1 ):

r x f (x i ) + C(x i +1 � x i ) = 0N ; (3.126a)

x i +1 = x i �
1
C

r x f (x i ); (3.126b)

which is the known expression of the Gradient Descent [117], [169] with stepsize equal to1C . Notice that
the rationale behind the maximum value of the Gradient Descent stepsize is founded on Lemma 3.9.

3.3.3.3 Jensen's inequality

There is a way of constructing majorants that exploits the de�nition of convex functions (see De�nition
3.12). Let a convex function be denoted asf (x). Then, we have the following inequality:

f

 
LX

l =1

x l wl

!

�
LX

l =1

wl f (x l ); (3.127)

where wl for l = 1 ; :::; L are such that
P L

l =1 wl = 1 , i.e. it is a convex combination. The previous
inequality is also known as the Jensen's inequality and it is widely used in Information Theory [150].
The motivation behind the convex inequality is to use the right hand side of (3.127) as a surrogate
function when f (x) is simple enough. In fact, by letting L �! 1 we get:

f
� Z 1

�1
xpx (x )dx

�
�

Z 1

�1
f (x )px (x )dx; (3.128)

where px (x ) is a PDF of x . Note that if f (x ) were concave, the previous inequalities ((3.127) and
(3.128)) would be inverted. The inequality in (3.128) is the tool needed to obtain an MM perspective on
the Expectation-Maximization (EM) algorithm [179], [209], which is reviewed in the following example.
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Example 3.5 (Derivation of the EM from the MM framework) . The EM algorithm is generally used
to retrieve the ML estimation of a model with incomplete observations [53, Chapter 9]. In order to
show the connections between the EM and MM frameworks, let us denote the observed variablex
whose corresponding PDF ispx (x j� ) parameterized by � . Then, the ML estimate of � is obtained by
the following optimization problem:

�̂ = arg max
�

px (x j� ) = arg max
�

log(px (x j� )) ; (3.129)

where the equality holds since the logarithm is a non-decreasing function [29]. There are some cases
in which the above optimization problem is intractable. One of those cases arises when the available
observations present missing values, being the case where the EM algorithm thrives. For the purpose
of introducing the EM methodology, let us assume that there exists an unobserved random variable
related to x such that it contains x and all its missing values, denoted asz. The associated PDF to
z is denoted aspz (zj� ). In the EM terminology, x and z are the incomplete and complete random
variables, respectively.

Ideally, one would want to obtain �̂ from the maximization of pz (zj� ) if z were available and if the
maximization of pz (zj� ) were simple enough. Instead, the EM procedure looks to sequentially optimize
a minorant function (since the ML estimation is a maximization problem) that approximates the
complete random variable PDF, pz (zj� ). With the previous idea in mind, note that the ML estimation
of � can also be obtained as follows:

�̂ = arg max
�

log(px (x j� )) = log
�
Ezj � [px (x jz; � )]

�
; (3.130)

where Ezj � [�] denotes the expected value with respect topz (zj� ). In order to obtain the minorant
function, note that the expected value term in (3.130) can be rewritten as:

Ezj � [px (x jz; � )] =
Z 1

�1
px (x jz; � )pz (zj� )dz = (3.131a)

Z 1

�1
px (x jz; � )pz (zj� )

pz (zjx ; � i )
pz (zjx ; � i )

dz = Ezjx ;� i

�
px (x jz; � )pz (zj� )

pz (zjx ; � i )

�
; (3.131b)

for any given iterate � i . After applying the logarithm to the last expression in (3.131) and invoking the
Jensen's inequality, we get:

log
�

Ezjx ;� i

�
px (x jz; � )pz (zj� )

pz (zjx ; � i )

��
� Ezjx ;� i

�
log

�
px (x jz; � )pz (zj� )

pz (zjx ; � i )

��
= (3.132a)

Ezjx ;� i [log(px (x jz; � )pz (zj� ))] � Ezjx ;� i [log(pz (zjx ; � i ))] ; (3.132b)

from where, after ignoring additive constants that do not depend on� in (3.132b), i.e. the second term,
the minorant in which the EM is based is:

gEM (� ; � i ) = Ezjx ;� i [log(px ;z (x ; zj� ))] ; (3.133)

where px ;z (x ; zj� ) = px (x jz; � )pz (zj� ) is the joint distribution of the complete and incomplete random
variables. As a result, the update equation of the EM algorithm is:

� i +1 = arg max
�

gEM (� ; � i ): (3.134)

In this manner, we have shown that the Expectation step consists of the construction of the
minorant function using the previous estimate of � and that the Maximization is the optimization of
the aforementioned minorant.
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3.3.4 MM framework on the Grassmann manifold

As stated in [179], whenever the function is non-continuous or the constraint set of the optimization
problems is non-convex, the convergence of the MM framework must be surveyed in a case by case
basis. Particularly, given that the Grassmann manifold is a non-convex set, classical convergence proofs
do not apply [92], [162]. Within this context, the study of orthogonally constrained variables in the
MM framework is not new. In [31], the authors study the convergence and performance of the resulting
MM algorithm for a particular type of majorants over the Stiefel manifold. Still, no formal proof was
given for the block MM case, although they mention a possible approach to prove its convergence. The
previously mentioned work can be a starting point for this analysis given the strong connections between
the Stiefel and Grassmann manifold. In the following subsections, we analyze the MM algorithm and
its block extensions for variables constrained in the Grassmann manifold, extending the works of [31]
and [162].

3.3.4.1 MM algorithm on the Grassmann manifold

Let an optimization problem be:

Ĝ = arg min
G

f (G) s: t : G 2 G; (3.135)

where f : G �! R is any continuous function (additional constraints will be imposed later) bounded
from below in G and G � Gr(N; D ) is any g-convex subset of the Grassmannian. Following the same
rationale as in the classical MM algorithm, the MM procedure generates a sequence of iterates,f G i gi 2 N,
from the sequential optimization of the following majorant:

G i +1 = arg min
G

g(G jG i ) s: t : G 2 G: (3.136)

The conditions in which the sequence generated by the previous sequential optimization problem
is globally convergent of the resulting algorithm are straightforward generalizations from the ones in
Subsection 3.3.1. They are summarized as follows [123]:
(A1) The surrogate must be a tight approximation of the original cost:

g(G jG) = f (G) 8G 2 G: (3.137)

(A2) The surrogate must majorize the original cost:

g(G jH ) � f (G) 8G; H 2 G: (3.138)

(A3) The �rst Gateaux di�erential of the surrogate and of the original cost must be equivalent at the
current iterate:

Dg(G jG 0)[� ] = Df (G)[� ] s: t : � 2 TG Gr(N; D ); (3.139)

for G 0 = G, where � is restricted to tangent directions such that their corresponding geodesic
stays in G.

(A4) g(G jH ) must be continuous on(G; H ) 2 G � G .
Notice that, in the case of the MM algorithm without any block relaxation, (A3) is the only condition

generalized to an equivalent expression for the Grassmann manifold. We generalize Theorem 1 in [162]
to the algorithm depicted by (3.136).
Theorem 3.10 (Convergence of an MM algorithm on the Grassmann manifold). Let a sequence be
generated by (3.136) and that the majorant function satis�es (A1)-(A4). Then, every limit point of this
sequence is a stationary point of (3.135) for every initialization, G 0.

Proof. We �rstly prove the stationarity of the limit points of this sequence and, secondly, the convergence
of this sequence. Sincef G i gi 2 N is a compact sequence, it has at least one limit point, denoted as
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�G. Let a subsequence convergent to the aforementioned limit point bef G i k gk2 N. From assumptions
(A1)-(A4) and restricting to the previous subsequence, we have the following set of inequalities:

g(G jG i k ) �|{z}
Eq. (3 :136)

g(G i k +1 jG i k ) �|{z}
(A 2))

f (G i k +1 ) =|{z}
(A 1)

g(G i k +1 jG i k +1 ); (3.140)

from where, after taking the limit for k �! 1 , we get:

g(G j �G) � g( �G j �G) 8G 2 G: (3.141)

The previous inequality also implies that:

Dg(G j �G)[� ] =|{z}
(A 3)

Df ( �G)[� ] � 0: (3.142)

Thus, �G is a local minimum point (possibly global) of the original problem. �

Remark 3.34. Notice that we did not use any argument based on the Grassmann manifold in the
previous proof, so it can be assumed general for any variable constrained in any non-convex set,
e.g. other Riemannian manifolds, such that its Gateaux di�erentials are well-de�ned. In this way,
assumption (A3) can be rewritten in terms of the aforementioned non-convex set.

Similarly to [31, Proposition 1], the previous theorem does not ensure the convergence in terms
of the variable G. In fact, it only ensures that the sequence de�ned byf f (G i )gi 2 N converges to a
stationary point, f ( �G), of the original problem. This fact is proven as follows. From assumptions (A2)
and (A4), we get:

f (G i k ) = g(G i k jG i k ) �|{z}
Eq. (3 :136)

g(G i k +1 jG i k ) �|{z}
(A 2)

f (G i k +1 ): (3.143)

The previous inequalities, in addition to the continuity and the boundedness from below off (G), imply
the following limit:

lim
k �! 1

f (G i k ) = f ( �G); (3.144)

where �G is any limit point of f G i gi 2 N. Note that the value of the previous limit, f ( �G), depends on the
initialization point, G 0. Additionally, equation (3.144) is independent of the particular subsequence
of f G i gi 2 N, meaning that there could be two limit points, �G and �G 0, of this sequence such that
f ( �G) = f ( �G 0). Therefore, there is a need of additional constraints to the original problem that ensure
the convergence to the limit points of f G i gi 2 N. Luckily, there are several known conditions in which
the MM algorithm converges in terms of G. The simplest case is found when there is a single stationary
point of the original cost [93]. In some cases, the monotonic decrement of the objective is a su�cient
condition (see [31] and references therein). In the sequel, we show an example where the uniqueness
of the minimizer of the majorant, in addition to its g-quasiconvexity, ensures the convergence of the
resulting algorithm.

3.3.4.2 Block MM algorithm on the Grassmann manifold

In a similar manner to the classical block MM algorithm, consider the following optimization problem
[123]:

X̂ = arg min
X

f (X ) s.t. X 2 X ; (3.145)

where f (X ) is any continuous function bounded from below inX , X = G � C , C is any closed convex
subset ofRM and G � Gr(N; D ) is any g-convex subset of the Grassmann manifold. The reason of
choosing only two blocks, one constrained in the Grassmannian and the other being a convex constrained
set, is to emphasize the di�erences with respect to the non-Grassmann block MM algorithm from
Subsection 3.3.2 without any loss of generality. This concreteness in the exposition is also motivated by
a problem on the data fusion scenario that will be exposed in Section 4.4 from Chapter 4.
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Given the structure of the feasible set,X , the optimization variables can be split into two independent
blocks, X = ( G; c) where G 2 G and c 2 C. We rewrite f (X ) as f (G; c) and X as (G; c) when needed.
The block MM rationale applied to (3.145) consists in the following update equations:

G i +1 = arg min
G

gG (G jG i ; ci ) G 2 G; (3.146a)

ci +1 = arg min
c

gc(cjG i +1 ; ci ) c 2 C; (3.146b)

where gG (G jG i ; ci ) and gc(cjG i ; ci ) are the majorant functions of f (X ) constructed using the i -th
iterates with respect to G and c, respectively. As a result of the update equations in (3.146), a sequence
of iterates is generated, denoted asf X i gi 2 N = f G i ; ci gi 2 N. The following assumptions ongG (G jG i ; ci )
are a generalization to the ones in (B1)-(B6) from the classical block MM [123].
(B1) The surrogate must be a tight approximation of the original cost:

gG (G jG; c) = f (G; c) 8G 2 G; 8c 2 C: (3.147)

(B2) The surrogate must majorize the original cost function:

gG (G jH ; d) � f (H ; d) 8G; H 2 G; 8d 2 C: (3.148)

(B3) The Gateaux di�erentials of this majorant and of the original cost must coincide:

DgG (G jG 0; c)[� ] = Df (G; c)[� ; 0N ] 8G 2 G; 8c 2 C; (3.149)

for G 0 = G and for all tangent directions � 2 TG Gr(N; D ) whose resulting geodesic remains on
G.

(B4) gG (�j� ) must be continuous on its input arguments.
(B5) gG (�j� ) must be g-quasiconvex onG.
(B6) gG (�j� ) must have a unique minimizer.

In addition to the previous assumptions ongG (�j� ), the classical conditions of the block MM (see
(B1)-(B6) from Subsection 3.3.2) are also imposed togc(�j� ). In the following theorem, we generalize
Theorem 2 in [162] for blocks of variables constrained in the Grassmann manifold [123].
Theorem 3.11 (Convergence of the block MM on the Grassmann manifold). Supose that a sequence
is generated by (3.146) and that the majorant functions satisfy their respective block MM conditions
((B1)-(B6) from this subsection and from Subsection 3.3.2). In addition, assume that the sequence
f G i ; ci gi 2 N is compact and thatf (X ) is regular and continuous in G � C . Then, this sequence converges
to a stationary point of (3.145).

Proof. The rationale of the proof consists of two steps. Firstly, we prove that the sequencef G i ; ci gi 2 N

converges to the limit point f �G ; �cg and, secondly, we prove that those limit points are stationary points
of the problem depicted in (3.145).

From assumptions (B1)-(B2) and (3.146), we have the following series of inequalities:

f (G i ; ci ) =|{z}
(B 1)

gG (G i jG i ; ci ) �|{z}
Eq. (3 :146a)

gG (G i +1 jG i ; ci ) �|{z}
(B 2)

f (G i +1 ; ci ) =|{z}
(B 1)

(3.150a)

gc(ci jG i +1 ; ci ) �|{z}
Eq. (3 :146b)

gc(ci +1 jG i +1 ; ci ) =|{z}
(B 1)

f (G i +1 ; ci +1 ): (3.150b)

The inequalities in (3.150) yield f (G i ; ci ) � f (G i +1 ; ci +1 ) for i 2 N which, in addition to the continuity
of f (G ; c) and to the compactness of the sublevel set, implies that the sequencef f (G i ; ci )gi 2 N is
non-increasing and thus has at least one limit point,f ( �G ; �c). In fact, the previous set of inequalities
also imply that f f (G i ; ci )gi 2 N is convergent to f ( �G ; �c). Since the iterates belong to a compact set (the
Grasmannian and boundedness from below of the cost function), the generated sequence also has limit
points, denoted as( �G ; �c).
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Consider a subsequencef G i k ; ci k gk2 N that converges to ( �G ; �c). Henceforth, in order to be able to
take the limits for k ! 1 , we need to highlight the fact that the Grassmann variable,G i k , is updated
in�nitely often in f G i k ; ci k gk2 N due to equations (3.146). In this way, we can prove thatf G i gi 2 N

converges to the aforementioned limit point by contradiction. Let us assume that the Grassmann
variable does not converge. Thus, there exists a positive value�
 such that:

darc (G i k +1 ; G i k ) = 
 i k +1 � �
 > 0; (3.151)

from where we show that it is contradictory with the previous assumptions. Let the aligned geodesic
(see (2.73)) joining G i k +1 and G i k with arclength 
 i k +1 be:

� i k +1 (t) = G a;i k cos(� i k t) + � a;i k sin(� i k t); (3.152)

where � a;i k and � i k are such that � i k +1 (1) = G a;i k +1 . With this geodesic in mind, we obtain the
following inequalities:

f (G i k +1 ; ci k +1 ) �|{z}
(B 2)

gG (G i k +1 jG i k ; ci k ) =|{z}
G i k +1 = � i k +1 (1)

gG (� i k +1 (1)jG i k ; ci k ) �|{z}
Eq. (3 :146a)

(3.153a)

gG (� i k +1 (t)jG i k ; ci k ) =|{z}
Eq. (3 :152)

gG (G a;i k cos(� i k t) + � a;i k sin(� i k t)jG i k ; ci k ) �|{z}
(B 5)

(3.153b)

gG (G i k jG i k ; ci k ) =|{z}
(B 1)

f (G i k ; ci k ); (3.153c)

where (B5) is used to obtain (3.153c) from (3.153b) sinceG i k +1 the minimizer of gG (G jG i k ; ci k ) (see
(3.146a)) and:

max(gG (G i k +1 jG i k ; ci k ); gG (G i k jG i k ; ci k ) = gG (G i k jG i k ; ci k ): (3.154)

By summarizing (3.153), we get:

f (G i k +1 ; ci k +1 ) � gG (� i k +1 (t)jG i k ; ci k ) � f (G i k ; ci k ): (3.155)

Provided that � i k (because the principal angles are all bounded in[0; �
2 ]) and � a;i k (due to the

orthonormality constraints, see (2.73)) belong to compact sets, the sequences that they generate have
limit points �� and �� a , respectively. As a consequence, the geodesic de�ned by those limit points is
denoted as�� (t), which, with some abuse of notation, can be referred to as thelimit point geodesic. By
further restricting to a subsequence that has limit points �� and �� a , invoking (B4) and letting k �! 1 ,
(3.155) yields:

f ( �G ; �c) � gG ( �� (t)j �G ; �c) � f ( �G ; �c); (3.156)

which is equivalent to:
f ( �G ; �c) = gG ( �� (t)j �G ; �c) =

gG ( �G a cos(�� t) + �� a sin( �� t)j �G ; �c):
(3.157)

However, (3.157) is contradictory with the unique minimizer assumption when the arclength of the
limit point geodesic, �
 , is di�erent from 0. From (B2), we know that:

gG (G i k +1 jG i k +1 ; ci k +1 ) � gG (G jG i k ; ci k ) 8 G 2 G; (3.158)

whose limit for k �! 1 is:
gG ( �G j �G ; �c) � gG (G j �G ; �c) 8 G 2 G; (3.159)

so �G is a minimizer of gG (�j �G ; �c) and so is �G a . This means that the limit point geodesic in (3.157)
must remain in the same point since we assumed that the minimizers of the majorants are unique. As a
result, equation (3.157) is only true if �� (t) = �G a for t 2 [0; 1] and, given that G is a geodesically convex
subset (there is only a unique path joining two points), it means that:

lim
k �! 1

dc(G i k +1 ; G i k ) = 0 : (3.160)
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The above argument must be satis�ed by every subsequence. Hence, the sequencef G i gi 2 N converges to
�G . Note that this limit point depends on the initialization points, G 0 and c0. Besides, the methodology
that proves the convergence of the sequencef ci gi 2 N, given the assumptions of this theorem, is shown
in [162, Theorem 2]. In consequence, the joint sequence,f G i ; ci gi 2 N, also converges.

Finally, we prove that the limit point of the Grassmann variable iterates is a stationary point of the
original problem. Notice that (3.159) implies, after taking the lower directional derivative of both sides
at �G , that:

DgG ( �G j �G ; �c)[� ] � 0; (3.161)

for all directions � 2 T �G Gr(N; D ) whose respective geodesic emanating from�G stays in G. Due to
assumption (B3), we get that:

Df ( �G ; �c)[� ; 0N ] � 0: (3.162)

In other words, �G is a coordinate-wise minimum off (G ; c). A similar argument is derived for the
remaining convex block,c, in [162, Theorem 2] with the assumptions speci�ed in Subsection 3.3.2. Note
that the previous arguments for each of the blocks of variables hold sinceG and c are both updated
in�nitely often in (3.146). Since �G and �c are coordinate-wise minimums and considering the regularity
property of f (G ; c), the aforementioned limit point is also a stationary point of f (G ; c). �

Remark 3.35. Other manifolds that share the same properties as the Grassmann manifold (particularly,
if they de�ne a compact set) may admit a similar convergence proof.
Remark 3.36. In contrast to Theorem 3.10, the convergence in terms of the variablesG and c is needed
to obtain the stationary points in the previous proof.

3.3.5 Proximal algorithms

As already shown in Figure 3.3, the proximal algorithms are one of the staple implementations of
the MM framework [145]. Indeed, the proximal algorithms are often the go-to methodologies to deal
with non-smooth convex problem, such as the ones based on the`1 norm (see Subsection 2.1.1). For
the previous reason, the implementation of the proximal algorithms to`1 norm-based problems is of
great interest in this dissertation, especially in the applications detailed in Chapter 5. Particularly, we
are interested in the proximal algorithm perspective of the ADMM. The reason behind the fact that
the proximal algorithms lie within the MM methodology [179] is that they are based on a successive
optimization of a surrogate function termed the proximal operator. The proximal operator is de�ned as
follows [19], [145].
De�nition 3.24 (Proximal operator) . Let f : RN �! R be a convex continuous function. Then, the
proximal operator, proxf;� : RN �! RN , is de�ned as follows

proxf;� (v) = arg min
x

f (x ) +
1

2�
jjx � v jj2

2; (3.163)

where � � 0.
Remark 3.37. The cost function of the proximal operator is also a convex function. In fact, it is a
strongly convex function. A strongly convex function, h(x), is a function that satis�es the following
inequality (see Theorem 3.2):

d2h(x)
dx2 � m 8x 2 R; (3.164)

for somem > 0. The generalization of the previous condition to a multivariate function, h(x), is given
by:

r 2
x h(x) � mI N 8x 2 RN : (3.165)

Clearly, the objective function in (3.163) ful�lls the previous conditions since f is a convex function
and:

r 2
x

�
f (x ) +

1
2�

jjx � v jj2
2

�
= r 2

x f (x ) +
1
�

I N �
1
�

I N ; (3.166)
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One of the possible interpretations of the proximal operators is that they are generalized projections
depicted by the convex function f . In order to provide some insights on the generalized projection
interpretation of the proximal operators, we need the formal de�nition of the indicator function.
De�nition 3.25 (Indicator function of a set) . Let S be any subset ofRN . Then, I S : RN ! R denotes
the indicator function of this set, which is de�ned as:

I S (x ) =

(
0 if x 2 S
+ 1 otherwise

: (3.167)

Remark 3.38. If S were convex, its respective indicator function is also convex.
Using the previous de�nition, we highlight the fact that, when the convex function in De�nition 3.24

is a convex indicator function for some convex setS, the resulting proximal operator can be rewritten
as follows:

proxI S ;� (v) = arg min
x

I S (x ) +
1

2�
jjx � v jj2

2 = arg min
x 2 S

jj x � v jj2
2; (3.168)

which, in essence, is the orthogonal projection ofv into S. The previous observation suggests that
the proximal operators must share some of the properties of orthogonal projectors (see [145] for more
details on this idea). Indeed, the proximal operators can be seen as a way to projectv into the direction
perpendicular to the level sets off , which is an idea that is depicted in a clear manner in [145, Figure
1.1]. Regarding the connections of the proximal algorithms with the MM framework, notice that the
cost function in the proximal operator, i.e. gP (x jv) = f (x) + 1

2� jj x � v jj2
2, satis�es the assumptions

imposed on the majorants in the classical MM algorithm (see (A1)-(A4) in Subsection 3.3.1). We
particularize the aforementioned assumptions ongP (x jv) as follows.
(A1) The surrogate is a tight approximation of the original function:

gP (x jx ) = f (x) +
1

2�
jjx � x jj2

2 = f (x): (3.169)

(A2) The surrogate majorizes the original cost:

gP (x jv) = f (x) +
1

2�
jjx � v jj2

2 � f (x ) 8x; v 2 RN : (3.170)

(A3) At the current iterate, the Gateaux di�erential of the surrogate coincides with the one of the
original cost (the Gateaux di�erential is linear [2]):

DgP (x jx )[� ] = Df (x)[� ] + D
�

1
2�

jjx � x jj2
2

�
[� ] = f 0(x ; � ): (3.171)

(A4) The surrogate is continuous since it is the sum of two continuous functions.
Having de�ned the proximal operators, we show how to use them to obtain the minimum value of

any convex function in the following theorem [145].
Theorem 3.12 (Fixed point of the proximal algorithm) . A point x � minimizes the convex functionf
if and only if:

x � = prox f;� (x � ); (3.172)

for any � � 0, as long as there exists a minimizer of(3.163). In other words, x � is a �xed point of the
proximal operator. The proof of this theorem can be found in [145, Subsection 2.3].

The previous theorem, in addition to the MM interpretation of the proximal algorithms, suggests
that the minimum value of a function f : RN ! R can be found using the following update equation
[19], [145]:

x i +1 = prox f;� (x i ); (3.173)

which is often referred to asproximal minimization or proximal iteration . For most non-smooth convex
cost functions, e.g. the`1 norm, it is much easier to derive the proximal iteration due to the strong
convexity of the proximal operator cost function (see Remark 3.37). Among other properties, the strong
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convexity implies that its minimizer is unique [29]. Besides, the convergence of the update equation in
(3.173) can be seen from two di�erent perspectives. On the one hand, the previous update equation is
a �xed point equation [77], [90], so its convergence can be analyzed from the �xed point algorithms
view. In general �xed point algorithms, the existence of a �xed point of a function is ensured if its
Lipschitz constant is less than1 (see Remark 3.33), i.e. it is acontraction. In the case of a contraction,
the �xed point can be found by repeatedly applying the contraction. Luckily, it has been proven that,
as long as there exists a minimizer of (3.163), the �xed point iteration in (3.173) is su�cient to reach
the desired �xed point [145, Subsection 4.1] (and references therein). On the other hand, provided
that the proximal operator is, essentially, an MM algorithm, the mentioned convergence theorems from
Subsection 3.3.2 ensure the convergence of the proximal algorithm described by(3.173). The latter
perspective is our preferred one due to its link to the more general MM framework.

The main issue with the proximal minimization process is the computation of� . As a matter of
fact, cross-validation is the straightforward approach to compute the proximal parameter. Still, we
discourage the use of cross-validation for the same reason that we avoid descent-like algorithms, i.e.
setting in an arbitrary manner a user-de�ned parameter. An alternative to cross-validation that yields a
faster convergence rate of the proximal iteration and that requires less computational resources consists
in updating the proximal parameter, � , in each iteration such that [145]:

� i > 0;
1X

i =1

� i = 1 and � i � � i � 1; (3.174)

where � i is the i -th iterate. The previous conditions on � i ensure the global convergence of the modi�ed
proximal minimization process while speeding the overall convergence. As an example, one may use
� i = C

i , where C is any positive constant. For other alternatives, see [19].
Within the context of this dissertation, the main application of the proximal algorithms that we are

interested in is found in the implementation of the ADMM to deal with `1 norm regularized problems
(see Subsection 2.1.1). Before delving into the intricacies of the ADMM framework for the case of
interest, we review the proximal operator of the absolute value function, which is the main building
block of the `1 norm, in the following proposition [19], [145].
Proposition 3.13 (Proximal operator of the `1 norm). The proximal operator of the absolute value
function is given by the following optimization problem:

prox` 1 ;� (v) = arg min
x

jxj +
1

2�
jjx � vjj2

2; (3.175)

whose closed-form solution is:

prox` 1 ;� (v) = max(0 ; jvj � � ) sign(v) =

8
><

>:

v � � v > �
0 jvj � �
v + � v < � �

: (3.176)

Remark 3.39. The previous proximal operator is also referred to as the soft-thresholding operator [19].
The proof of (3.176) can be found in [145, Subsection 6.5.2].
Remark 3.40. Since the`1 norm is separable in each of the components of its input vector, one can
obtain the proximal operator of the `1 norm with respect to a vector v by applying entry-wise the
expression given in(3.176). Henceforth, prox` 1 ;� (v) denotes the entry-wise soft-threshold function ofv.

3.3.5.1 Alternating Direction Method of Multipliers (ADMM)

The purpose of this subsection is to review the Alternating Direction Method of Multipliers (ADMM)
and provide a use case of this methodology that will be useful in a future chapter. In essence, the
ADMM is a methodology, which is based on the Augmented Lagrangian and Dual Ascent techniques
[30], [143], [178], that is useful for solving optimization algorithms of a certain structure. In this regard,
our motivation behind the consideration of the ADMM is that, in Chapter 5, we �nd an optimization
problem that can be mapped to the standard ADMM formulation. For the sake of exposing e�ciently
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3.3. Majorization-minimization framework

the ideas behind the ADMM, we introduce the Augmented Lagrangian and Dual Ascent techniques as
we construct the ADMM algorithm from a generalization of the aforementioned use case of interest
(which is similar to the one in [26]), so this subsection provides an informal introduction of the ADMM.
For a more rigorous and detailed explanation of the ADMM, we refer to [30]. Let a feasible optimization
problem be as follows:

min
x

f (x ) + h(x) s: t : Hx = y; (3.177)

where f (x) and h(x) are convex, possibly non-smooth, and continuous functions,x 2 RD , y 2 RM ,
and H 2 RM � D . For the purpose of introducing the ADMM methodology, we need to reformulate
(3.177) into the standard ADMM formulation [30], [143], [178]. To this end, we incorporate a change of
variables into (3.177) such that the overall optimization problem is equivalent but parameterized with
two blocks of variables:

min
x ;z

f (x ) + h(z) s: t : Hx = y; z = x; (3.178)

where z is the newly introduced block of variables. Although the ADMM may also be derived from
(3.178), the ADMM methodology joins the two constraints in (3.178) as follows:

min
x ;z

f (x ) + h(z) s: t : Ax + Bz = c; (3.179)

where:

A =
�

H
I D

�
; (3.180a)

B =
�
0N;D

� I D

�
; (3.180b)

c =
�

y
0D

�
: (3.180c)

The previous expression in(3.179) is the standard ADMM formulation [30], [143], [178]. As we show
in a future chapter, the rationale behind the previous change of variables is that, in practice, optimizing
f (x) and h(x) independently via the block relaxation is much easier than their joint optimization. This
is especially true if one of those functions is thè 1 norm of x . The next key idea of the ADMM is
the Augmented Lagrangian technique [30], [178], which is the main reason why the ADMM can be
viewed as a proximal algorithm (and lie in the MM framework). With the intention of introducing the
Augmented Lagrangian technique, let us consider the Lagrangian of (3.179):

L (x ; z; � ) = f (x) + h(z) + � T (Ax + Bz � c): (3.181)

The Augmented Lagrangian technique consists in the addition of an extra term in the Lagrangian,
whose goal is to enable the solution of the original problem using the proximal operators off and h.
Also, it is desirable that the added term do not modify the optimal value of the original problem in
(3.179). A possible term that satis�es the previous two conditions is found in the following expression
[30]:

L � (x ; z; � ) = f (x) + h(z) + � T (Ax + Bz � c) +
�
2

jjAx + Bz � cjj2
2; (3.182)

where � is the penalty parameter of the Augmented Lagrangian [30]. Note that (3.182) can be
interpreted as the Lagrangian of the following optimization problem:

min
x ;z

f (x ) + h(z) +
�
2

jjAx + Bz � cjj2
2 s: t : Ax + Bz = c: (3.183)

In fact, with some abuse of notation, the previous optimization problem can be seen as thegeneralized
equality constrained proximal operators. Clearly, the added term in (3.182) (or (3.183)) does not modify
the value of the original cost in the feasible set, i.e.:

Sf = f x ; z 2 RN : Ax + Bz = cg; (3.184)
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since for anyx; z 2 Sf we get that:

jjAx + Bz � cjj2
2 = jjc � cjj2

2 = 0 : (3.185)

Thus, the value of the Augmented Lagrangian is equivalent to the classical Lagrangian inSf . For the
purpose of deriving cleaner expressions, notice that the Augmented Lagrangian can be rewritten as
follows:

L � (x ; z; � ) = f (x) + h(z) + � T (Ax + Bz � c) +
�
2

jjAx + Bz � cjj2
2 = (3.186a)

f (x) + h(z) + � T (Ax + Bz � c) +
�
2

jjAx + Bz � cjj2
2 +

1
2�

jj � jj2
2 �

1
2�

jj � jj2
2 = (3.186b)

f (x) + h(z) +

�
�
�
�
�

�
�
�
�
�

1
p

2�
� +

r
�
2

(Ax + Bz � c)

�
�
�
�
�

�
�
�
�
�

2

2

�
1

2�
jj � jj2

2 = (3.186c)

f (x) + h(z) +
�
2

�
�
�
�

�
�
�
�
1
�

� + Ax + Bz � c

�
�
�
�

�
�
�
�

2

2
�

1
2�

jj � jj2
2; (3.186d)

which is a much more compact expression ofL � (x ; z; � ). Actually, the scaledAugmented Lagrangian
[30], whose purpose is to derive shorter expressions of the ADMM algorithm, is obtained by introducing
a change of variables in(3.186d). Indeed, by denoting u = 1

� � , we get that the scaled Augmented
Lagrangian is:

L � (x ; z; u) = f (x) + h(z) +
�
2

jju + Ax + Bz � cjj2
2 �

�
2

jjujj2
2: (3.187)

Henceforth, we write all the subsequent equations using the scaled Lagrange multipliers,u, instead of
the original multipliers, � .

The ADMM solves the original optimization problem by using an iterative block optimization
scheme in the (scaled) Augmented Lagrangian from(3.187) with respect to x , z and u. While x and z
are obtained by a straightforward minimization of L � (x ; z; u), i.e.:

x k+1 = arg min
x

L � (x ; zk ; uk ); (3.188a)

zk+1 = arg min
z

L � (x k+1 ; z; uk ); (3.188b)

for somek (denoting the current iteration number), the derivation of the optimal � follows in a trickier
manner. In this regard, the ADMM determines the optimal value of � using the Dual Ascent algorithm
[30]. Before diving into the Dual Ascent step of the ADMM, we need to review the concept ofduality
in optimization. In general optimization theory, the dual function of (3.179) is de�ned as follows:

g(u) = min
x ;z

L � (x ; z; u); (3.189)

which is known to be a lower bound of the optimization problem in (3.179) [29]. Although the
dual function is initially de�ned using the classic Lagrangian, we already introduced the Augmented
Lagrangian in g(u) to obtain the expression of the dual function in which the ADMM is based.
Intuitively, maximizing g(u) with respect to u yields the best possible lower bound of the original
problem, which is referred to as thedual problemof (3.179). Fortunately, there are several optimization
problems in which the lower bound of the dual problem is tight, meaning that the maximum value of
g(u) and the minimum value of the original cost function coincide. An instance of those optimization
problems is the one found in(3.179) since it satis�es the Slatter's condition [29, Subsection 5.2.3],
i.e. the optimization problem is convex and feasible (for the particular case of equality constrained
optimization problems). As a result, the dual problem is the optimization problem that is used in
the ADMM to retrieve the optimal value of u. The Dual Ascent solves the dual problem by means of
the Gradient Ascent (the counterpart of the Gradient Descent) algorithm. Even though the Gradient
Ascent algorithm would imply an update equation of the following form:

uk+1 = uk + � r u g(u); (3.190)
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for some step size,� > 0, the ADMM algorithm is based on (following from (3.188)):

uk+1 = uk + Ax k+1 + Bz k+1 � c; (3.191)

which is a subgradient of g(u) [29, Subsection 6.5.5]. The justi�cation of the update equation in(3.191)
is founded on the KKT conditions of (3.179). In the case given by(3.179), the particularized KKT
conditions consist in the following two equations [29], [30]:

Ax � + Bz � = c; (3.192a)

r x L (x � ; z� ; u � ) = r x f (x � ) + � A T u � = 0N ; (3.192b)

r zL (x � ; z� ; u � ) = r zh(z� ) + � B T u � = 0N ; (3.192c)

where x � , z� and u � are the optimal values of their respective variables. We remark that the KKT
conditions are derived using the classic Lagrangian with� = � u instead of the Augmented Lagrangian.
Taking into account (3.188), xk+1 and zk+1 also minimizesL (x ; zk ; uk ) and L (xk+1 ; z; uk ), respectively,
because of the fact that the Augmented Lagrangian does not change the optimal value of the classic
Lagrangian. Considering the fact that x k , zk and uk must ful�ll the KKT conditions for all k 2 N, we
get from the gradient of the Augmented Lagrangian that:

0N = r x L � (x k+1 ; zk+1 ; uk ) = (3.193a)

r x f (x k+1 ) + � A T (uk + Ax k+1 + Bz k+1 � c) = r x f (x ) + � A T uk+1 : (3.193b)

An equivalent argument is derived after di�erentiating with respect to z. In other words, the update
equation in (3.191) is the one ensuring that the Augmented Lagrangian satis�es the KKT conditions in
(3.192). In fact, it is thanks to the Augmented Lagrangian technique that the Dual Ascent update in
(3.191) is well-behaved (globally convergent) [30], [143], [178] since the added term of the Augmented
Lagrangian (see(3.183) or (3.187)) ensures that the overall cost function is strongly convex with respect
to x and z for convex f and h. The veri�cation of the latter observation can be found in Remark 3.37
applied to the cost function in (3.183).

With the previous ideas in mind, the update equations of the ADMM applied to the original problem
given in (3.177) are depicted as follows:

x k+1 = arg min
x

L � (x ; zk ; uk ) = f (x) +
�
2

jjuk + Ax + Bz k � cjj2
2 ; (3.194a)

zk+1 = arg min
z

L � (x k+1 ; z; uk ) = h(z) +
�
2

jjuk + Ax k+1 + Bz k � cjj2
2 ; (3.194b)

uk+1 = uk + Ax k+1 + Bz k+1 � c; (3.194c)

where we evidenced the fact that the respective update equations ofx and z consist in the proximal
operators of f and h. The last details of the ADMM algorithm are the initialization of the variables
and setting the user-de�ned parameter� . As for the initialization, it is not required that x and z are
initialized with a feasible value. Yet, it is advisable that u is initialized to 0N since, in this case, the
update equation of u becomes the running sum of residuals, i.e.:

uk =
KX

k=1

Ax k + Bz k � c; (3.195)

where K is the total amount of available iterations. Hence, it provides the dual variable of an intuitive
meaning. Regarding the penalty parameter,� , although the ADMM always converges for any value of
� , its convergence speed is strongly dependent on this parameter [132]. For this reason, selecting the
optimal value of � must be done in a case by case basis. Despite the fact that we choose a value of�
by heuristic procedures in a future chapter, we remark that there are several proposals whose goal is to
�nd a systematic way of selecting � . For instance, see the approach given in [132]. In Algorithm 1, we
summarize all the previous ideas.
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Algorithm 1 ADMM algorithm summary

Initialization: � , K max , u0 = 0N and z0

1: for k = 1 to K max do
2: x k+1 = arg min x f (x ) + �

2 jjuk + Ax + Bz k � cjj2
2.

3: zk+1 = arg min z h(z) + �
2 jjuk + Ax k+1 + Bz � cjj2

2.
4: uk+1 = uk + Ax k+1 + Bz k+1 � c.
5: if Stopping condition is met then
6: Set k� = k.
7: Break.
8: end if
9: end for

10: return x k � or zk �

3.4 Concluding remarks

This chapter is meant to be an exhaustive treatment of the MM framework and its extension to the
Grassmann manifold. To this end, this chapter is centered in the analysis of the optimization tools that
face the challenges posed by the cost functions proposed in Chapter 2, which are the ones that model
(or discover) the diversity presented in a given signal processing application of interest. Although the
ideas presented in this chapter were, initially, auxiliary tools to solve the optimization problems that
appeared in subsequent chapters, our growing interest in these ideas resulted in the transformation
of this chapter into one of the fundamental pillars of this dissertation. In fact, this is one of the
reasons why one of the main publications (see [123]) that emanated from this dissertation focuses on
the theoretic analysis of the block MM for the Grassmann manifold. The essence of the remaining
chapters consists in the link of the ideas presented in chapters 2 and 3.
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Chapter 4

Exploiting diversity in data fusion
problems

In this chapter, we focus on the multisensor fusion problem as a �rst approach to explore the meaning of
diversity in signal processing applications, which is motivated by the multimodal data fusion framework
[110]. As stated in [110], diversity is de�ned as the property that a multimodal dataset has that
enhances its performance, its insights and its uses in a particular application in such a way that it could
not be achieved by a single modality. In essence, the multimodal data fusion framework consists of the
interplay between two di�erent agents: the multimodal dataset containing the information diversity
and the fusion algorithm, which exploits the inherent diversity. The multimodal dataset gathers the
information of a given phenomenon of interest using several data acquisition frameworks, where each
particular acquisition technique is termed asmodality. An example of a multimodal dataset is the data
obtained by a camera and a microphone during a video recording. Nevertheless, we are not interested
in the study of multimodal datasets. Indeed, the use ofmultimodality in the literature is often reserved
to datasets with heterogeneous data types, e.g. audio, images and text, which is out of the scope of
this dissertation. Instead, we focus on the particular case of multisensor fusion, which is based on a
network of sensors that share the same acquisition framework. While the multisensor framework is
technically a multimodal dataset, we do not use the multimodal label from now on in order to avoid
any possible confusion.

Instead, this chapter is devoted to the study of fusion algorithms that exploit the inherent diversity
in the multisensor dataset. For the previous reason and being inspired by the de�nition of diversity
given in [110], we consider a particular de�nition of diversity that is suited for the multisensor fusion
problem depicted in this chapter.
De�nition 4.1 (Diversity (in a multisensor network)) . Diversity is the complementary information
that is discovered when a fusion scheme combines the information retrieved from several sensors. This
complementary information can be used to improve the accuracy of the sensor network (the variance of
the fusion), the uncertainty of the combined measure (the entropy of the fused random variable), or the
integrity of the �nal result.

Although the De�nition 4.1 is rather intuitive, as compared to the de�nition of diversity in wireless
communications [72], it provides an interpretation of the advantage of the joint processing of several
sensors. The insights given in De�nition 4.1 follow from the common feeling that an ensemble of
related datasets is more than the sum of its parts. Yet, in order to achieve the capabilities of the
joint processing of the sensors, the sensor network must be statistically rich so that there exists the
mentioned complementary information. As it will be seen in the analysis shown in this chapter, the
correlation between the sensors noise hinders the potential gains of any fusion scheme, being the main
challenge of the multisensor fusion framework [103] that we aim at solving in this chapter.

In the multisensor fusion framework, we di�erentiate two di�erent kinds of diversity, the spatial and
temporal diversity. Whenever there is a shared information between all sensors, it is said that there is
spatial diversity. The use of this term is motivated by the fact that sensors are typically distributed
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throughout a �eld with the aim of measuring a given phenomenon of interest. Note that, in the previous
case, some correlation among the sensors noise may be introduced due to the placement of sensors.
Besides, thetemporal diversity describes the redundancy that appears in the measured phenomena.
This kind of diversity is especially interesting if one wants to perform a regression analysis on the
phenomenon of interest in addition to the information fusion of the sensor network. Algorithmically
speaking, the spatial and temporal diversity consists of the redundancy that appears in the columns
and rows, respectively, of a data matrix.

With the previous rationale in mind, we analyze and derive three fusion schemes to solve the
general multisensor problem. Following from the rationale shown in Chapter 2, we emphasize in the
use of information theoretic criteria as an alternative to classical cost functions, such as the MSE
of the fusion. Particularly, we explore the use of the Rényi entropy and its role in the multisensor
fusion framework. Regarding the surveyed approaches, while we review and particularize the known
Covariance Intersection (CI) principle [43], [88], [99] into the multisensor fusion problem, where we show
links with the water�lling problem in communications [186] and the PMEE criterion (see De�nition
2.5), we also derive two new fusion schemes as alternative approaches. The �rst one of them is based on
the MEE fusion of a limiting case of a contaminated Gaussian random variable [188], and the second
one is a practical implementation of the PMEE criterion that performs the fusion and the regression
of the measurements in a joint manner. The joint fusion and regression approach is derived using
the Conditional Maximum Likelihood (CML) principle [134], [160], [166], showing that the CML is
naturally linked with the PMEE criterion.

The structure of this chapter is straightforward. Firstly, Section 4.1 states the general fusion problem,
where not only we describe the problem statement of the multisensor fusion problem, but we also review
the building blocks of fusion schemes. Next, we survey the classical and the information theoretic
derivations of the CI principle while also providing a particularized analysis of the optimization of the
intersection weights in Section 4.2. Finally, in Sections 4.3 and 4.4 we show an in-depth derivation and
analysis of our proposed fusion schemes. In Figure 4.1, we summarize the proposed approaches to the
multisensor fusion problem and highlight the main ideas that are explored within each fusion scheme.

Figure 4.1: Chapter 4 outline.

4.1 General problem statement

All the fusion schemes that are surveyed in this chapter are all based on a simple linear model. Let us
consider some phenomenon of interest, denoted asx(n), that is measured by M independent calibrated
sensors. Then-th snapshot of M measurements is modeled as follows:

y(n) = x(n)1M + w(n); (4.1)

wherew(n) is the noise vector (often considered Gaussian). The intersensor covariance matrix is de�ned
as:

E
�
w(n)wT (n)

�
= Q 2 S M

++ ; (4.2)
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which is assumed to be unknown. The vector that is multiplying x(n) is referred to as the spatial
signature and, particularly, it is said that the spatial signature is isotropic when it is composed by
an all-ones vectors such as in(4.1). We refer to a set of sensors whose spatial signature is known as
calibrated sensors. Note that, for this de�nition of calibrated sensors, the isotropic spatial signature is
not restrictive. In the following lemma, we show the equivalence of (4.1) with a model with an arbitrary
but known spatial signature under nominal conditions (Gaussianity of the sensors noise).
Lemma 4.1 (Equivalence of fusion models under known spatial signature). Let a fusion model be
given by:

y(n) = x(n)a + w(n); (4.3)

where a 2 RM is its spatial signature such that[a]m 6= 0 for m = 1 ; :::; M and w(n) � N (0M ; Q).
Then, there exists a transformation of y(n) such that:

y0(n) = x(n)1M + w0(n); (4.4)

where w0(n) � N (0M ; � a � 1 Q� T
a � 1 ) and � a � 1 is a diagonal matrix such that [� a � 1 ]m;m = 1

[a]m
.

Proof. Let b 2 RM be such that [b]m = 1
[a]m

for all m = 1 ; :::; M . Then, we have that:

y0(n) = b � y(n) = x(n)b � (a + w(n)) = x(n)1M + b � w(n); (4.5)

which satis�es the isotropic spatial signature condition. The remaining step is to describe the statistical
distribution of the new noise vector, i.e. w0(n) = b � w(n). Since the original noise vector is Gaussian,
w0(n) is also Gaussian. Thus, we only need to describe the �rst and second-order moments of the new
noise vector. Its expected value is given by:

E[b � w(n)] = 0M ; (4.6)

while its covariance matrix yields:

E[(b � w(n))( b � w(n))T ] = E[( � a � 1 w(n))( � a � 1 w(n))T ] = ; (4.7a)

� a � 1 E[w(n)w(n)T ]� T
a � 1 = � a � 1 Q� T

a � 1 ; (4.7b)

where � a � 1 is a diagonal matrix such that [� a � 1 ]m;m = [ b]m = 1
[a]m

. From (4.6) and (4.7), we get the
transformed model in (4.4). �

For simplicity, given the equivalence shown in Lemma 4.1, we prefer models with isotropic spatial
signatures, such as the one in (4.1), to a model with a general spatial signature.

The general multisensor fusion problem depicted by (4.1) consists in the retrieval ofx(n) from the
available measurements contained iny(n). We exploit the spatial diversity that is present in y(n) in
order to achieve a better estimation ofx(n) as compared to the arithmetic mean of the measurements,
which may yield a poor performance due to corrupted sensors. The fundamental challenges that arise
in this setting are the lack of model knowledge and the presence of anomalies. Essentially, the lack of
model knowledge appears when one (or more) parameters that de�ne the model are unknown to the
estimation framework. Some particular examples of this challenge are the lack of statistical knowledge,
e.g. Q is unknown, or the mismodeling of the measured phenomena,x(n). The latter case is of interest
when the regression task is also considered.

In the following subsections, we survey two key aspects of the stated multisensor fusion problem. On
the one hand, we present thearithmetic and geometric average fusion rules[112], [114], which are the
fundamental concepts of data fusion schemes. On the other hand, in order to gain more perspectives on
the multisensor fusion problem, we analyze the fusion rule that is obtained when there is full statistical
knowledge, which is a benchmark that is set to test the performance of the derived fusion policies.
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4.1.1 Arithmetic and Geometric average fusion rules

For the purpose of de�ning fusion schemes to obtainx(n) from y(n), two kinds of fusions are often
considered in the statistical signal processing literature: the fusion of estimators and the fusion of
PDFs. These two techniques play a fundamental role in multisensor data fusion and are based on the
arithmetic average (AA) and the geometric average(GA) fusion policies. As a starting point, the AA
and GA fusion of an estimator are de�ned as follows [112].
De�nition 4.2 (Arithmetic Average fusion of estimators). Let � 1; :::; � M be arbitrary estimators. Then,
their Arithmetic Average (AA) fusion is given by:

� AA =
MX

m =1

! m � m ; (4.8)

where ! m for m = 1 ; :::; M are such that
P M

m =1 ! m = 1 and that ! m 2 [0; 1] 8m = 1 ; :::; M . In other
words, � AA is a convex combination of the available estimators (see(3.23)).
De�nition 4.3 (Geometric Average fusion of estimators). Let � 1; :::; � M be arbitrary estimators. Then,
their Geometric Average (GA) fusion is given by:

log(� GA ) =
MX

m =1

! m log(� m ); (4.9)

where ! m are such that
P M

m =1 ! m = 1 and that ! m 2 [0; 1] 8m = 1 ; :::; M . The logarithms in (4.9)
are applied element-wise on their input.
Remark 4.1. The geometric average is not a real number in general. Indeed, if any� m is negative, then
� GA is a complex number.
Remark 4.2. From the Arithmetic Mean-Geometric Mean (AM-GM) inequality [23], it is veri�ed that
� AA � � GA in the case of non-negative measurements.

Between the AA and the GA fusion rules, the AA is often preferred to GA for the fusion of a set of
estimators because it preserves the unbiasedness. In order to verify this behavior, considerM unbiased
estimators of some parameter� 2 RN , denoted as� 1; :::; � M . Then, the AA fusion veri�es:

E[� AA � � ] =
MX

m =1

! m E[� m ] � � =
MX

m =1

! m � � � = 0N ; (4.10)

which follows immediately from the fact that ! m for m = 1 ; :::; M de�nes a convex combination.
Provided that (4.10) is true, it follows from Remark 4.2 that the GA fusion is biased in general. Not
only that, but the AA fusion of estimators also o�ers a potentially better Mean Squared Error (MSE)
than the GA fusion of estimators [112]. For the previous reasons, the AA fusion of estimators plays a
pivotal role in this thesis.

The advantages of the GA fusion with respect to the AA fusion appear when one is interested in the
fusion of PDFs, Probability Hypothesis Density1 (PHD) or likelihood functions. Indeed, the majority
of the information theoretic-based multisensor fusion approaches are founded on the fusion of PDFs,
being the Covariance Intersection (CI) principle the staple approach [14], [88], [99]. For completeness,
we review the AA and GA fusion of PDFs. The AA fusion of PDFs is de�ned as follows [112].
De�nition 4.4 (Arithmetic Average fusion of PDFs) . Let f 1(x j� 1); :::; f M (x j� M ) be the representatives
of some measurements given in the form of PDFs. Then, their Arithmetic Average (AA) fusion is given
by:

f AA (x j� AA ) =
MX

m =1

! m f m (x j� m ); (4.11)

where! m are such that
P M

m =1 ! m = 1 and that ! m 2 [0; 1] 8m = 1 ; :::; M . In other words, f AA (x j� AA )
is the convex combination of the measurements PDFs.

1The main di�erence between a PHD and a PDF is that the integral of a PHD can be any non-negative value. The
remaining axioms of the PDF are also ful�lled by the PHD. The PHD is often considered in detection problems that
exploit the multisensor fusion framework.

72



Chapter 4. Exploiting diversity in data fusion problems

Remark 4.3. Any mixture model can also be interpreted as an AA fusion of several PDFs.
Although it may seem that the AA fusion of a function is ad-hoc, its use is often driven by its

desirable properties, especially for the fusion of PHDs [114]. The advantages of the AA fusion of PDFs
can be summarized by two di�erent items. From one perspective, the resulting PDF from the AA fusion
is biased towards the majority, which is a kind of behavior that provides robustness to an information
fusion classi�cation problem since it corrects the local (each sensor) errors in favour of the spatial
diversity. Additionally, given that the AA fusion can be obtained by a fast procedure (summing several
PDFs), it is a reasonable choice for online fusion algorithms [113]. An example of an application of the
AA fusion of PDFs in the literature is found in the identi�cation of multiple targets, where the resulting
detector is built out of an AA fusion, yielding a democratic decision that is shared between several
sensors [113], [126]. The main drawback of the AA fusion of PDFs is that, whenever all the sources
PDF are all the same, the resulting fused PDF is equal to the sources PDF, yielding no additional gain
from this operation.

While the AA fusion of PDFs is known for its robustness, the GA fusion thrives in terms of the
performance of the resulting fusion task, especially under nominal conditions (Gaussian PDFs) [102],
[112]. The GA fusion of PDFs is de�ned as follows.
De�nition 4.5 (Geometric Average fusion of a function). Let f 1(x j� 1); :::; f M (x j� M ) be some repre-
sentatives of some measurements given in the form of PDFs. Then, their Geometric Average (GA)
fusion is given by:

f GA (x j� GA ) =
1
G

MY

m =1

f ! m
m (x j� m ); (4.12)

where ! m are such that
P M

m =1 ! m = 1 , that ! m 2 [0; 1] 8m = 1 ; :::; M and:

G =
Z 1

�1

MY

m =1

f ! m
m (x j� m )dx : (4.13)

Remark 4.4. The GA is also known as the Geometric Mean Density (GMD) [14].
In simpler words, the GA fusion of PDFs is the convex combination of log-likelihoods, which can

also be interpreted as a sort of convex combination of information. In this regard, the geometric average
nature of this kind of fusion implies that the fusion of values with a small density dominate, meaning
that these values of the sources PDF dictate the shape of the resulting GA fused PDF. The information
theoretic interpretation of this phenomenon is that the values with a small density contain a large
amount of information and, for this reason, they dominate. This phenomenon does not occur in the
AA fusion of PDFs. The GA fusion of PDFs naturally emerges in multisensor fusion schemes [194]. For
instance, a scaled geometric fusion appears when one fuses the PDFs of independent random variables.
We are interested in the role that GA plays in the CI principle, which, in essence, consists in the GA
fusion of Gaussian PDFs. In fact, it is thanks to the GA fusion of PDFs that the CI algorithm is closely
related to the Cherno� information and the Rényi entropy of the fused variable [88], [142].

4.1.2 Benchmark fusion policy

For the model given in (4.1), the benchmark fusion policy is de�ned as thebest linear combiner based
on an AA fusion that retrieves x(n) from y(n). We de�ne the fused variable as the following linear
combination on y(n):

s(n) = f T y(n); (4.14)

where f 2 RM is such that f T 1M = 1 . Notice that the previous constraint on f appears naturally to
yield an unbiased fusion. Still, we do not consider the positivity constraint of the AA fusion since it is
not known up to this point if it is restrictive for the fusion task. In the following proposition, we study
the optimal fusion policy with full statistical knowledge in terms of the minimum variance and the
minimum error entropy criteria.
Proposition 4.2 (Equivalence of the MEE and minimum variance criterion fusion under full statistical
knowledge). Let the fusion error random variable be de�ned as follows:

e(n; f ) = f T y(n) � x(n); (4.15)
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where y(n) is a random process statistically distributed as:

y(n) � N (x(n)1M ; Q): (4.16)

Then, the following fusion rule:

fB =
Q � 11M

1T
M Q � 11M

; (4.17)

is optimal in the minimum variance and minimum error entropy sense. The resulting variance is given
by:


 B = E
�
je(n; fB )j2

�
=

1
1T

M Q � 11M
; (4.18)

while its respective Rényi di�erential entropy is:

h(e(n; fB )) =
M
2

�
log(2� ) � log

�
1T

M Q � 11M
�

+
log(� )
� � 1

�
: (4.19)

The proof of this proposition can be found in Appendix 8.2.1.
Although the previous proposition certi�es the conditions in which the equivalence of the MEE and

the minimum variance fusion holds, they are rarely found in real applications. Even if those conditions
(full statistical knowledge) hold in a practical setting, the resulting fusion scheme is not robust to any
kind of model inaccuracies or deviations from the nominal conditions. In spite of that, the fusion
rule derived in Proposition 4.2 provides us a reference point for the fusion schemes that are derived
in this chapter since it is the best possible performance that a linear fusion scheme can reach. Also,
we remark that, although minimizing entropy is equivalent to minimizing the variance in the nominal
case, one of the most important aspects that will be highlighted in forthcoming sections is that the
approach of minimizing entropy turns out to provide much more robustness in front of model deviations.
This constitutes a possible path to pursue robust statistics methods based on information theoretical
concepts in the line of this thesis.

4.2 Covariance Intersection

Assuming that there exists a set of (possibly correlated) estimators of a given quantity and their
respective estimated uncertainty (variance), the CI principle is a theoretic fusion framework that is
aimed at the fusion of the aforementioned estimates. Even though the original derivation of the CI
algorithm is founded in the intersection of the locus points of the ellipse de�ned by the covariance
matrix of the estimates, we also review the information theoretic foundations of the CI [88] and relate
them to the PMEE criterion described in De�nition 2.5. The CI principle is built upon the following
assumptions [189]:

1. The resulting fusion of the estimated quantities must produce an improved estimate, i.e. the
(estimated) variance of the resulting fusion must be lower than the original variance of the
estimations.

2. The fused estimate must be conservative in the sense that the estimation of the fused variance
must be higher than the true variance of the fusion. This issue, which indirectly comes from
tracking problems that use Kalman �ltering to avoid divergence [99], is especially important in
those applications where the integrity of the resulting fusion is important to the �nal user. For
example, when the �nal measurements are to be used to take sensible decisions.

3. The cross-correlations among the estimates are either unknown or they cannot be obtained by
the fusion scheme in a practical manner.

The previous assumptions depict the conservative nature of the CI principle. Indeed, we show in
this section that this conservative behavior may be too extreme for the fusion problem described in
Section 4.1, yielding an unwantedbest sensor selectionpolicy. Since we want to exploit the diversity
present in the multisensor dataset, we show an alternative that achieves the previous goal while keeping
the degree of conservativeness of the CI principle.
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4.2.1 Derivation of the Covariance Intersection principle

Firstly, we review the derivation of the CI as in its seminal paper [43], [99], [189] and, then, we review
an alternative derivation of the CI using the GA fusion of PDFs [88], from where information theoretic
arguments naturally emerge. For initial simplicity, we consider the fusion of information of two sources,
termed asA and B , whose information is contained on theN -dimensional random vectors given byxa

and xb, respectively. These sources are contaminated by noise with unknown statistics, resulting in the
following covariance matrices:

Qaa = E
�
(xa � a)(xa � a)T �

; (4.20a)

Qbb = E
�
(xb � b)(xb � b)T �

; (4.20b)

where E[xa ] = a and E[xb] = b. Their cross-covariances are de�ned in a similar manner:

Qab = Qba = E
�
(xa � a)(xb � b)T �

= E
�
(xb � b)(xa � a)T �

; (4.21)

which are di�erent from 0N;N in general. Provided that we assumed that the statistics of the
measurements noise are unknown, the true values of the previously de�ned matrices are not available.
Instead, consistent estimations ofQaa and Qbb are obtainable, which are denoted asQ̂aa and Q̂bb,
respectively. The consistency of those estimators is de�ned as in [99, Eq. (1)]:

Q̂aa � Qaa � 0N;N ; (4.22a)

Q̂bb � Qbb � 0N;N : (4.22b)

In simpler words, the expressions in(4.22) can be interpreted as a possible condition that ensures a
minimum degree of robustness of the covariance matrix estimators ofA and B . Taking into account
the previous de�nition of consistency, the objective of the CI principle is to �nd a linear fusion of A
and B such that the resulting random variable is consistent. The resulting fused source is denoted as
C and its respective random variable is given by the following linear fusion:

x c = K axa + K bxb; (4.23)

where K a and K b are the weight matrices. The previous weight matrices,K a and K b, are designed
in such a way that if a = b, then E[x c] = c = a = b. In other words, we want to maintain the
unbiasedness of the fusion. This means that the weight matrices must satisfy:

K a + K b = I M : (4.24)

The consistency of the fused variable,x c, is depicted by the following conditions:

Q̂aa � Q̂cc � 0N;N ; (4.25a)

Q̂bb � Q̂cc � 0N;N ; (4.25b)

Q̂cc � Qcc � 0N;N ; (4.25c)

where Qcc is the true value of the fused variable covariance matrix andQ̂cc is the estimation of Qcc.
To put it in another way, Q̂cc is a conservative improvement of the original estimated covariances,̂Qaa

and Q̂bb. Given the expression of the fusion in(4.23), the true value of the fusion covariance matrix is
given by:

Qcc = E
�
(x c � c)(x c � c)T �

= K aQaa K T
a + K aQabK T

b + K bQbaK T
a + K bQbbK T

b : (4.26)

In the case whereQab and Qba (or some consistent estimates) are known, one would be tempted to
substitute the consistent estimates of the covariance matrices,̂Qaa and Q̂bb (see(4.22)), into (4.26)
to obtain the estimate of the fused covariance matrix,Q̂cc. However, even with the assumption that
Qab = Qba = 0N;N , ensuring the consistency of the resulting plug-in estimator ofQcc, i.e.:

Q̂0
cc = K aQ̂aa K T

a + K bQ̂bbK T
b ; (4.27)
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is di�cult in general [99], [100]. For the previous reason, usingQ̂0
cc is not a good strategy in general. In

contrast to the approach that yields (4.27), the CI principle exploits the geometrical interpretation of
(4.26) to obtain K a and K b (4.25) [43], [99]. Indeed, equation(4.26) is, essentially, the expression of the
intersection between the ellipses de�ned byQaa and Qbb, which is an idea that is intuitively detailed
later on by means of De�nition 4.6. In order to provide a preliminary intuition to the previous idea,
we show a graphical representation of(4.26) in Figure 4.2 for two di�erent cases of the intersection
between two ellipses inR2. To put it simply, the CI algorithm is aimed at �nding a third ellipse that
encloses the black contoured shapes. In the �rst case, we depict arich intersection between two ellipses,
where we see that the information of both ellipses is needed to obtain the intersection. In contrast, the
second case would result in the best sensor selection policy since only the information of the smaller
ellipse is used in the CI principle, which is an undesirable case due to the lost spatial diversity.

(a) Rich intersection of ellipses. (b) Poor intersection of ellipses.

Figure 4.2: Intersection of ellipses and the CI principle.

For the purpose of providing an intuitive derivation of the CI using the intersection of ellipses idea,
let us de�ne the locus points of an ellipse described by a positive de�nite matrix.
De�nition 4.6 (Locus of points of an ellipse). Consider an arbitrary positive de�nite matrix, C 2 S N

++
and a point � 2 RN . Then, the ellipse described by these two parameters is given by the following locus
of points:

EC (Q; � ) = f x 2 RN : u(Q; x � � ) � Cg; (4.28)

where C is a positive constant that is related to the volume of the ellipse and:

u(� ; z) = zT � � 1z; (4.29)

is the function that de�nes the contour of the ellipse [189].
Remark 4.5. The points x 2 RN that satisfy:

u(Q; x � � ) = C; (4.30)

can also be interpreted as the set of points that are equally likely in the Gaussian distribution described
by N (� ; Q). Also, note that, for a given C, the overall volume of the ellipse is proportional to the
geometric average of the eigenvalues of the covariance, i.e its determinant.

It is stated in [99] that, for every possible value ofQab and Qba in (4.26), EC (Qcc; c) always lies
in the intersection (assuming that it is non-empty) of EC (Qaa ; a) and EC (Qbb; b). Following from the
previous idea, the CI principle constructs an ellipse,EC (Q̂cc; c), with a volume as small as possible
from the mean and covariance estimates,c and Q̂cc, such that it encloses the intersection ofEC (Q̂aa ; a)
and EC (Q̂bb; b) without any information about the cross-covariances,Qab and Qba. A consequence of
the previous idea is that the resulting estimated covariance,Q̂cc, is consistent as in(4.25). In order to
intuitively derive the estimated fused mean and covariance using the CI principle, note that:

u(Qbb; x � b) � u(Qaa ; x � a); (4.31)
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implies that the value of x is more likely to occur for a random variable depicted byN (a; Qaa ) than
the one distributed as N (b; Qbb) (see Remark 4.5). An equivalent argument is stated in [189], where
(4.31) is related to the sigma contours (set of points that are equally likely) of a Gaussian distribution.
As a result of the previous observation, any feasible estimates of the fused mean and covariance,c and
Q̂, must satisfy [189, Eq. (3)]:

max
�

u(Q̂aa ; x � a); u(Q̂bb; x � b)
�

� u(Q̂cc; x � c); (4.32)

for all x 2 RM . In simpler words, the condition in (4.32) ensures that the resulting fusion is an
improvement with respect to the original measurements. The CI fusion scheme is obtained after noting
that the maximum of two values is lower bounded by their convex combination. Thus, we get the
following set of inequalities:

max
�

u(Q̂aa ; x � a); u(Q̂bb; x � b)
�

� !u (Q̂aa ; x � a) + (1 � ! )u(Q̂bb; x � b) = (4.33a)

!u (Q̂ � 1
aa ; Q̂ � 1

aa (x � a)) + (1 � ! )u(Q̂ � 1
bb ; Q̂ � 1

bb (x � b)) � (4.33b)

u(! Q̂ � 1
aa + (1 � ! )Q̂ � 1

bb ; ! Q̂ � 1
aa (x � a) + (1 � ! )Q̂ � 1

bb (x � b)) : (4.33c)

The justi�cation of the previous expressions is found in [189], which is based on the convexity ofu(P; z)
with respect to P = Q � 1 (a precision matrix) and z. Now, we want to get the expression of(c; Q̂cc)
such that u(Q̂cc; x � c) is equal to the lower bound shown in(4.33c). The expressions ofc and Q̂cc are
obtained from the following equality (see [189] for more details):

u(! Q̂ � 1
aa + (1 � ! )Q̂ � 1

bb ; ! Q̂ � 1
aa (x � a) + (1 � ! )Q̂ � 1

bb (x � b)) = ( x � c! )T Q̂ � 1
! (x � c! ) = (4.34a)

u(Q̂ ! ; x � c! ); (4.34b)

where:

Q̂ � 1
! = ! Q̂ � 1

aa + (1 � ! )Q̂ � 1
bb ; (4.35a)

c! = Q̂ !

�
! Q̂ � 1

aa a + (1 � ! )Q̂ � 1
bb b

�
; (4.35b)

are the resulting covariance matrix and average value of the fusion, respectively, of the CI algorithm.
We introduced the subscript ! in (c! ; Q̂ ! ), which is equivalent to (c; Q̂cc), to make more evident the
dependence of the fused mean and covariance matrix with! . In this sense, the free parameter,! ,
weights the importance assigned to each information source,A and B . It is important to remark that
the fused covariance in(4.35a) inherits the consistency ofQ̂aa and Q̂bb for every possible value of!
(see [99, Appendix A] for the formal proof). An immediate generalization of (4.35) for M di�erent
sensors is:

Q̂ � 1
! =

MX

m =1

! m Q̂ � 1
m ; (4.36a)

c! = Q̂ !

 
MX

m =1

! m Q̂ � 1
m am

!

; (4.36b)

where am and Q̂m for m = 1 ; :::; M are the expected value and the covariance matrix of them-th
sensor measurements, respectively, and the intersection weights are such that

P M
m =1 ! m = 1 and

that ! m � 0 8m. Again, (4.36) consists in a convex combination of the precision matrices and on
the weighted combination of measurements. The generalized expression can be obtained by applying
recursively the CI rationale between two sensors to theM sensors.
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4.2.1.1 GA fusion interpretation of the CI principle

An alternative derivation of the fusion equations given in (4.35) (and (4.36)) comes from the GA fusion
of the Gaussian PDFs associated toxa and xb. Let us assume that the measurements of each source
are statistically distributed as:

xa � N (a; Qaa ); (4.37a)

xb � N (b; Qbb); (4.37b)

and let us denote their associated PDFs aspA (x ) and pB (x ), respectively. Then, the GA fusion of
pA (x ) and pB (x ) is given by:

pC (x ) =
p!

A (x )p1� !
B (x )

R1
�1 p!

A (y)p1� !
B (y)dy

= (4.38a)

exp
�

� !
2 (x � a)T Q � 1

aa (x � a) � (1 � ! )
2 (x � b)T Q̂ � 1

bb (x � b)
�

R1
�1 exp

�
� !

2 (y � a)T Q � 1
aa (y � a) � (1 � ! )

2 (y � b)T Q̂ � 1
bb (y � b)

�
dy

; (4.38b)

where (4.38b) is obtained after canceling out the multiplicative constants on the numerator and
denominator, and pC (x ) denotes the PDF of the fused random variable. We are interested in the
expression of this GA fusion to unveil its connection to the CI principle. Note that the exponents can
be further expanded as follows [88]:

!
2

(x � a)T Q � 1
aa (x � a) +

(1 � ! )
2

(x � b)T Q̂ � 1
bb (x � b) = (4.39a)

1
2

�
(x � c! )T Q � 1

! (x � c! ) + ! aT Q � 1
aa a + (1 � ! )bT Q � 1

bb b � cT
! Q � 1

! c!
�

; (4.39b)

where c! and Q ! are de�ned as in (4.35). Since the terms that do no depend onx in (4.39b) are
common in the numerator and the denominator, they cancel out. The last step to compute the GA
fusion is to get the expression of the integral in the denominator after canceling out the terms that are
independent of x :

Z 1

�1
exp

�
�

1
2

(y � c! )T Q � 1
! (y � c! )

�
dy =

q
(2� )M det(Q ! ); (4.40)

resulting in the �nal expression of the GA fusion of the measurements PDF:

pC (x ) =
1

p
(2� )M det(Q ! )

exp
�

�
1
2

(x � c! )T Q � 1
! (x � c! )

�
: (4.41)

The conclusion of the previous arguments is that the CI equations in(4.35) are estimating the
mean and the covariance matrix of the fused random variable, whose associated PDF ispC (x ), from
the estimations of the original sources of information,A and B . Thus, the CI principle assumes that
the original measurements are Gaussian. Besides, the GA fusion of two PDFs is closely related to the
Cherno� Information, which is de�ned by the following optimization [142]:

C(A; B ) = log min
! 2 [0;1]

Z 1

�1
p!

A (x )p1� !
B (x )dx: (4.42)

Notice that, essentially, the integrand in (4.42) is a scaled GA fusion of the associated PDFs toA
and B . The Cherno� Information has the interpretation of the exponent that yields the best upper
bound on the error probability in Bayesian hypothesis testing [141]. For the previous reason, the
Cherno� Information is useful to obtain the optimal intersection weights in classi�cation problems
whose objective is to exploit the available diversity in the measurements to yield a better probability
of error. However, we are interested in estimation rather than classi�cation problems, which is our
main detractor to consider the Cherno� Information as an information theoretic criterion to obtain the
optimal weights. Instead, in the sequel, we consider entropic measures to obtain these weights, such as
the ones shown in [88], and relate them to the PMEE criterion (see De�nition 2.5).
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4.2.1.2 A minimum entropy interpretation to the optimal intersection weights in the CI
principle

In this subsection, we show that the classical approaches to obtain the optimal weights shown in the
seminal paper of the CI principle [99], i.e. the minimization of the trace or the determinant of Q̂ ! , are
tightly related to the Rényi entropy of the fused variable [88]. Particularly, these criteria are instances
of the PMEE principle de�ned in Section 2.1.2.1 from Chapter 2. Let the Rényi entropy expression of
the fused random variable, denoted asx c (see (2.37) and (4.41)), be given by:

h� (x c) = log(det( Q ! )) +
M
2

log(2� ) +
M
2

log(� )
� � 1

: (4.43)

An intuitive criterion that obtains the intersection weights consists in plugging into (4.43) the
estimator of the covariance given in(4.36). In this manner, an instance of the PMEE criterion is
obtained straightforwardly to determine the intersection weights that minimize the Rényi entropy of xc.
The resulting criterion from the previous idea yields the following optimization problem:

! det = arg min
!

log(det(Q̂ ! )) s: t : ! T 1N = 1 ; ! � 0M ; (4.44)

where ! is the vector containing the intersection weights andQ̂ ! is de�ned in (4.36a). Since minimizing
the logarithm of a function is equivalent to minimizing the aforementioned function, (4.44) is our
preferred determinant-based expression due to its concavity. Note that the alternative expression to
(4.44) without the logarithm is commonly considered in the CI literature [99], [163]. An alternative to
the determinant-based criteria is the trace minimization of the estimated fused covariance, which is
also considered in the literature. The trace minimization criterion can be shown to be closely related to
the one in (4.44), as shown in [88]. This connection can be seen from the following upper bound on the
determinant of a matrix [23]:

det(Q̂ ! ) �
�

1
N

tr( Q̂ ! )
� N

; (4.45)

which is obtained after invoking the inequality of the arithmetic and geometric means (AM-GM
inequality) on the eigenvectors ofQ̂ ! . The previous inequality becomes an equality if and only if the
eigenvalues ofQ̂ ! are all equal [23]. Although the right hand side of (4.45) can be used as the �nal
criterion, it is also a majorant function of (4.44). Hence, the resulting optimization is a surrogate
function of the determinant, in a similar manner to the majorant functions used in the MM framework.
The resulting criterion yields:

! = arg min
!

tr( Q̂ ! ) s: t : ! T 1N = 1 ; (4.46)

where we have applied a monotonically increasing exponential to the right-hand side of(4.45) to obtain
the trace cost, while ignoring additive and multiplicative constants. In addition to the surrogate of
the Rényi entropy minimization interpretation, the criterion in (4.46) also minimizes the fusion MSE.
Note that the trace minimization criterion is often preferred in front of the determinant minimization
criterion for its simplicity [99], [141], [163]. Still, the minimization of (4.46) often requires iterative
schemes in general fusion policies [163].

Instead of the classical trace minimization shown in(4.46), the MM framework can be exploited to
obtain an iterative upper bound on the determinant that yields a better approximation than the one in
(4.45). To this end, we aim to approximate (4.44) using �rst-order majorants (see Subsection 3.3.3.1).
Invoking Lemma 3.3 and the ideas presented in Subsection 3.3.3.1 from Chapter 3, we get the following
upper bound on the log-determinant in (4.44):

log(det(Q̂ ! )) � log(det(Q̂ ! i )) + tr
�

Z ! i

�
Q̂ ! � Q̂ ! i

��
; (4.47)

where ! i is the i -th iterate of ! , Q̂ ! i is constructed using! i and:

Z ! i = Q̂ � 1
! i

: (4.48)
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In contrast to the trace upper bound of the determinant given in (4.45), which is only tight for a
particular eigenvalue pro�le, (4.47) is continuously approximating the log-determinant at each iteration.
This behavior is preferable if one aims to minimize the Rényi entropy of the fused variable since it
yields a much better approximation of the entropic measure, where the iterative scheme is the price to
pay. We remark that the logarithm applied to the determinant is necessary to obtain (4.47) due to the
fact that the determinant is a non-convex function by itself. After ignoring additive constants that do
not depend on! , the resulting iterative criterion yields:

! i +1 = arg min
!

tr
�

Z ! i Q̂ !

�
s: t : ! T 1N = 1 ; ! � 0M ; (4.49)

where, again, the constraints are imported to ensure the consistency of the resulting fusion.

4.2.2 Multisensor fusion under the perspective of Covariance Intersection

Since the particularization of the CI principle to the multisensor fusion problem depicted in (4.1) is
incomplete by itself without an additional estimation scheme for the noise covariances, we review and
extend the resulting criterion from the CI algorithm in this context. Given the model in (4.1), each
sensor is modelled as:

ym (n) = x(n) + wm (n); (4.50)

where wm (n) � N (0; qm ) and qm > 0 for m = 1 ; :::; M . Also, let us assume thatq̂m is the consistent
estimator of qm . In this toy example, we do not consider the cross-correlations between sensors because
of the rationale of the CI algorithm. Applying the CI rationale to this problem yields the following set
of equations:

q̂� 1
! =

MX

m =1

! m q̂� 1
m ; (4.51a)

x̂CI (n) = q̂!

MX

m =1

! m q̂� 1
m ym (n); (4.51b)

where ! m for m = 1 ; :::; M are the intersection weights andx̂CI (n) is the estimation of x(n) that results
from the fusion operation. In this case, since the estimated covariance is not a matrix, the determinant
and trace minimization criteria are equivalent, consisting in the minimization of q̂! . Emanating from
(4.51), the resulting optimization problem that determines the intersection weights is:

!̂ = arg min
!

 
MX

m =1

! m q̂� 1
m

! � 1

s: t : ! T 1M = 1 ; ! � 0M ; (4.52)

where ! is the vector whosem-th component is ! m . Note that the previous minimization problem is
also equivalent to:

!̂ = arg max
!

MX

m =1

! m q̂� 1
m s: t : ! T 1M = 1 ; ! � 0M ; (4.53)

which is a more preferable expression due to the fact that it is a linear program [29] on! . In spite of
the fact that (4.53) is a quite simple optimization problem, we avoid it because it results in the best
sensor selection solution. Hence, it does not exploit the spatial diversity. The previous observation can
be veri�ed from the fact that (4.53) is maximized by selecting the sensor with the maximum value of
q̂� 1

m or, equivalently, the sensor with the minimum variance. This issue results from the fact that the
CI principle does not consider the estimation of the cross-covariances, which is a possible feature when
the fusion operation is coupled with the regression of the measurements (see Section 4.4).

As an alternative, we propose a criterion that does not trivially result in the best sensor selection
solution. This new criterion is constructed using a lower bound of the cost function in(4.53) (given
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that it is a maximization problem) to derive an MM-like algorithm. In light of this objective, we scale
the cost function in (4.53) by a positive constant, ' , yielding the following equivalent expression:

!̂ = arg max
!

MX

m =1

'! m q̂� 1
m s: t : ! T 1M = 1 ; ! � 0M : (4.54)

Following a similar rationale as in (4.45), notice that each term of the cost function in (4.54) is lower
bounded by:

'
! m

q̂m
� log

�
1 + '

! m

q̂m

�
; (4.55)

which follows from the log-inequality typically used in the context of information theory:

log(x) � x � 1: (4.56)

Invoking (4.55) on each term of the cost function in (4.54), we get the following criterion:

!̂ = arg max
!

MX

m =1

log
�

1 + '
! m

q̂m

�
s: t : ! T 1M = 1 ; ! � 0M ; (4.57)

which has the same structure as the water�lling optimization problem in communications theory
[186]. Here, we can see the motivation behind the introduced free parameter,' , which consists in
the regulation of the sparsity degree of! . The smaller the value of ' , the closer the water�lling
formulation is to the original one in (4.54), which results in the best sensor selection fusion policy (the
sparsest solution). This also happens in communications over parallel channels at low Signal-to-Noise
Ratio (SNR), where the general policy of the water�lling power allocation strategy collapses to the
simple opportunistic policy of transmitting all the information through the best channel. While, in the
communications context, the SNR is a physical parameter associated to the channel quality, here an
equivalent magnitude, ' , is introduced, having a novel role as a regularization parameter that promotes
the anti-sparsity of the �nal solution. On the other hand, letting ' ! 1 is equivalent to the in�nite
SNR regime in the water�lling problem. The solution for this case can be retrieved considering the fact
that, for ' ! 1 , the cost function in (4.57) yields:

MX

m =1

log
�

1 + '
! m

q̂m

�
� M log(' ) +

MX

m =1

(log(! m ) � log(q̂m )) ; (4.58)

whose maximization, given the original constraints, results in !̂ = 1
M 1M , con�rming that ' is an

anti-sparse regularization parameter. Therefore, the well-known agnostic uniform allocation policy that
emerges in communications problems in the high SNR regime is linked under this perspective to the
agnostic policy emerging under the context of information fusion.

As a summary, each of the detailed criteria ((4.53) and (4.57)) is targeted towards a speci�c casuistic
of the multisensor problem. While the water�lling formulation is an alternative way to promote anti-
sparsity on the intersection weights, whose main goal is to exploit the available diversity in the dataset,
the minimum variance criterion from (4.53) or, equivalently, (4.54) yields an optimal performance under
nominal conditions (Gaussian measurements). It is important to remark that the resulting intersection
weights for both formulations yield a consistent estimate ofq̂! . The only issue with the CI algorithm in
the considered multisensor problem is to �nd consistent estimators ofqm since it does not provide of a
natural way to estimate these parameters. In a future section, we show a practical way to incorporate
this issue into the fusion scheme.

4.3 Minimum Error Entropy fusion under Contaminated Gaus-
sian Noise

In contrast to the approach given by the CI, where the robustness of the resulting fusion is determined
by the consistency of the resulting covariance (see(4.22)), in this subsection we contextualize the MEE
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principle for a general estimation of parameters in the data fusion problem using a Gaussian Mixture
Model (GMM) [131] to provide robustness to the resulting fusion policy. Since the characterization of
the di�erential entropy of a GMM is a di�cult task, our proposal consists on the computation of the
Rényi entropy of the contaminated Gaussian model[188], which is much more tractable than to compute
the Rényi entropy of a general GMM. In fact, the contaminated Gaussian model is worst-case limit of
the GMM in terms of the modeled contamination. In this manner, we naturally provide robustness to
the resulting fusion scheme. As a by-product, it is shown that minimizing Rényi's entropy of the �tting
error with entropic index � 2 (1; 1 ] is naturally linked with model order regularizers in the context
of multi-sensor fusion problems. The proposed idea is summarized in our published work [121]. The
previous rationale comes as an alternative to known tools that also bypass the challenge of dealing with
the Rényi entropy of a GMM, such as upper-bounds [133], approximations [84] or the use of kernel
methods [118].

The proposed rationale is structured as follows: in Subsection 4.3.1 we present the contaminated
Gaussian model and we show preliminary results on its Rényi entropy. Then, we particularize the
previous results to the multisensor fusion and study the resulting cost function in Subsection 4.3.2.

4.3.1 Rényi entropy limit of the contaminated Gaussian model

Let X � N (0; 1) be a standard normal random variable whose respective PDF is denoted aspX (x) and
let:

pY (y; L ) =
LX

l =1

! l
p


 l
pX

�
y

p

 l

�
; (4.59)

be a GMM with zero-mean components, where
P L

l =1 ! l = 1 are the mixture weights and 
 l � 1 is
the variance of the l-th cluster ordered in an ascending way. One of the motivating points behind the
consideration of GMMs is that they are universal approximation tools for smooth densities [131] which
can also be interpreted as an AA fusion of several PDFs (see De�nition 4.4). Taking(4.59) into account,
the contaminated Gaussian model is de�ned as follows [188].
De�nition 4.7 (Univariate contaminated Gaussian random variable). Let Z be a univariate contami-
nated Gaussian random variable. Then, it is denoted asZ � cN (0; u; "; v; L ) and its respective PDF is
given by:

pZ (z) =
1 � "
p

u
pX

�
z

p
u

�
+

"
p

v
pY

�
z

p
v

; L
�

; (4.60)

where " 2 [0; 1] is the degree of contamination,0 � u < 1 is the nominal variance and 
 l v is the
variance of the l-th contaminated cluster.
Remark 4.6. Considering L = 1 and v
 1 � u is a common practice for modeling contaminated densities.
The necessity of a generalL in the linear fusion context is seen in the sequel.

Notice that the previous random variable serves as an alternative to known PDFs, e.g. elliptical
distributions [180], to model heavy-tailed populations. With the purpose of deriving a robust criterion
targeted to the multisensor fusion problem, we want to obtain a descriptor of the contaminated Gaussian
random variable that is bounded for an unbounded contamination. To this end, we study the behavior
of the Rényi entropy for the case wherev �! 1 in Z � cN (0; u; "; v; L ) in the following lemma.
Lemma 4.3 (Rényi entropy of the univariate contaminated Gaussian random variable). Let Zk �
cN (0; u; "; v k ; L ), with degree of contamination" 2 [0; 1) and nominal variance0 < u < 1 . Additionally,
let u < v 1 < ::: < v k < 1 with k 2 N be an unbounded monotonically increasing sequence. Then, for
� 2 (1; 1 ], the Rényi entropy of Zk has the following limit:

lim
k !1

h� (Zk ) = h� (X ) +
1
2

log(u) +
�

� � 1
log

�
1

1 � "

�
: (4.61)

Proof. The previous limit requires the solution of the following integral (see equation (2.29) from
De�nition 2.4):

lim
k !1

h� (Zk ) = lim
k !1

1
1 � �

log
� Z 1

�1
p�

Z k
(z)dz

�
; (4.62)
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which can be easily computed by means of theLebesgue Dominated Convergence Theorem(LDCT)
[32], [46]. The LDCT is detailed in Appendix 8.2.2 consisting on the interchange between the limit and
the integral in (4.62). Firstly, we show that pZ k (z) satis�es the conditions of the LDCT. The LDCT
requires the sequence generated byf p�

Z k
(z)gk2 N to be dominated (in the majorization sense) by some

Lebesgue integrable function so that the limit can be moved inside the integral. For the purpose of
�nding a majorizing function for the previous sequence, notice that the PDF of a standard normal
random variable is dominated by the following non-integrable function2:

pX (x) <
1

(1 + jxj)
; (4.63)

implying that the l-th cluster from (4.59) is upper bounded by:

1
p


 l
pX

�
y

p

 l

�
<

1
p


 l

1

1 + j y jp

 l

=
1

p

 l + jyj

<
1

p

 0 + jyj

; (4.64)

for 0 < 
 0 < min l (
 l ), where the monotonically decreasing behavior of(
p


 l + jyj) � 1 with 
 l has been
used to obtain the last inequality. Imposing (4.64) to all the clusters in (4.60) yields:

pZ k (z) <
1

p
u + jzj

; (4.65)

since u < v k min l (
 l ) for all k 2 N and z 2 R. Additionally, for � 2 [0; 1 ), the function � � is
monotonically increasing with � for positive � , resulting in the fact that p�

Z k
(z) is dominated by:

p�
Z k

(z) <
�

1
p

v + jzj

� �

8z 2 R; k 2 N; (4.66)

which is a Lebesgue integrable function for� > 1. The previous rationale ensures that the limit and
the integral can be interchanged in (4.62) as long as� > 1. Now, we have that:

lim
k !1

pZ k (z) =
1 � "
p

u
pX

�
z

p
u

�
; (4.67)

from which, after using the LDCT and performing the change of variablesx = zp
u , we obtain the �nal

expression of (4.62):

h� (Z ) =
1

1 � �
log

Z
(1 � " ) �

�
1

p
u

pX

�
z

p
u

�� �

dz (4.68a)

=
1

1 � �
log

Z �
1

p
u

pX

�
z

p
u

�� �

dz +
log(1 � " ) �

1 � �
(4.68b)

=
1

1 � �
log

Z
p

u
�

1
p

u

� �

p�
X (x) dx +

�
� � 1

log
�

1
1 � "

�
(4.68c)

=
1

1 � �
log

Z
p�

X (x)dx + log( u1=2) +
�

� � 1
log

�
1

1 � "

�
(4.68d)

= h� (X ) +
1
2

log(u) +
�

� � 1
log

�
1

1 � "

�
: (4.68e)

�
2The justi�cation of this upper bound is non-elegant, non-relevant and may hinder the understanding of this Proposition.

A numerical experiment (and taking the limit for x ! �1 ) can con�rm this inequality. Additionally, it is noted that it
can be extended to many other bounded densities by using a large enough (although �nite) scale factor on the right-hand
side.
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The previous lemma provides a closed-form and bounded information-theoretic descriptor of a
distribution with unbounded variance. It is important to remark the bounded nature of the proposed
entropic measure because the classical second-order moment would diverge in this worst-case scenario,
compromising the utility of the contaminated GMM as a mechanism to achieve a robust estimator.
We highlight this fact since the resulting boundedness yields from the property of the entropy of
being sensitive to the probability of the events and not on their magnitude. Moreover, note that the
additional contribution to the entropy of X due to the unbounded contamination, i.e. the last term
in (4.61), is independent of the shape of the contamination density. Indeed, it depends solely on the
outlier probability " and the entropic index � . As a result, the mathematical di�culties associated with
the Rényi entropy derivation of a GMM are bypassed. Besides, in a similar manner to the variance,
the Shannon entropy, which can be obtained by letting� �! 1 in (4.61), also becomes unbounded
in the unbounded contamination case. In other words, the Shannon entropy does not provide any
degree of conservativeness in front of gross outliers [121]. In contrast, for� ! 1 (often referred to as
min-entropy), the last term in (4.61) becomes asymptotically unitary, showing that the min-entropy
leads to the most conservative description in the presence of outliers. As a conclusion, we can see here
the interest of the use of generalized Rényi entropies in signal processing as proposed in this dissertation
since it o�ers a great ability to provide improved robustness and interpretability as compared to just
picking the Shannon entropy, mimicking the communications context. This is in the line of other
authors in the recent years which proposed the use of generalized entropies in applications beyond
communications, such as in [150] or in [78].

Now, with Lemma 4.3 in mind, we move forward to the linear fusion context, where several
measurements are combined by means of an AA fusion. For the purpose of modeling the joint
contaminated distribution of several sensors, we generalize the univariate contaminated Gaussian from
De�nition 4.7 as follows.
De�nition 4.8 (Multivariate contaminated Gaussian random variable (for data fusion)) . Let z be a
multivariate contaminated Gaussian random variable. Then, it is denoted asz � cN (0M ; Q; "; v I M ),
where Q 2 S M

++ , and its associated PDF is given by:

pz (z) =
1 � "

p
(2� )M det(Q)

exp
�

�
1
2

zT Q � 1z
�

+
"

p
(2�v )M

exp
�

�
1
2v

zT z
�

: (4.69)

Remark 4.7. We have already particularized for L = 1 since, for the multivariate case, we do not need
to consider a generalL .

We are interested in the study of the entropy after an AA fusion of a multivariate contaminated
Gaussian vector, i.e. f T z subject to f T 1M = 1 . Note that the number of clusters of the resulting PDF
grows exponentially with M due to the successive convolution of binary mixtures associated to linear
combinations. We avoid the previous issue using similar arguments to the ones from Lemma 4.3 in the
following theorem, where we study the entropy of the fused contaminated Gaussian random variable.
Theorem 4.4 (Rényi entropy of the fused contaminated Gaussian random variable). Let zk �
cN (0M ; Q; "; vk I M ) be a multivariate contaminated Gaussian vector and letzk = f T zk be the fused
random variable. Additionally, let 0 < v k < 1 be an unbounded monotonically increasing sequence.
Then, for � 2 (1; 1 ], the Rényi entropy of zk has the following limit:

lim
k �! 1

h� (zk ) = h� (X ) +
1
2

log(f T Qf ) +
�
2

jj f jj0; (4.70)

where X is a standard normal random variable and:

� =
2�

� � 1
log

�
1

1 � "

�
: (4.71)

Proof. Let n = jj f jj0 � M be the number of sensors that are really involved in the fusion. Then,
the PDF of zk becomes a GMM containing2n clusters, which accounts for the resulting number of
clusters from the n di�erent convolutions of the contaminated Gaussian model. From those clusters,
one of them is non-contaminated while the remainingL 0 = 2 n � 1 clusters are contaminated. The
non-contaminated cluster has varianceu0 = f T Cf and its associated mixture weight is1 � "0 = (1 � " )n ,
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which comes from the statistical component-wise independence of the contaminated clusters. The
remaining L 0 clusters have unbounded variance, sozk becomes a contaminated Gaussian following the
general density expression introduced in De�nition 4.7. Therefore, invoking Lemma 4.3 withu0 and "0,
we get (4.70). �

As opposed to what happens in CS applications (see Subsection 2.1.1 from Chapter 2), where the`0

norm appears in an heuristic manner, the`0 emerges in a natural manner in the entropic measure that
results from Theorem 4.4. In this way, the previous result may (potentially) serve as the foundation for
a information theoretic justi�cation for the utilization of the `0 norm as a sparse promoting regularizer
in signal processing applications. As a by-product of the previous theorem, one is able to formulate an
optimization problem that minimizes the entropy given in (4.70). Indeed, the main drive of this new
formulation is to explore the robustness provided by the bounded information theoretic descriptor of an
unbounded contamination model. This motivates the de�nition of the Entropic Best Linear Unbiased
Estimator (E-BLUE) of the fusion rule, f , which is surveyed in the next subsection.

4.3.2 Entropic Best Linear Unbiased Estimator

In order to model a random variable that meets the requirements of Theorem 4.4, we consider a fusion
model that is a particularization of the one given in (4.1). Let a sensor network ofM unreliable sensors
be:

y = x1M + z; (4.72)

where z � cN (0M ; Q; "; v I M ) for v �! 1 . For simplicity, we assume that Q is known from now on.
The contaminated Gaussian noise is our approach of describing a highly contaminated scenario. In a
similar fashion to previous instances of the fusion model, we consider that the sensors are calibrated, so
their spatial signature is known. From the previous model, we de�ne the E-BLUE of x in the following
manner.
De�nition 4.9 (E-BLUE of the measurements). Let a set of M measurements be given by the model
in (4.72). Also, let the fused error random variable be de�ned as:

e(f ) = f T y � x: (4.73)

Then, the E-BLUE estimator of x is:

x̂E-BLUE = f T
E-BLUE y; (4.74)

where:
fE-BLUE = arg min

f
h� (e(f )) s: t : f T 1M = 1 : (4.75)

The previous constraint is needed to achieve an unbiased estimator ofx.
Remark 4.8. Notice that, in contrast to the CI approach (see, for instance, Subsection 4.2.2), we do not
import the positivity constraint on f . The rationale behind it is that the benchmark fusion policy in
(4.17) can have negative components. Also, we are not interested in keeping the consistency (see(4.22))
of the estimations since the robustness is ensured by the introduction of the contaminated Gaussian
model.

A more explicit expression of (4.75) is obtained by means of Theorem 4.4, yielding the following
expression:

h� (e(f )) = h� (f T z) = h� (X ) +
1
2

log(f T Qf ) +
�
2

jj f jj0 = (4.76a)

1
2

log(2� ) +
log(� )

2(� � 1)
+

1
2

log(f T Qf ) +
�
2

jj f jj0: (4.76b)

After ignoring additive and positive multiplicative constants that do not depend on f , the optimization
problem that obtains the E-BLUE fusion policy is:

fE-BLUE = arg min
f

log(f T Qf ) + � jj f jj0 s: t : f T 1M = 1 ; (4.77)
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where� is de�ned in (4.71). The cost function in (4.77) is non-convex since the �rst term is a non-convex
function (see Example 3.2). Yet, there are two straightforward solutions for the previous formulation.
In the uncontaminated case (" = 0 ) the E-BLUE solution coincides with the minimum variance criterion
fusion (see(4.17) from Proposition 4.2) since � = 0 . On the contrary, for the maximum degree of
contamination case (" = 1 ) or the Shannon entropy cost for a non-negative degree of contamination
(� ! 1+ and " > 0), � becomes unbounded. This latter case reduces the E-BLUE criterion to the
selection of the best sensor policy, i.e. choosing the sensor with maximum signal to noise ratio (SNR),
which is de�ned as:


 m =
1

[Q]m;m
: (4.78)

Clearly, the interplay between the entropic index of the Rényi entropy and the degree of contami-
nation exhibits an information-theoretic operational interpretation as a precision/reliability trade-o�.
Furthermore, a natural model order selection criteria appears from the`0 norm regularization. Yet,
(4.77) is a challenging optimization problem in general. In the following subsections we study the
optimization problem depicted by (4.77).

4.3.2.1 Uncorrelated case

For illustration purposes, we show in the following paragraphs that the uncorrelated sensors case of
the sensor model in(4.72), which is equivalent to consider a diagonalQ, results in an intuitive fusion
criteria that is a function of the diagonal elements of Q. Not only that, but a strong link with model
order selection ideas appears naturally in this context. Provided thatQ is a diagonal matrix, and
without any loss of generality, we assume thatQ is such that:

Q = diag( q); (4.79)

where q � 0M is ordered in a non-decreasing order, meaning thatqm � qm +1 for [q]m = qm and
m = 1 ; :::; M . Moreover, we denote the order of the fusion policy asn = jj f jj0. With the previous
considerations, the optimization problem in (4.77) can be further rewritten as:

fE-BLUE ; nE-BLUE = arg min
f n ;n

log(f T
n Qn fn ) + �n s: t : f T

n 1n = 1 ; (4.80)

where fn 2 Rn and Qn 2 Rn � n . The new matrix, Qn , is a reduced version ofQ, which is constructed
as follows:

Qn = diag( qn ); (4.81)

where qn 2 Rn is the vector containing the �rst n components ofq that correspond to the best n
sensors. Now, with the aim of solving(4.80), we proceed as follows: �rstly, we obtain the optimal value
of the cost function for a �xed n with respect to fn . Then, we minimize with respect to n to obtain
the �nal solution. To this end, for a �xed value of n, the resulting reduced-size E-BLUE solution for f
yields:

fn =
Q � 1

n 1n

1T
n Q � 1

n 1n
: (4.82)

In order to obtain the optimal n, we plug the previous solution into (4.80) to yield:

nE-BLUE = arg min
n

� log
�
1T

n Q � 1
n 1n

�

| {z }
"likelihood" term

+ �n
|{z}

penalty

; (4.83)

which is an expression that closely resembles to the information-theoretic model order selection cost
given in (2.83). Indeed, the �rst term in the cost function of (4.83) adopts the role of the negative log
likelihood, while the second term naturally arises as a linear penalty with respect to the fusion order,
n. Note that, in a similar manner to (2.83) [177], (4.83) is also a result of an information theoretic
argument. In fact, it is remarked that it is a novel result in the information theoretic model order
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selection framework since it is one of the �rst approaches that is founded on the Rényi entropy of a
random variable. In order to obtain the optimal n, we rewrite (4.83) as:

nE-BLUE = arg min
n

� log (F (n)) + �n; (4.84)

where F (n) is the maximal ratio combining gain, which is de�ned as:

F (n) = 1T
n Q � 1

n 1n =
nX

m =1

[Q � 1
n ]m;m =

nX

m =1


 m ; (4.85)

where 
 m for m = 1 ; :::; M is de�ned in (4.78). Considering that the diagonal elements ofQn are
ordered in a non-decreasing order,
 m is ordered in a non-increasing manner. Thus,� log (F (n)) is a
convex function on n, so the solution of (4.84) is unique. This solution can be found by selecting the
minimum n such that the discrete derivative of the cost function in (4.84) becomes positive:

� log (F (n + 1)) + � (n + 1) � (� log (F (n)) + �n ) > 0; (4.86a)

log
�

F (n)
F (n + 1)

�
+ � > 0; (4.86b)

P n
m =1 
 m

P n +1
j =1 
 j

> e � � ; (4.86c)

(1 � e� � )
nX

m =1


 m > e � � 
 n +1 ; (4.86d)

e� � 1 >

 n +1P n
m =1 
 m

; (4.86e)

yielding the following model order selection criterion:

nE-BLUE = min
1� n � M

n s: t :

 n +1P n
m =1 
 m

< e � � 1: (4.87)

The �nal solution is obtained after plugging nE � BLUE into (4.82). The interpretation of (4.87) is that
the prior information about the reliability of the available sensors has to be used as a threshold on
the relative increment of precision that the (n + 1) -th sensor provides with respect to the precision
achieved with n sensors. In other words, the selected number of sensors is not dependent on any scale
factor on the variances, but on the shape of its cumulative histogram pro�le.

Besides, regarding the resulting threshold, there are two limiting cases that are insightful of the
�nal solution. On the one hand, the higher the reliability of the sensor network, the smaller the
threshold e� � 1 and, consequently, more sensors are admitted. On the other hand, for a �xed" , the
threshold is down-weighted according to(4.71) in the case of a high entropic index� . As a result, it
can be concluded that the Rényi entropy emerges as a trade-o� between precision and reliability in
the presented multisensor fusion problem, being the entropic index,� , the parameter that explicitly
controls this trade-o�. This provides an operational interpretation to the entropic index when the
Rényi entropy is used as a cost function to design a fusion rule in the multisensor fusion problem.

For illustration purposes, Figure 4.3 shows how the number of selected sensors is a�ected by the
degree of contamination for di�erent � and di�erent scenarios of heteroskedasticity (heterogeneity of
sensor qualities). Clearly, it is veri�ed that the number of accepted sensors is generally larger for an
homogeneous set of sensor qualities. Yet, this is not the case for� ! 1+ since the resulting fusion
policy tends to be fully sparse (only one non-zero component). As a general rule, the sparsity of the
resulting fusion policy increases for larger values of� , which is the case where the sensors are more
likely to be contaminated, and for � ! 1+ , being the Shannon entropy case.
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Figure 4.3: Number of selected sensors according to criterion(4.87) for di�erent � and " . Solid: homoscedas-
ticity, 
 m = 
 , 8m; dashed: heteroscedasticity, 
 m = ( M � m + 1) 
 , where 
 > 0 is any scale
factor. The total amount of sensors is M = 250.

4.3.2.2 Correlated case

For a general intersensor covariance,Q, we show that the classical̀ 1 norm relaxation to deal with the
`0 regularized problems in(4.77) is ill-posed. We consider that any alternative formulation of (4.77)
is ill-posed if the limiting cases, i.e. � ! 0 and � ! 1 , do not align with the analysis shown in the
previous subsection. In particular, if the alternative formulation does not yield the minimum variance
solution (see Proposition 4.2) and the best sensor solution for� ! 0 and � ! 1 , respectively, then it is
considered an ill-posed reformulation. In line with the previous survey, we analyze thè1 relaxation of
the `0 norm in (4.77) and show that it is badly conditioned for � ! 1 . With this aim, let us consider
that � ! 1 and let us plug this limit into (4.77). Then, the resulting expression is:

min
f

" (f T Qf ) + jj f jj0 s: t : f T 1M = 1 ; (4.88)

where "(f T Qf ) is a negligible value that ensures that the optimal solution is an all-zeroes vector except
for a single component that is equal to1 corresponding to the sensor with the highest SNR (see(4.78)).
For clarity in the exposition, we ignore the contributions of " (f T Qf ) from now on. If the `0 norm were
relaxed to the `1 norm, (4.88) would have resulted in:

min
f

jj f jj1 s: t : f T 1M = 1 : (4.89)

The previous convex program has an in�nite amount of solutions, some of which are undesired in the
multisensor fusion problem. In fact, solving (4.89) consists in �nding the smallest `1 norm ball such
that it is tangent to the constraint set. In order to �nd the tangent points, let us rewrite (4.89) as
follows:

min
f

signT (f )f s: t : f T 1M = 1 ; (4.90)

where sign(f ) denotes the element-wise sign function. Let us consider the level set of the cost function
in (4.90):

signT (f )f = c; (4.91)

for some positive constantc. Notice that sign(f ) is a vector containing 1 and � 1 depending on the sign
of the respective entry onf . Thus, every level set of the`1 norm is composed by2M surfaces, which
correspond to each possible value ofsign(f ), i.e. each possible orthant inRM . It follows from (4.91)
that one of the surfaces of the`1 level sets is parallel to the constraint set. The previous observation is
seen by restricting the search to the positive orthant, i.e. f � 0M . With the previous constraint, the `1

level set becomes:
1T

M f = c; (4.92)
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which is a plane that is a�ne to the constraint set. It is clear from the previous surface that every
value of f that satis�es:

1T
M f = 1 and f � 0M ; (4.93)

is an optimal solution of (4.90). In Figure 4.4, we show graphically the intuition behind (4.93). The
structure of the previous solution suggests that there is no guarantee that any optimization algorithm
does not yield the naive fusion rule, i.e.f̂ = 1

M 1M , in the limit, which is a contradiction with the initial
analysis of this problem. Consequently, this is a sparse-aware signal processing problem where the`1

norm fails to be an adequate surrogate of an optimization problem that is regularized using thè0. We
remark that it is due to the unitary sum constraint that the previous technique fails in this problem.

Figure 4.4: Graphical representation of (4.93) in R2 . A segment of the constraint set coincides with one of
the faces of the `1 unit norm ball.

As a conclusion, there is no way to avoid a combinatorial optimization search to solve the general
correlation case in (4.77). A combinatorial optimization search algorithm is undesired due to the fact
that its computational cost grows exponentially with M , being the main reason why they are avoided
if possible.

4.4 Conditional Maximum Likelihood-based solution for the
blind fusion and regression problem

In the previous two approaches, we considered that the intersensor covariance,Q, is known. Although
the previous assumption is insightful to study the previously detailed criteria, it hinders the practical
implementation of the resulting fusion scheme. For this reason, in this section we aim to derive a fusion
scheme that not only fuses in a nearly optimal manner the information gathered by the multisensor
dataset, but also performs a regression on the measurements. The rationale behind formulating the
fusion and regression of the sensor measurements in a joint manner will become clear later on. Just
as an anticipation to motivate this fact, it is proven in this section that the inclusion of regression
into the fusion operations o�ers a natural regularization mechanism to the fusion itself. In addition to
the previous property, the proposed fusion scheme also enables the possibility of estimating a measure
of integrity of the measurements, which is one of the main objectives behind the multimodal data
fusion framework [110]. Following from the previous rationale, we are proposing a tight fusion scheme
in contrast to the naive fusion-regression mechanisms, which consists in an initial processing of the
measurements in a sensor by sensor basis (regression operation) and then fusing the results on a
later stage. The idea of tight fusion schemes resonates with the classical tightly-coupled combination
in Global Navigation Satellite System (GNSS) receivers, which was proven to outperform the naive
loosely-coupled combination (naive fusion-regression scheme). See [47], [153] for a comparison between
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loosely-coupled and tightly-coupled schemes. The contributions of this section can also be found in our
published works from [122], [124] and are summarized as follows:

1. As previously stated, we propose to jointly tackle the problem of fusion and regression in a sensor
network. In this regard, we show that the fusion and regression operations are coupled when
there is a lack of statistical knowledge or some violation of the initial assumptions. In particular,
we are interested in the case where there is no direct access to a noise variance estimator, which
happens when the measured pattern is not known. The previously mentioned lack of statistical
knowledge is what motivates the incorporation of the regression into the fusion operation since it
is a necessary step to estimate the intersensor covariance. In fact, when the regression of sensors
is performed in a �rst stage before the fusion operation, the error between the data and the
regressed data, which contains valuable information about the data integrity, is lost in the fusion
process.
With the aim of jointly processing the fusion and regression tasks, we reformulate the fusion and
regression problem in terms oftime invariant parameters, which is grounded on the coupling of a
subspace-based regression technique [49], [91] with an AA fusion of the measurements. One of
the main features of this reformulation is that the curse of dimensionality of the proposed model
is mitigated.

2. We prove that the maximization of the Conditional Maximum Likelihood (CML) function [134],
[160], [164], [166], whose purpose is to estimate the time invariant parameters, yields a particular
expression of the PMEE (see De�nition 2.5) criterion. Indeed, the CML principle can be seen as
an alternative tool to obtain the parameters of the PMEE cost.

One of the main advantages of the previous methodology, in contrast to the ideas presented in
Section 4.3, is that the resulting cost function admits an e�cient implementation of the MM framework.
In this regard, the MM implementation constructs an iterative procedure that estimates the intersensor
covariance and, thus, it assessesthe integrity of the measurements. However, the convergence of the
resulting algorithm is only ensured for a su�cient sample size, as shown in the sequel.

The previous ideas are structured as follows: Subsection 4.4.1 introduces the blind fusion and
regression problem with the aforemetioned joint treatment. In subsections 4.4.2 and 4.4.3, we derive
the PMEE criterion for this problem using the CML principle and we present the MM-based algorithm
for its solution, respectively. Then, we show the conditions for the convergence of the aforementioned
algorithm in Subsection 4.4.4. Finally, in Subsection 4.4.5 we o�er solutions to the non-convergence of
the MM-based algorithm for small sample sizes, while in Subsection 4.4.6 we show numerical simulations
to grasp a better understanding of the whole rationale.

4.4.1 Blind joint fusion and regression problem statement

For the purpose of incorporating the regression task into the multisensor fusion problem in (4.1), we
consider a temporally redundant time series. Inspired by the subspace-based regression [49], [91], we
model N samples ofx(n) as:

x = Bu ; (4.94)

where x 2 RN contains N temporal samples ofx(n), B 2 RN � D is the matrix of regressors,u is a
vector of features andD < N is the intrinsic dimension of the model. The main motivation behind
(4.94) lies in the fact that many sequences can be well approximated by time series of �nite rank [71],
where D is often related to the complexity of the time series [128]. In fact, linear models as the ones in
(4.94) often appear in the subspace-based regression framework [49], [91], from which the Principal
Component Regression [201] is highlighted as the staple approach. While the subspace model of the
measured phenomena de�nes a linear regression model, it is capable of approximating (even with zero
modeling errors) non-linear functions. Some toy examples that are insightful to grasp the intuition
behind the previous observation are found in periodic and polynomial-like functions. In this regard, a
periodic function is perfectly �tted using D = 1 and N equal to the period of said function and, also,
any polynomial-like function is approximated using a spline basis [12], [105]. Essentially, the considered
subspace model in(4.94) is suitable to �t linear and non-linear functions, whose implications are shown
in Subsection 4.4.6. Notice that the intrinsic dimension,D , plays a role in the degree of approximation
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of the original time series.
Let us assume that there areM calibrated sensors that measure the phenomenon of interest described

by (4.94). Then, stacking a batch of N temporal samples of these sensors results in the following
compact model:

Y = x1 T
M + W ; (4.95)

where Y 2 RN � M . The measurement noise matrix of the previous expression is statistically distributed
as follows:

W � MN N;M (0N;M ; I N ; Q); (4.96)

where the identity matrix accounts for the uncorrelation among the rows (time realizations) of W .
For the purpose of providing practical scalability to the processing that is developed from(4.95), we
considerK di�erent realization of the aforementioned compact model. Each realization, which is also
referred to as a measurement block, is given by:

Y k = x k 1T
M + W k = Bu k 1T

M + W k ; (4.97)

where uk is assumed unknown but deterministic (CML framework terminology), accounting for the
variability between blocks, while the noise matrices,W k , are independent and identically distributed
between blocks of samples. The partition of the data inK blocks provides a degree of �exibility to
the overall data processing mechanism, allowing for a better control of the numerical stability that is
added to the natural scalability as the number of available measurements increases. As an example
of a particular practical implementation of the block model in (4.97), one can consider the partition
of a sequence of samples into blocks of consecutive subsamples, with the possibility of using or not
overlapping between blocks, in a similar manner to what it is classically done in spectral estimation
methods. Yet, the consideration of overlapping blocks is out of the scope of this dissertation. Essentially,
the motivation behind the consideration of the previous block model is that it is needed a certain
amount of measurements blocks to be able to identify the matrix of regressors,B , when it is unknown.
The latter idea is justi�ed in Subsection 4.4.3.2.

It is important to highlight the fact that the fusion and regression tasks are based on block
independent parameters, i.e.B and Q. Henceforth, we refer to any parameter that is independent
of the block as atime invariant parameter. This kind of parameters are useful to reformulate the
estimation of xk with as few parameters as possible. WhileB is a clear �rst choice for a time invariant
parameter that is related to the regression of the measurements, we consider a linear fusion policy as in
(4.14) to be the respective fusion parameter. We choose a linear fusion policy instead of the intersensor
covariance,Q, due to the fact that it is more suited for the MM-based algorithm that is developed in
the following subsections, i.e. it yields simpler expressions. In consequence, the resulting fused model is:

sk (B ; f ) = Y k f = Bu k 1T
M f + W k f s: t : 1T

M f = 1 ; (4.98)

where, again, the constraint1T
M f = 1 is needed to achieve an unbiased fusion, i.e.E [sk (B ; f )] = Bu k =

x k . Although parameterization with respect to B would, in principle, su�ce as to get a parameter
dimensionality independent from K , it is important to remark that the incorporation of the redundant
fusion vector, f , is one of the key distinctive aspects of the proposed approach. The optimal values of
B and f are linked when the intersensor covariance is unknown, as expanded later on.

With the previous rationale in mind, the resulting blind sensor fusion and regression problem
consists in the determination of the best fusion policy,f , and of the matrix of regressors,B , using
the available K realizations of the block model in (4.97). We assume that the intersensor covariance
matrix, Q, is unknown, while the intrinsic dimension, D , is considered as a prior information. The
aforementioned prior would mean that the complexity of the measured phenomena time series is known
[71], [128]. Although the intrinsic dimension estimation lies in the model order selection methodology
(see Section 2.3), we consider a �xed value ofD for concreteness and to highlight the novelties of the
proposed methodology.

4.4.2 Derivation of the PMEE criterion from the CML principle

In this subsection, we show the connections between the CML principle and the PMEE criterion (see
De�nition 2.5) for the multisensor fusion problem stated in the previous subsection. This connection is
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obtained after noting that the CML function of the joint likelihood of the sensor noise matrix yields
an equivalent expression to the one from De�nition 2.5. The CML function is de�ned as follows [134],
[160], [164], [166].
De�nition 4.10 (Conditional Maximum Likelihood function) . Let f Y (Y j� ) be the likelihood function
of some random variableY parameterized by� . Then, its CML function is given by f Y (Y j�̂ ) where �̂
is the ML estimator of � . The procedure of obtaining estimator of� and plugging it into the likelihood
is referred to as compressingthe likelihood.
Remark 4.9. We also refer to the log-likelihood function reparameterized by the ML estimator as the
CML function.

We are interested in compressing the likelihood function of the measurements in such a way that
the resulting CML function is parameterized completely by B and f . For this purpose, consider the
log-likelihood function associated toY k , after ignoring additive constants that do not depend on uk , Q
or B :

`Y k (Y k jB ; Q; uk ) = �
N
2

�
log(det(Q)) +

1
N

tr
�
Q � 1(Y k � Bu k 1T

M )T (Y k � Bu k 1T
M )

�
�

; (4.99)

where the normalization with respect to 1
N on the second term is done for convenience. In order to

introduce the linear fusion rule, we �rstly compress the likelihood by substituting the ML estimator of
uk derived from (4.98), denoted asûk (see Appendix 8.2.3):

`Y k (Y k jB ; Q; f ) = `Y k (Y k jB ; Q; ûk ) = (4.100a)

�
N
2

�
log(det(Q)) +

1
N

tr
�
Q � 1(Y k � B (B T B ) � 1B T Y k f1T

M )T (Y k � B (B T B ) � 1B T Y k f1T
M )

�
�

=

(4.100b)

�
N
2

�
log(det(Q)) +

1
N

tr
�
Q � 1(Y k � P B Y k f1T

M )T (Y k � P B Y k f1T
M )

�
�

; (4.100c)

where P B = B (B T B ) � 1B T is the projection matrix of the subspace spanned by the columns ofB .
The remaining parameter to fully compress the likelihood isQ. In light of this, we need the joint
log-likelihood function of all blocks to obtain an estimation of Q that includes as much of the available
information as possible. Given the statistical independence between the noise matrices of di�erent
blocks, the joint log-likelihood is obtained as the summation of the marginal log-likelihood functions of
all the blocks:

`Y (Y jB ; Q; f ) =
KX

k=1

`Y k (Y k jB ; Q; f ) = �
KN

2
log(det(Q)) �

N
2

KX

k=1

tr
�

Q � 1Ĉ k (B ; f )
�

; (4.101)

where:
Ĉ k (B ; f ) =

1
N

(Y k � P B Y k f1T
M )T (Y k � P B Y k f1T

M ); (4.102)

is the sample covariance of thek-th block parameterized by B and f . The ML estimation of Q is
obtained from the maximization of (4.101), which is obtained as follows:

@(̀Y jB ; Q; f )
@Q

= 0M;M ; (4.103a)

�
KN

2
Q � 1 +

N
2

KX

k=1

Q � 1Ĉ k (B ; f )Q � 1 = 0M;M ; (4.103b)

Q̂ML (B ; f ) =
1
K

KX

k=1

Ĉ k (B ; f ): (4.103c)

Plugging (4.103c) into (4.101) yields the fully compressed CML function:

`Y (Y jB ; f ) =
KX

k=1

`Y k (Y k jB ; Q̂ML (B ; f ); f ) = �
KN

2
log(det(Q̂ML (B ; f ))) �

MKN
2

; (4.104)
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whose last term can be ignored since it does not depend onB or f . Finally, the maximization of (4.104)
is what de�nes the �nal criterion. Changing the maximization by a minimization and ignoring additive
constants, the CML criterion is:

B̂ ; f̂ = arg min
f ;B

log(det(Q̂ML (B ; f ))) s: t : f T 1M = 1 ; (4.105)

where the constraint is imported from (4.98) to obtain an unbiased fusion. Notice that the previous
criterion is a particularized expression of De�nition 2.5 for the statistical model given in (4.96). In fact,
the previous rationale shows a possible method to construct the PMEE cost function (for Gaussian
measurements only) using the parameters that are natural to the blind fusion and regression problem.
As shown earlier, these natural parameters are the matrix of regressors,B , and the AA fusion combiner,
f . Optimization problems similar to the previous one have been encountered in other Signal Processing
applications. As an example, we refer to [172, Section 3], where the log-determinant of a parameterized
covariance matrix has been used to provide robustness to the estimation of the Direction of Arrival
(DoA) in the presence of independent interferences.

The cost function in (4.105) can be further parsed by noting that it satis�es the homogeneity
condition of the Grassmann manifold (see (2.46)). Thus, this cost function can be equivalently
optimized with respect to a Grassmann constrained variable. This additional constraint is proven
necessary to derive a globally convergent algorithm. The previous ideas are formalized in the following
lemma.
Lemma 4.5 (Log-determinant of a parameterized sample covariance homogeneity condition). Let
f : RM � RN � D �! R be de�ned as:

f (B ; f ) = log(det( Q̂ML (B ; f ))) : (4.106)

Then, f satis�es the homogeneity condition given in (2.46), which is:

f (B ; f ) = f (BU ; f ); (4.107)

where U 2 GL(D). As a result, f (B ; f ) can be reparameterized by a Grassmann constrained variable in
place of the unconstrained variable,B .

Proof. The homogeneity condition can be veri�ed from the sample covariance estimation. Given the
expression in (4.103c), we only need to proof that the homogeneity condition is ful�lled for every
Ĉ k (B ; f ). Provided that Ĉ k (B ; f ) is parameterized by the projection matrix P B = B (B T B ) � 1B T and
that:

P BU = BU (U T B T BU ) � 1U T B T = BUU � 1(B T B ) � 1U � T U T B T = (4.108a)

B (B T B ) � 1B T = P B ; (4.108b)

for every U 2 GL(D), it is invariant to this linear transformation. As a result, f (B ; f ) satis�es
(4.107). �

The previous lemma ensures that one could always choose any representativeH = BU such that
H T H = I and that HH T = P H = P B , and still obtain the same value of the cost function. Since the
compactness of the sequence generated by an iterative scheme is a necessary condition for its global
convergence (see Section 3.3), we reparameterize (4.105) by adding a constraint on the Grassmann
manifold on the matrix of regressors. This reparameterization certi�es that every iterate of the newly
introduced variable belongs to a compact set. Consequently, the optimization problem that solves the
described problem in this section is:

Ĥ ; f̂ = arg min
H ;f

log(det(Q̂ML (H ; f ))) s: t : f T 1M = 1 ; H 2 Gr(N; D ); (4.109)

where Q̂ML (H ; f ) is now a function of the projection matrix P H = HH T . Notice that the previous
optimization problem links the optimal solution of H and f because these variables are not separable
in (4.109) and, hereby, the previous criterion couples the fusion and regression tasks.
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4.4.3 MM-based algorithm for the blind fusion and regression problem

The �nal criterion in (4.109) consists of the composition of the log-determinant function (which is
concave) with an estimation of the intersensor covariance matrix. While the minimization of a concave
function is already a challenging optimization problem [80], the composition withQ̂ML (H ; f ) hinders
the assessment of the concavity (or g-concavity) of the cost function in (4.109). Unfortunately, we have
to renounce to globally optimal points for these reasons. Even so, although the optimization problem
in (4.109) is non-convex in general, its structure is suited for the block MM algorithm built on the
Grassmann manifold (see Subsection 3.3.4.2). In the following paragraphs, we show the fundamental
steps to construct a block MM algorithm to retrieve the stationary points of (4.109).

The �rst (and most important) step of the block MM algorithm is the construction of the majorant
function. We follow a similar rationale to construct the majorant as in the Concave-Convex Procedure
(CCP) [204], which is, essentially, founded on the same idea as in the �rst-order majorants from
Subsection 3.3.3.1. Indeed, the majorant function of the log-determinant can be derived from the
�rst-order characterization of concave functions (see Theorem 3.1 for concave functions). The cost
function in (4.109) can be upper bounded at thei -th iteration using the Taylor expansion of the
log-determinant:

log(det(Q̂ML (H ; f ))) � log(det(Q̂ML (H i ; f i ))) + tr
�

Z i

�
Q̂ML (H ; f ) � Q̂ML (H i ; f i )

��
; (4.110)

where H i and f i are i -th iterates and:

Z i = Q̂ � 1
ML (H i ; f i ); (4.111)

is the estimation of the intersensor covariance matrix using thei -th iterates. Note that (4.110) holds
becauseQ̂ML (H ; f ) is positive semide�nite. The majorant function is obtained after ignoring additive
constants that do not depend onH or f from the right hand side of (4.110) and, as a result, the
majorant has the following form:

g(H ; f jH i ; f i ) = tr
�

Z i Q̂ML (H ; f )
�

; (4.112)

from which a more explicit expression is derived in Appendix 8.2.4, yielding:

g(H ; f jZ i ) =
KX

k=1

tr
�
H T Y k

�
1T

M Z i 1M � T � 2Z i 1M f T �
Y T

k H
�

; (4.113)

where the dependence withH i and f i is incorporated in Z i for convenience. We refer to [65, Eq. (6)]
for an alternative example of this kind of majorants of the log-determinant function. Still, the joint
optimization of (4.113) with respect to H and f is still challenging due to the coupling between both
variables. This is the reason why a block MM algorithm is chosen instead, whereH and f are the
respective blocks of variables. In this way, the respective majorant of each block is obtained from
(4.113) as:

gf (f jH i ; f i ; Z i ) = g(H i ; f jZ i ); (4.114a)

gH (H jH i ; f i ; Z i ) = g(H ; f i jZ i ); (4.114b)

from where the block MM update equations are:

f i +1 = arg min
f

gf (f jH i ; f i ; Z i ) s: t : f T 1M = 1 ; (4.115a)

H i +1 = arg min
H

gH (H jH i ; f i +1 ; Z i ) s: t : H 2 Gr(N; D ); (4.115b)

Z i +1 = Q̂ � 1
ML (H i +1 ; f i +1 ): (4.115c)

The respective constraints in (4.115a) and (4.115b) are imported from (4.109).
The �nal steps to fully describe our proposed algorithm are the initialization and the stopping

criterion. Regarding the initialization, a primal feasible point for both blocks of variables is necessary
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Algorithm 2 MM-based blind data fusion and blind regression algorithm

Initialization: � , I T , H 0 and f0 = 1
M 1M

1: for i = 1 to I T do
2: R̂ i = 1

K

P K
k=1 Y k f i � 1f T

i � 1Y T
k

3: Compute the eigendecomposition ofR̂ i = U i � i U T
i

4: Set H i as the �rst D columns of U i

5: P H i = H i H T
i

6: C k;i = 1
N (Y k � P H i Y k f1T )T (Y k � P H i Y k f1T )

7: Z i =
�

1
K

P K
k=1 Ĉ k;i

� � 1

8: f i = Z i 1M
1T

M Z i 1M

9: if (jj f i � f i � 1jj2 + darc (H i ; H i � 1) < � ) then
10: Set i � = i
11: Break
12: end if
13: end for
14: return H i � and f i �

to ensure the convergence. A non-informative selection ofH 0 is any realization of a uniform random
distribution on Gr(N; D ) since there is no additional information to select a better one. A simple
experiment that draws a sample from a uniform distribution on Gr(N; D ) is depicted as follows [157,
Section 9.1.1]: generateX 2 RN � D with independent and identically distributed N (0; 1) random
variables. DecomposeX as H 0R using the QR factorization. Then, H 0 is uniformly distributed on
the Grassmann manifold. Other alternatives can also be found in [157, Section 9.1.1]. Concerning the
fusion, it is agnostically initialized with a naive fusion rule, i.e. f0 = 1

M 1M . As for the stopping rule, a
measure of how close the solution is to a stationary point is needed, being simultaneously sensitive to
both the fusion and regression. This measure is given by:

jj f i +1 � f i jj2 + darc (H i +1 ; H i ) < �; (4.116)

where � is the tolerance of the stopping criterion. Note that the previous stopping criterion coincides
with the diminishing di�erence condition of convergence of the MM algorithms [92], [123].

The following subsections focus on the detailed solution of the update equations in (4.115). In each
discussion, we show the conditions in which the solutions of (4.115a) and (4.115b) at each iteration
are unique. The uniqueness of the solution is relevant for the global convergence of the algorithm, as
pointed out in Subections 3.3.2 and 3.3.4. In Algorithm 2, we show a summary of the resulting block
MM algorithm that generates the sequencef H i ; f i gi 2 N from (4.115).

4.4.3.1 Update equation of the fusion rule, f

It is shown in Appendix 8.2.5 that (4.115a) is a Linearly Constrained Quadratic Program (LCQP) on f .
Its expression is given by:

f i +1 = arg min
f

1T
M Z i 1M f T D i f � 2f T D i Z i 1M s: t : f T 1M = 1 ; (4.117)

where D i =
P K

k=1 Y T
k H i H T

i Y k . Note that the previous LCQP is convex sinceD i is always a positive
semide�nite matrix. The solution of (4.117) is retrieved by �nding the stationary point of its Lagrangian,
i.e. solving the following equation:

rL f = D i f � D i
Z i 1M

1T
M Z i 1M

+
� f

1T
M Z i 1M

1M = 0; (4.118)

where rL f is the gradient of the Lagrangian of (4.117) and� f is its equality constraint Lagrange
multiplier. A solution of (4.118) is:

f i +1 =
Z i 1M

1T
M Z i 1M

; (4.119)
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with � f = 0 , as it is already a primal feasible solution because:

1T
M f i +1 =

1T
M Z i 1M

1T
M Z i 1M

= 1 : (4.120)

It is relevant to remark that (4.119) is not the unique minimizer of (4.117) in general. In fact,
(4.118) has a unique solution for a full rankD i . This is satis�ed when there is a su�cient amount of
temporal blocks, i.e. K � M . Yet, the previous solution in (4.119) is preferred in all cases since it
transforms gH (H jH i ; f i +1 ; Z i ), the majorant of H , into:

gH (H jH i ; f i +1 ; Z i ) =
KX

k=1

tr
�
H T Y k

�
1T

M Z i 1M f i +1 f T
i +1 � 2Z i 1M f T

i +1

�
Y T

k H
�

= (4.121a)

KX

k=1

tr
�

H T Y k

�
1T

M Z i 1M
Z i 1M

1T
M Z i 1M

1T
M Z i

1T
M Z i 1M

� 2Z i 1M
1T

M Z i

1T
M Z i 1M

�
Y T

k H
�

= (4.121b)

KX

k=1

tr
�

H T Y k

�
� 1T

M Z i 1M
Z i 1M

1T
M Z i 1M

1T
M Z i

1T
M Z i 1M

�
Y T

k H
�

= (4.121c)

� 1T
M Z i 1M

KX

k=1

tr
�
H T Y k f i +1 f T

i +1 Y T
k H

�
; (4.121d)

which is an insightful expression to obtain the solution of (4.115b).

4.4.3.2 Update equation of the regressors subspace, H

Thanks to (4.121), it can be veri�ed that the solution of (4.115b) is retrieved from the classical PCA
problem [27], [97]. Indeed, the resulting optimization problem from (4.121) yields:

H i +1 = arg max
H

tr
�

H T R̂ i H
�

s: t : H 2 Gr(N; D ); (4.122)

where:

R̂ i =
1
K

KX

k=1

Y k f i f T
i Y T

k ; (4.123)

is the sample correlation matrix of the fused variable (see (4.98)). Note that we exchanged the minimum
for a maximum in (4.122) to account for the negative multiplicative constant from (4.121). It is worth
remarking that the update equation in (4.122) is searching for the signal subspace of the fused variable,
whose information is gathered inR̂ i . This subspace estimation is expected to be improved in each
iteration since f i yields a better fusion for increasingi . While (4.122) can be considered as an heuristic
approach to estimate the regressors subspace, it appears naturally from the block MM rationale.

Invoking Theorems 3.7 and 3.8, we get that the optimal value ofH in (4.122) is given by the
subspace spanned by theD singular vectors corresponding to the largestD singular values ofR̂ i . In
addition, given that R̂ i is positive semide�nite, the previous solution is unique as long as there exists
at least D singular values that are di�erent from 0. This condition is ensured for K � N .

4.4.4 Convergence analysis

In this subsection, we verify that the sequence generated by (4.115), denoted asf H i ; f i gi 2 N, is a
globally convergent one (see De�nition 3.23). With this aim, we particularize the assumptions stated in
Subsections 3.3.2 and 3.3.4.2 from Theorem 3.11 to these update equations. While (B1), (B2) and (B3)
are immediately ful�lled by the construction of the global majorant (see (4.110)), the conditions in which
(B6) is ful�lled are already explored in Subsections 4.4.3.1 and 4.4.3.2. The remaining assumptions are
analyzed as follows.
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(B4) The continuity of the majorants (on all its arguments) is veri�ed from the fact that gf (f jH i ; f i ; Z i )
and gH (H jH i ; f i +1 ; Z i ) are constructed using compositions of continuous functions ofH , f , H i , f i

and Z i .
(B5) It is certi�ed that gH (H jH i ; f i ; Z i ) and gf (f jH i ; f i ; Z i ) (see (4.115)) are g-quasiconcave and

quasiconvex functions, respectively. To this end, we have already shown thatgf (f jH i ; f i ; Z i ) is
convex in Subsection 4.4.3.1, and thus it is also quasiconvex.
Besides, we know from Theorem 3.8 thatgH (H jH i ; f i ; Z i ) is locally g-concave in the following
Grassmann ball:

B �
4

(U s;i ) = f X 2 Gr(N; D ) : � X ;i � � I D g; (4.124)

where U s;i is the subspace spanned by the columns of the singular vectors corresponding to the
largest D singular values, and we denote� X ;i the principal angles betweenX and U s;i . While this
local behavior is expected since this majorant is a smooth function over a Riemannian manifold
(so it cannot be globally g-convex) [28], [44], it is not restrictive for a su�ciently large sample size.
Taking into account equation (4.123) and that each iteration of f i decreases the log-determinant of
the intersensor covariance,H i +1 is obtained from a (relatively) small perturbation of the previous
iterate as long as there exists a unique solution ofgH (H jH i ; f i ; Z i ), as observed numerically in
the sequel. In simpler terms, provided that R̂ i contains the complete information of the signal
subspace, which occurs forK � D , gH (H jH i ; f i ; Z i ) behaves locally as a quasiconcave function
for all i . Note that the distance upper bound in B �

4
(U s;i ) is quite large from the Grassmann

manifold perspective (it is a half-way between orthogonal subspaces).
Now that we assessed the conditions in which the majorants are well-behaved for the block MM

algorithm, the remaining condition that veri�es the global convergence is the compactness off H i ; f i gi 2 N.
Although a common approach in the literature to certify the compactness off H i ; f i gi 2 N is to prove
that the following sublevel set [92], [162]:

Sf =
n

f 2 F; H 2 Gr(N; D ) : log(det(Q̂ML (H ; f ))) � log(det(Q̂ML (H 0; f0)))
o

; (4.125)

is compact, where:
F =

�
f 2 RM : 1T f = 1

	
; (4.126)

we show in Appendix 8.2.6 that Sf is unbounded and, therefore, it is not compact. Instead, we show
that the solutions of the update equations (4.115a) and (4.115b) lie in a compact set, meaning that
f f i gi 2 N and f H i gi 2 N are compact sequences.

Firstly, we assess the compactness off f i gi 2 N. Notice that in (4.119) the norm of the numerator is
upper bounded by:

jjZ i 1jj2 � � 2
1;i M; (4.127)

and that the denominator is lower bounded by:

0 � M� M;i � 1T Z i 1; (4.128)

where � 1;i and � M;i are the maximum and minimum singular values ofZ i , respectively. Mixing the
previous two inequalities, the norm of the iterates, f f i gi 2 N, can be upper bounded by:

jj f i jj2 <
� 2

1;i M

M� M;i
=

� 2
1;i

� M;i
: (4.129)

As a result, the iterates f f i gi 2 N lie in a compact set because of the previous norm upper bound and the
closedness ofF as long asZ i is well-conditioned for all i . This means that the condition number of
every Z i , de�ned as:

#(Z i ) =
� 1;i

� M;i
; (4.130)

where � 1;i and � M;i are the largest and smallest eigenvalues ofZ i , respectively, has a �nite value. In
other words, Z i is a full rank matrix for all i . This latter property is ensured for for K � M . On the
other hand, the Grassmann manifold is known to be a compact subset of theND -dimensional sphere
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[20] and thus the iterates f H i gi 2 N also lie in a compact set. Notice that without the compactness of
the Grassmann manifold, the iterates of the matrix of regressors would not belong to a compact set.
This is a clear advantage of the constrained variable,H , in front of the unconstrained one, B .

As a summary, as long asK � max(M; D ), the algorithm depicted by (4.115) is convergent to a
stationary point of the original problem. The previous lower bound on the sample size ensures that
both majorants have unique minimizers and that all the involved matrices are well-behaved. Note that
the convergence point is a stationary point (and not the global optimum) of (4.109) [123]. Regarding
the convergence rate, it is known that the MM framework su�ers from a sublinear convergence speed
[87, Section 5]. Yet, this convergence speed is reasonable enough to choose the MM framework in
favour of alternative global non-convex optimization algorithms which are known to su�er from a slower
convergence rate [144].

4.4.5 Dealing with small sample sizes

In the convergence analysis of Algorithm 2, we have seen that the MM-based algorithm is sensitive to
the sample size. However, it may not be possible in every practical scenario to gather a su�ciently
large batch of samples. To tackle this issue, we show two di�erent alternatives that alleviate the need
of a su�cient sample size. These two approaches are built upon statistical and structural assumptions
on the intersensor covariance, yielding robust estimators ofQ that are well-behaved for small sample
sizes. In fact, they can also be interpreted as two alternative methods to the one depicted in Subsection
4.4.2 to obtain parameterized estimators ofQ, which are then plugged into the PMEE criterion. In the
following subsections, we survey these alternatives and show that the resulting algorithms maintain the
same structure as the one from Algorithm 2.

4.4.5.1 Diagonal intersensor covariance assumption

Given that the estimation of the intersensor covariance requires the identi�cation of M (M +1)
2 free

parameters, it is intuitive to think that a reduction of the estimated degrees of freedom must improve
the convergence speed. Additionally, it must also require a smaller sample size to achieve its optimal
performance. One way of reducing the free parameters on the estimation of the intersensor covariance
is to enforce a diagonal structure onQ, which only requires the determination of M free parameters.
In the following paragraphs, we derive the estimations ofQ and the majorant of each block of variables
with the assumption that this matrix is diagonal. Considering the diagonal assumption, the ML
estimation of Q is obtained using the following partial derivative (see (4.101) and (4.102)):

@(̀Y jB ; q; f )
@qm

= �
KN

2
q� 1

m +
N
2

KX

k=1

q� 2
m [Ĉ k (B ; f )]m;m = 0 ; (4.131)

where [Q]m;m = qm . Then, the expression of the ML estimation of the diagonal intersensor matrix is:

Q̂D (B ; f ) = Q̂ML (B ; f ) � I =
1
K

KX

k=1

Ĉ k (B ; f ) � I : (4.132)

From this point, the �nal criterion under the diagonal assumption can be derived from two di�erent
perspectives. The �rst one, which emanates from the same rationale as in Subsection 4.4.2, consists
in plugging (4.132) into the joint likelihood given in (4.101). In other words, we compress the
likelihood using the previous estimator of the covariance. In the alternative perspective, we plug
(4.132) into the particularized expression of the PMEE criterion using the statistical model of W k

(see De�nition 2.5 and (4.96)). For both perspectives, the resulting optimization problem under the
assumption of a diagonal intersensor covariance, after performing the previously shown change of
variables (B 2 RN � D �! H 2 Gr(N; D )), yields:

Ĥ ; f̂ = arg min
H ;f

log(det(Q̂D (H ; f ))) s: t : 1T f = 1; H T H = I : (4.133)
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The previous cost function can be rewritten as follows:

log(det(Q̂D (H ; f ))) =
MX

m =1

log

 
KX

k=1

NX

n =1

j[Y k ]n;m � [P H ]n; :Y k f j2
!

; (4.134)

where [Y k ]n;m is the (n; m)-th entry of Y k and [P H ]n; : denotes then-th row of P H . In simpler words,
(4.134) is computing implicitly the Geometric Mean Squared Error (GMSE) [130] of the fusion residuals.

The next step is to show that the previous cost admits a majorant that has a similar expression to
the one in (4.112), so that the resulting algorithm is equivalent to Algorithm 2. Following the same
rationale as in Subsection 4.4.3, the �rst-order majorant of the cost function in (4.133) is:

gD (H ; f jH i ; f i ) = tr
�

ZD;i Q̂D (H ; f )
�

; (4.135)

where:
ZD;i = Q̂ � 1

D (H i ; f i ): (4.136)

Notice that (4.135) is, fundamentally, the same expression in which Algorithm 2 is based, up to
the diagonal correction ofZD;i . In fact, (4.135) also admits the same convergence analysis as shown
in Subsection 4.4.4, except from the fact thatZD;i is well-behaved for allK . The previous property
ensures that the only condition that needs to be ful�lled to verify the convergence of the resulting
algorithm is K � D since it implies that the matrix of regressors can be uniquely identi�ed. Thus, the
diagonal assumption on the intersensor matrix suppresses one of the two constraints on the sample size.

4.4.5.2 Bayesian prior on the sample covariance

In contrast to the diagonal assumption, which is a structural prior on the intersensor covariance matrix,
we also explore the use of statistical priors onQ within the Bayesian framework. We consider the
Inverse Wishart (IW) prior distribution on Q as a way to regularize its estimation. The IW distribution
is denoted asW � 1(	 ; � ), where 	 2 RM � M is the scale matrix and � � M are the degrees of freedom
of this distribution. The PDF of the IW distribution satis�es [196]:

f Q ;IW (Q) / det(Q) � v + M +1
2 exp

�
1
2

tr( 	Q � 1)
�

; (4.137)

while its logarithm, after ignoring additive constants that do not depend on Q, yields:

`Q ;IW (Q) = log( f Q ;IW (Q)) = �
v + M + 1

2
log(det(Q)) �

1
2

tr( 	Q � 1); (4.138)

where, from now on, we consider	 = � I M . Note that if Q follows the IW distribution, then Q � 1 is a
Wishart random matrix [111], [196]. The motivation behind the IW prior is twofold. In one aspect,
the IW, with the considered shape parameter, models the fact that the variances cannot be too high
nor too small. This means that we intend to indirectly impose better numerical conditions on the ML
intersensor covariance estimation from Subsection 4.4.2. Besides, the IW distribution is known to be
the conjugate prior [67] of the matrix normal distribution. The conjugate prior of a distribution is a
PDF such that the resulting posterior distribution (with respect to some parameter) belongs to the
same kind of probability distributions as the likelihood function, e.g. Gaussian posterior and Gaussian
likelihood. This implies that the conjugate prior has a similar structure to the likelihood function. In
the case of a matrix Gaussian likelihood, this is materialized in the fact that the logarithm of the IW
prior (see (4.138)) has a clear dependence with the logarithm of the determinant ofQ and to the scaled
trace of the precision matrix, which is an expression that can be easilymixed with the matrix Gaussian
likelihood. As a result and informally speaking, the conjugate prior is an algebraic convenience in the
Bayesian framework.

For the purpose of obtaining the MAP estimation of Q, let us consider the log-posterior function
using the IW and the likelihood function from (4.101):

`Q jY (B ; Q; f ) = `Y (Y jB ; Q; f ) + `Q ;IW (Q) = (4.139a)
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�
KN

2
log(det(Q)) �

KN
2

tr
�

Q � 1Q̂ML (B ; f )
�

�
v + M + 1

2
log(det(Q)) �

�
2

tr( Q � 1); (4.139b)

where Q̂ML (B ; f ) is de�ned in (4.103c). In Appendix 8.2.7, we show that the previous expression yields:

`Q jY (B ; Q; f ) = �
KN

2

��
1 +

v + M + 1
KN

�
log(det(Q)) + tr

�
Q � 1 ~Q(B ; f )

�
�

; (4.140)

where:
~Q(B ; f ) = Q̂ML (B ; f ) +

�
KN

I M : (4.141)

Following a similar procedure to the one in (4.103), the MAP estimation of Q is:

Q̂ IW (B ; f ) =
�

1 +
v + M + 1

KN

� � 1
~Q(B ; f ); (4.142)

from where the compressed MAPfunction is obtained after plugging Q̂ IW (B ; f ) into `Q jY (B ; Q; f ).
The resulting criterion for the multisensor fusion problem is obtained by maximizing the compressed
MAP function, which is equivalent to the following optimization problem:

B̂ ; f̂ = arg min
B ;f

log
�

det
�

Q̂ML (B ; f ) +
�

KN
I M

��
s: t : f T 1M = 1 ; (4.143)

where we ignored additive and multiplicative constants that do not depend onB or f , and scaled(4.140)
by � 1 to yield a minimization problem. The multiplicative constant from Q̂ IW (B ; f ) has been ignored
sincelog det(� M ) = log(det(M )) + M log(� ) for M 2 RM � M . Again, we prefer to constrain the matrix
of regressors in the Grassmann manifold for the previously mentioned arguments (see Subsection 4.4.4).
After adding the previous constraint, we get the �nal criterion:

Ĥ ; f̂ = arg min
H ;f

log
�

det
�

Q̂ML (H ; f ) +
�

KN
I M

��
s: t : f T 1M = 1 ; H 2 Gr(N; D ): (4.144)

Clearly, the majorant function of the previous cost function is:

gIW (H ; f jH i ; f i ) = tr
�

Z IW;i Q̂ML (H ; f )
�

; (4.145)

where:

Z IW;i =
�

Q̂ML (H i ; f i ) +
�

KN
I M

� � 1

; (4.146)

which also admits the same update equations as those from Algorithm 2.
In the previous rationale, we have achieved two things. On the one hand, we have shown that a

Tikhonov-like regularization (diagonal loading) is achieved for the Bayesian methods that estimate the
covariance matrix using the IW prior. This is specially useful in the proposed algorithm since it is an
alternative approach to mitigate the impact of a small sample size on the covariance matrix estimators.
In contrast to the diagonal prior solution, the larger the sample size, the smaller the contribution of the
regularization term in (4.144). This latter property ensures the asymptotic optimality of the resulting
solution for an in�nite sample size while keeping the robustness in the small sample size scenario.

It is important to highlight the fact that the ideas shown in this subsection can be mixed with
those shown in Subsection 4.4.5.1, yielding a more robust criterion that can also be integrated within
Algorithm 2. In this regard, notice that, after combining the ideas that yield Q̂D (B ; f ) and Q̂ IW (B ; f )
(see(4.132) and (4.142)), the MAP estimation of a diagonally constrained covariance with an IW prior
is:

Q̂R (B ; f ) =
�

1 +
v + M + 1

KN

� � 1
~Q(B ; f ) � I M ; (4.147)
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where ~Q(B ; f ) is de�ned in (4.141). The estimations of H and f that emanate from Q̂R (B ; f ) are
obtained from the following optimization problem:

Ĥ ; f̂ = arg min
H ;f

log
�

det
�

Q̂ML (H ; f ) � I M +
�

KN
I M

��
s: t : f T 1M = 1 ; H 2 Gr(N; D ): (4.148)

The respective majorant function is:

gR (H ; f jH i ; f i ) = tr
�

ZR;i Q̂ML (H ; f )
�

; (4.149)

where, in this case:

ZR;i =
�

Q̂ML (H i ; f i ) � I M +
�

KN
I M

� � 1

: (4.150)

The necessity of the joint consideration of both covariance estimation regularization approaches will
become clear in Subsection 4.4.6.3, where it is shown that the IW prior by itself does not provide any
advantage in terms of performance, whereas the combination of the IW with the diagonal assumption
is the best performing approach in the small sample size regime.

4.4.6 Performance analysis

The purpose of this subsection is to analyze the performance of Algorithm 2 and the two approaches
described in Subsection 4.4.5 by means of numerical simulations. Prior to showing the simulation
results, we �rstly study the expression of the MSE of the fusion utilizing arbitrary estimators of f and
H . Since the performance analysis of the ideas presented in this Section is founded on the MSE of the
fusion, we formally de�ne it as follows.
De�nition 4.11 (Mean Squared Error (MSE) of the fusion). Let H and f be any two particular values
of the subspace of regressors and the fusion policy, respectively, that meet the constraints from(4.109).
Then, the MSE of the fusion is de�ned as:


 (H ; f ) = E
�

1
N

jjx k � x̂ k jj2
2

�
= E

�
1
N

jjx k � P H Y k f jj2
2

�
; (4.151)

where x k and Y k are de�ned in (4.97) from Subsection 4.4.1, andP H = HH T .
Remark 4.10. The previous expected value can be computed usingT MonteCarlo realizations as follows:

~
 (H ; f ) =
1

TKN

TX

t =1

KX

k=1

jj x k;t � P H Y k;t f jj2
2; (4.152)

where x k;t and Y k;t denote the k-th block of the t-th MonteCarlo simulation of the measurements. In
the considered simulations, we approximate
 (H ; f ) using (4.152).

It can be veri�ed that (4.151) has an insightful closed-form solution under some mild assumptions
on the problem depicted in Subsection 4.4.1. Regarding the measured phenomenon, we consider that
each block of measurements is constructed using the model from(4.97). The values ofuk and B are
obtained from realizations of a random vector and a random orthogonal matrix, respectively. They are
such that:

u � N (0D ; 
 u I D ); (4.153a)

B T B = I D ; (4.153b)

where B is obtained from a uniform distribution on Gr(N; D ) (see the initialization of the algorithm
depicted in Section 4.4.3 or [157, Section 9.1.1]). Note that the previous assumptions onuk and B are
not restrictive since the resulting model is capable of approximating any signal whose average power is
equal to D

N 
 u . The latter statement is veri�ed from the fact that the linear model in (4.94) can also
approximate any non-linear function and that:

1
N

E[jjx k jj2
2] =

1
N

E[uT
k B T Bu k ] = 
 u

D
N

= 
 u �; (4.154)
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where:

� =
D
N

; (4.155)

is the temporal redundancy coe�cient. A result of the previous assumptions is that the expression of
the MSE yields (see Appendix 8.2.8 for its derivation):


 (H ; f ) =

 u

N

�
D � tr(cos2(� ))

�
+ � f T Qf ; (4.156)

where � denotes the matrix containing the principal angles betweenB and H . The �rst term in (4.156)
can be further parsed in terms of the Frobenius distance between the projection matrices ofB and H .
Provided that P B = BB T , P H = HH T , and:

D � tr(cos2(� )) = tr( I D � cos2(� )) =
1
2

tr( I D + I D � cos2(� ) � cos2(� )) = (4.157a)

1
2

tr( BB T BB T + HH T HH T � BB T HH T � HH T BB T ) = (4.157b)

1
2

tr( P B P T
B + P H P T

H � P B P T
H � P H P T

B ) =
1
2

jjP B � P H jj2
F = d2

proj (B ; H ); (4.157c)

which is the projection F-norm of the Grassmann manifold [57, Subsection 4.3], the MSE given in
(4.156) is alternatively rewritten as follows:


 (H ; f ) =

 u

N
d2

proj (B ; H ) + � f T Qf : (4.158)

From the previous closed-form expression of the MSE, it is much more clear that each of the two terms in
(4.158) can be related to errors in the fusion and in the regression tasks in a decoupled manner. Clearly,
the �rst term in (4.158) indicates how well the measured phenomenon is approximated. By contrast,
the second term in(4.158) is governed entirely by the intersensor covariance and, as a by-product, it
represents the errors that are caused by the sensors uncertainties. In fact, these terms account for the
bias of the regression model and the variance of the resulting fusion, respectively. In order to obtain a
lower bound of (4.151), we substitute B and fB (see(4.94) and (4.17)) into (4.158), yielding the CRLB
of the joint fusion and regression problem:


 (B ; fB ) =
�

1T
M Q � 11M

; (4.159)

which is proportional to the one given in (4.18). Note that the previous expression holds since
dproj (B ; B ) = 1p

2
jjP B � P B jjF = 0 . Looking at the performance bound in (4.159), it is clear that

the time redundancy coe�cient in the numerator plays an important role on the fusion performance.
Actually, the latter e�ect is totally decoupled from the fusion gain given by the denominator. Moreover,
provided that � is �xed for a given realization, the fusion MSE cannot tend to 0 for an in�nite sample
size. This is due to the fact that the amount of free parameters grows withK , which is the main
drawback of the regression model in(4.97). The latter issue is the reason why a fair comparison with
other known fusion schemes is not possible, e.g. the Kalman �lter.

Considering that the fusion setting depicted in Subsection 4.4.1 depends on too many variables, the
comparison of di�erent fusion scenarios by means of the measure given in De�nition 4.11 is challenging.
For the purpose of facilitating the aforementioned assessment, we resort to an alternative measure built
on the MSE from De�nition 4.11, which is aimed at canceling out the contributions of the multiplicative
constants of the CRLB in (4.159). This new measure is de�ned as follows.
De�nition 4.12 (Normalized Fusion Quality Measure (NFQM)) . Let the MSE be de�ned as in
De�nition 4.11 and let H and f be any two estimators of the fusion and regression time invariant
parameters. Provided thatB and fB are the optimal values of the previous two estimators, the Normalized
Fusion Quality Measure (NFQM) is de�ned as:

i q(H ; f ) =

 (B ; fB )

 (H ; f )

: (4.160)
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Remark 4.11. i q(H ; f ) is bounded in [0; 1], where 1 is its optimal value. This property can be veri�ed
from the fact that the denominator is lower bounded by the numerator.

In the following subsections, we use the NFQM to analyze the numerical performance of the
approaches based on Algorithm 2 for the problem depicted in Subsection 4.4.1. For this purpose, we
describe the common simulation parameters in the upcoming paragraphs.

We simulate the sensor network depicted in Subsection 4.4.1, i.e. the block model given by
Y k = Bu k 1T + W k , using the same assumptions as those that yield(4.158). This means that we set
B as a random sample from a uniform distribution onGr(N; D ). As for the vector of features, we set
uk � N (0; 
 u I ) for a �xed 
 u . Therefore, for each MonteCarlo simulation, we draw samples from the
previous distributions to assign values toB and uk for k = 1 ; :::; K . Regarding the sensors noise, we
consider two types of sensors in terms of their quality: a subset of sensors is modeled using a low noise
power while the remaining sensors are highly contaminated. The previous behavior is described by a
vector of variances,q 2 RM :

q = [ q1; :::; q1| {z }
M g

; q2; :::; q2| {z }
M � M g

]T � 0M ; (4.161)

where there areM g components with varianceq1 = 0 :1 and M � M g sensors with varianceq2 = 100.
Notice that q2

q1
is an indicator of the di�culty of the fusion task and, in this case, we set a scenario

with great variance of sensor qualities (heteroskedastic sensors) to emphasize the loss in performance
of suboptimal fusion policies. For the set of simulations that consider a correlated sensor network,
the intersensor covariance matrix is set to be a pentadiagonal matrix. The physical meaning of the
pentadiagonal intersensor covariance matrix is that it models the correlation between spatially close
sensors. Accordingly, the intersensor cross-covariances are set as follows:

[Q]m;m +1 = [ Q]m +1 ;m =
2
3

�
p

[q]m [q]m +1 ; (4.162a)

[Q]m;m +2 = [ Q]m +2 ;m = [ Q]m +1 ;m � 1 = [ Q]m � 1;m +1 =
1
3

�
p

[q]m [q]m +2 ; (4.162b)

where � 2 [0; 1]. Notice that we have set the correlation coe�cients to be all positive to depict the
most di�cult correlation scenario. Indeed, negative correlation bene�t naive fusion policies, e.g. the
arithmetic mean of the measurements, because of the fact that naively combining negatively correlated
sensors may cancel out their respective noise contributions. Additionally, we compute the expected
value of the MSE of the fusion using2000MonteCarlo simulations and, using the resulting value, we
compute the NFQM. For clarity in the exposition, the remaining parameters are set within a particular
simulation context speci�ed above each �gure.

As for the estimators of the matrix of regressors and the fusion policy, the behavior ofi q(H ; f ) is
studied for several approaches. The considered approaches are the summarized as follows:

1. The CRLB of the time invariant parameters, implying total knowledge of Q (or equivalently, fb)
and B . (Labeled as "CRLB")

2. Estimating f and H via Algorithm 2. (Labeled as "MM")
3. Estimating f and H utilizing the rationale from Subection 4.4.5.1, i.e. assuming thatQ is diagonal.

(Labeled as "MM + diag Q")
4. Using the naive fusion rule (fn = 1

M 1) with the assumption that B is known. (Labeled as "Naive
+ B prior")

5. A similar estimator to 4) with the additional assumption that B is unknown, meaning that PB is
replaced by an identity matrix. (Labeled as "Naive")

6. Estimator of the linear policy and the subspace of regressors that follow the rationale given in
Subsection 4.4.5.2. (Labeled as "IW")

7. The approach that results after mixing the ideas provided in subsections 4.4.5.1 and 4.4.5.2,
resulting from the majorant in (4.149). (Labeled as "IW + diag Q")

8. Averaging the best 200 realizations (the 10th percentile of (4.160)) of the estimator in 2) in terms
of the minimum value of the cost function. (Labeled as "Pseudo-optimal MM")
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9. Similarly to the previous estimator, the estimator that averages the 10th percentile of the resulting
NFQM of the estimator in 3). (Labeled as "Pseudo-optimal MM + diag Q")

The purpose of the naive estimators is to provide a measure of the di�culty of the fusion problem
since these two estimators are the intuitive solution to the sensor fusion problem. In contrast, provided
that there is no known alternative (up to the authors knowledge) of �nding a global optimal solution to
the optimization problem in (4.109), the pseudo-optimal estimators serve as an heuristic way to verify
how far the average performance of the MM-based solutions are from the globally optimal estimators.

4.4.6.1 Asymptotic numerical analysis

In this �rst set of simulations, we are interested in assessing the asymptotic behavior of the previously
mentioned estimators to test whether or not they can achieve the CRLB. For this purpose, we want to
simulate a challenging scenario for both the fusion and the regression tasks. This means thatD is set
to be approximately equal to N

2 , as stated in [175]. The intuition behind the previous value ofD is
that estimating a subspace of dimensionD is equivalent to the estimation of its orthogonal complement
of dimension N � D . Thus, D � N

2 is the case where the subspace estimation requires the largest
amount of degrees of freedom. In �gures 4.5 and 4.6, it is shown the behavior of the NFQM for each of
the aforementioned fusion schemes with respect to the number of blocksK in the uncorrelated and
correlated sensor network, respectively. The dashed red lines in sub�gures 4.5b and 4.6b are placed in
K = D and K = M for illustration purposes. Indeed, these two values ofK are fundamental in the
convergence of the MM algorithm (see Subsection 4.4.4).

(a) Empiric NFQM (b) Iterations.

Figure 4.5: Asymptotic behavior of the MM-based estimators in an uncorrelated sensor network.

The main di�erence between �gures 4.5 and 4.6 is found in the asymptotic behavior of the MM-based
algorithms with and without the diagonal intersensor covariance assumption. As a matter of fact,
it is seen in sub�gures 4.5a and 4.6a that, while all the implementations of the MM algorithm tend
to the CRLB for the uncorrelated sensor network, the diagonally constrained alternative o�ers an
overall better performance in the small sample size regime. This improved performance is expected
because this alternative requires the determination of less parameters. The price to pay is that the
diagonally constrained MM-based solution cannot reach the CRLB in the correlated sensor network case
(see Sub�gure 4.6a) given that its intrinsic assumption does not hold. Regarding the pseudo-optimal
estimators, it is shown in the previously mentioned sub�gures that our proposed approaches are not far
from their pseudo-optimal counterparts. Thus, the convergence to a stationary point o�ered by the
MM-based algorithm is a reasonable solution for the problem at hand. Although, from a rigorous point
of view, the presented pseudo-optimal estimators cannot be assured to be the ones that achieve the
global optimum, the fact that their performance is very close to their respective local schemes sheds
light on the validity of the local and e�cient convergence of the MM-based approaches.

On the other hand, the purpose of sub�gures 4.5b and 4.6b is to numerically verify the convergence of
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(a) Empiric NFQM (b) Iterations.

Figure 4.6: Asymptotic behavior of the MM-based estimators in a correlated sensor network.

the MM-based algorithms. Surprisingly, considering that the convergence analysis shown in Subsection
4.4.4 ensures that the MM-based algorithm converges to a stationary point of the original problem
for K � max(D; M ), unexpected results are found in these sub�gures. Even though the MM-based
algorithms yield terrible results for K < M , notice that the MM-based solutions seem to converge for
K = D (�rst dashed red-line). In fact, this phenomenon also occurs forD � K � M and regardless of
whether it is a correlated or uncorrelated sensor network, i.e. the realizations between the dashed lines,
since the number of iterations is �nite for these values ofK in both of the aforementioned sub�gures.
We conjecture that this phenomenon is caused by the fact that, forK � D , the update equation in
(4.115b) has a unique solution and, thus, subsequent iterates may be obtained by a small step from
the current value of H i (convergence in terms of the iterates). It is important to remark that the
resulting point is not a stationary point of the original problem. This observation highlights the fact
that the convergence of the iterates is not a su�cient condition to yield a globally convergent iterative
optimization algorithm (see De�nition 3.23).

4.4.6.2 Subspace estimation analysis

Up to this point, we have veri�ed that the MM-based algorithms are capable of achieving the CRLB
for an in�nite sample size. Built upon the previous results, we are interested in characterizing the
performance of subspace estimators that infer the subspace spanned by the columns ofB . The purpose
of this assessment is to show that the fusion and regression tasks are coupled for the problem described
in Subsection 4.4.1. Particularly, we assess the impact of the fusion on the estimation of the subspace
spanned by the columns ofB . With the aim at obtaining a benchmark subspace estimator, let us
consider the following sample estimator of the fused variable covariance (see (4.98) and (4.123)):

R̂ =
1
K

KX

k=1

Y k fbf T
b Y T

k ; (4.163)

where fb is the benchmark fusion policy (see (4.17)). Then, the benchmark subspace estimator,H OF ,
is the one spanned by the columns of theD singular vectors corresponding to the greatestD singular
values ofR̂ . Considering that H OF is obtained usingfb, we label this subspace estimator as "Oracle
fusion" in this set of simulations. In fact, the previous estimator is presumed to be close to the Intrinsic
Crámer Rao Bound (ICRB) [174], [175], which is a lower bound on the canonical distance (see 2.77)
between the true subspace and its estimation, of the subspace estimation problem.

For this set of simulations, the number of blocks,K , is �xed to 15. This is a su�ciently large sample
size such that the MM-based algorithm is globally convergent forN = 10 and M = 15. The motivation
behind only considering the large sample size case is that the impact of the small sample size regime
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has already been studied in the previous subsection. As a �gure of merit for the subspace estimation,
we consider the squared projection F-norm of the Grassmann manifold,d2

proj (B ; H ) (see(4.157)). In
this manner, only the contributions of the regression errors in the MSE (see (4.151)) are studied.

(a) Uncorrelated sensor network. (b) Correlated sensor network.

Figure 4.7: Testing the MM-based subspace estimators with respect to the squared projection F-norm of the
Grassmann manifold, d2

proj (B ; H ).

In Figure 4.7, we plot the results of the aforementioned experiment on a correlated and uncorrelated
sensor networks. The general tone of the subspace estimators is that, although it was predicted that
the estimation error of a subspace of dimensionsD and N � D should be equivalent, the projection
F-norm between the true subspace and its estimations has an additional contribution that increases
with D in the multisensor fusion and regression problem, as compared to the ICRB given in [174],
[175]. Interestingly, after comparing Figure 4.7 with the expression of the MSE(4.158), the additional
contribution to the subspace error that increases withD can be explained by the fact that the CRLB
of the fusion errors are weighted by� = D

N . This implies that the fusion errors increase linearly with D ,
which also a�ects the subspace of regressors estimation due to the coupling of the fusion and regression
in Algorithm 2. This coupling of the fusion and regression operations is further highlighted by the
comparison of sub�gures 4.7a and 4.7b, where it is seen that the diagonally constrained MM-based
solution has a higher subspace error in the correlated sensor network case. Again, this is caused by the
fact that the intrinsic assumptions of the diagonally constrained solution does not hold in the correlated
sensor network. Thus, the diagonally constrained solution has increased fusion errors which also a�ect
the matrix of regressors subspace estimation.

4.4.6.3 Testing the small sample size approaches

The purpose of this subsection is to compare the regularization approaches described in Subsection
4.4.5. In this regard, we analyze the asymptotic behavior of the IW and the diagonally constrained
solutions in a correlated and uncorrelated sensor networks. In light of this, this set of simulations
considers the same parameters as those used in Subsection 4.4.6.1, with the exception of the intrinsic
dimension, D , which is set asD = N � 1. The reasoning behind this value ofD is that it depicts the
most di�cult fusion scenario, as seen from the fact that the second term in (4.159) (the CRLB), which
corresponds to the fusion errors, increases linearly withD . We are interested to depict a challenging
fusion scenario since the approaches detailed in Subsection 4.4.5 are targeted towards regularizing
the intersensor covariance estimation. Thus, the potential gains of the regularized approaches are
emphasized in challenging fusion settings.

It is observed in Figure 4.8 that the approaches that consider the diagonal assumption of the
intersensor covariance are the better performing ones in the small sample size regime. Yet, it is also
veri�ed from both sub�gures that the addition of the IW prior to the diagonal assumption results in
the best regularized approach for the challenging fusion scenario. Besides, it is also evidenced that the
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