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Abstract

The deployment of 5G and 6G wireless networks enforces a paradigm shift in communication
system design, driven by the move towards sub-THz frequencies and extremely large antenna
arrays. These advancements leave traditional channel modeling—which often relies on
far-field assumptions and neglects electromagnetic interactions between antenna elements—
physically inconsistent. Furthermore, the overhead associated with acquiring instantaneous
channel state information (CSI) in massive multiple-input multiple-output (mMIMO) systems
presents a critical bottleneck, particularly for low-latency or high-mobility communications.

This thesis addresses the aforementioned challenges by developing a framework for the
design and analysis of noncoherent wireless communication systems that operate solely
with statistical, rather than instantaneous, CSI. The core of this work is the establishment of
a physically consistent channel model that accurately incorporates the effects of near-field
spherical wavefronts and mutual coupling. We demonstrate that these complex physical
phenomena can be effectively captured within a correlated Rayleigh fading model, providing
a tractable yet realistic foundation for system analysis.

Using this framework, we investigate the performance of one-shot, energy-based commu-
nication schemes, which are particularly well suited for low-latency applications. A key
result is the existence of a fundamental error floor at high signal-to-noise ratio (SNR) for
constellations with more than two energy levels when no CSI is available at the transmitter.
However, we also prove that this error vanishes as the number of receiver antennas grows,
highlighting the channel hardening benefits of massive arrays.

A widely adopted receiver in energy-based noncoherent systems is the so-called energy
detector. Although it is optimal under uncorrelated fading, its performance degrades sig-
nificantly in correlated channels. To address this limitation, we introduce a novel class of
quadratic detectors, including the best quadratic unbiased estimator (BQUE) as well as a
practical implementation called assisted BQUE. These detectors leverage statistical CSI to
achieve near-optimal performance. Furthermore, two strategies for enhancing reliability are
proposed and evaluated: a constellation design methodology that minimizes the analytical
symbol error rate by leveraging statistical CSI at the transmitter, and a permutational index
modulation (PIM) scheme that introduces coding gain with minimal complexity.

Finally, the thesis explores the impact of model mismatch, revealing that noncoherent systems
exhibit greater robustness to mutual coupling than their coherent counterparts. We also
demonstrate that wavefront curvature can be exploited well beyond the classical Fraunhofer
distance. Moreover, we show that large antenna arrays enable the multiplexing and low-
complexity detection of multiple users, even when employing noncoherent processing.



Resum

El desplegament de les xarxes sense fils 5G i 6G imposa un canvi de paradigma en el disseny
dels sistemes de comunicació, impulsat per l’avenç cap a les freqüències sub-THz i les
agrupacions extremadament grans d’antenes. Aquests avenços deixen la modelització de
canal tradicional —que sovint es basa en hipòtesis de camp llunyà i negligeix les interaccions
electromagnètiques entre antenes— físicament inconsistent. A més a més, la càrrega associada
a l’adquisició de la informació del canal (CSI) instantània en sistemes amb canal d’entrada i
sortida múltiples massius (mMIMO) representa un coll d’ampolla crític, especialment per a
comunicacions de baixa latència o alta mobilitat.

Aquesta tesi afronta els reptes anteriors mitjançant el desenvolupament d’un marc per al
disseny i l’anàlisi de sistemes de comunicació sense fils no coherents que operen únicament
amb CSI estadística, en lloc d’instantània. El nucli d’aquest treball és l’establiment d’un model
de canal físicament consistent que incorpora amb precisió els efectes de les ones esfèriques
en camp proper i de l’acoblament mutu. Demostrem que aquests fenòmens físics complexos
poden ser representats de manera efectiva dins d’un model d’esvaïment de Rayleigh correlat,
proporcionant una base tractable però realista per a l’anàlisi del sistema.

Amb aquest marc, investiguem el rendiment d’esquemes de comunicació de tir únic basats
en energia, especialment adequats per a aplicacions de baixa latència. Un resultat clau és
l’existència d’un terra d’error a relacions senyal-soroll (SNR) altes, per a constel.lacions amb
més de dos nivells d’energia i quan no hi ha CSI al transmissor. Tanmateix, també demostrem
que aquest error desapareix a mesura que creix el nombre d’antenes receptores, destacant
els beneficis de l’enduriment de canal quan s’utilitzen agrupaments massius d’antenes.

Un receptor habitual en sistemes no coherents basats en energia és l’anomenat detector
d’energia. Tot i que és òptim en esvaïment incorrelat, el seu rendiment es deteriora consi-
derablement en canals correlats. Per superar aquesta limitació, introduïm una nova classe
de detectors quadràtics, incloent-hi el millor detector quadràtic no esbiaixat (BQUE) i una
implementació pràctica anomenada BQUE assistit. Aquests detectors aprofiten la CSI estadís-
tica per assolir un rendiment gairebé òptim. A més, es proposen i s’avaluen dues estratègies
per millorar la fiabilitat del sistema: un mètode de disseny de constel.lacions que minimitza
la probabilitat d’error aprofitant la CSI al transmissor, i un esquema de modulació amb
permutació d’índexs (PIM) que introdueix guany de codificació amb una complexitat mínima.

Finalment, la tesi revela que els sistemes no coherents són més robustos a l’acoblament mutu
que els coherents. També demostrem que la curvatura del front d’ona és aprofitable més
enllà de la distància de Fraunhofer. Així mateix, les grans agrupacions d’antenes permeten
multiplexar i detectar usuaris amb baixa complexitat, inclús amb processament no coherent.
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𝛼 , 𝑎 Scalar

a Column vector

A Matrix
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[A]𝑖,∗ All elements in 𝑖-th row of A

[A]∗,𝑗 All elements in 𝑗-th column of A

ℜ(𝑎) Real part of a complex number 𝑎

ℑ(𝑎) Imaginary part of a complex number 𝑎

|𝑎| Absolute value of 𝑎

𝑎∗ Complex conjugate of 𝑎

‖a‖𝑝 𝑝-norm of vector a
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tr(A) Trace of matrix A

rank(A) Rank of matrix A

|A| Determinant of matrix A
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argmax
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argmin
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𝑓 (𝑥) Value of 𝑥 that minimizes 𝑓 in the set 𝒳

a, 𝗮, 𝗔 Random variables

𝑎̂ Estimate of 𝖺

P(⋅) Probability function

𝒩 (b,C) Normal distribution with mean b and covariance matrix C

𝒞𝒩 (b,C) Complex normal distribution with mean b and covariance matrix C

F𝜒 2(⋅ ; 𝑛) Cumulative distribution function of a chi-squared random variable with
𝑛 degrees of freedom
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var(⋅) Variance
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MSE(⋅) Mean squared error
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CHAPTER1
Introduction

Communication can be defined as the capacity to transmit information from a source to a re-
ceiver. Human beings have been able to communicate through long distances for years using
methods such as smoke signals, or since the 19th century with electrical telecommunication
systems such as the telegraph [1].

Nevertheless, it was not until the following century that a mathematical basis for communi-
cation was established. This milestone was achieved by Claude Shannon in 1948, with his
seminal work “A mathematical theory of communication” [2]. Since then, communication
systems have continuously evolved, new standards have been released and data rates have
incremented drastically.

Current communication systems, however, are not only expected to offer very high data
rates but also to accommodate a large number and variety of devices such as mobile phones,
sensor networks or even vehicles [3]. For 5G systems, the International Telecommunication
Union (ITU) already identified three use cases [4]:

• Enhanced mobile broadband (eMBB): this mode is an extension of the existing
4G long term evolution (LTE) broadband services. Its goal is to provide higher data
rates (up to 10Gb/s in uplink and 20Gb/s in downlink) in very dense areas to allow
applications such as augmented reality or video streaming.

• Ultra-reliable and low-latency communication (URLLC): critical communications
such as autonomous vehicles, vehicle to everything (V2X), and remote surgery must
have very low latency (≤ 5ms, end-to-end) and error rate (≤ 10−5). In this mode, data
is usually transferred in small packets.

• Massive machine-type communication (mMTC): to support sensor networks
and industrial internet of things (IIoT), systems must be able to accommodate a large
number of devices (∼106 devices/km2) with low data rate and energy requirements.

In order to fulfill these requirements, the 5G standard considers operating in extremely high
frequency (EHF) bands (i.e. mmWave), mostly underutilized due to its high atmospheric
attenuation. Another key technology that has already been implemented in 5G is massive
multiple-input multiple-output (mMIMO), which consists in deploying a large number of
antennas (up to a few hundred) at the base stations (BSs). In mMIMO, the spectral efficiency
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(SE) grows monotonically with the number of antennas and the spatial resolution increases [5],
which means that sensing capabilities of the array, data rate and link reliability also increase.

Nevertheless, these technologies alone are insufficient to address the demands of next-
generation wireless communications, particularly the 6G use cases announced by the ITU
in 2023 [6]. Specifically, three extensions of the 5G usage scenarios are envisioned: im-
mersive communications (eMBB+), massive communication (mMTC+), and hyper-reliable
low-latency communications (URLLC+). In addition, three entirely new use cases are intro-
duced: integrated sensing and communications (ISAC), integrated artificial intelligence and
communications, and ubiquitous connectivity [7].

Figure 1.1: Usage scenarios of 5G (IMT-2020) and 6G (IMT-2030).

Source: ITU-R M.2160-0 [6].

Two strategies proposed to address these new scenarios are to further increase the number
of antennas—either by building larger arrays or by placing them more densely—and to raise
the operating frequency to the sub-THz bands [3], [7], [8]. Inevitably, such approaches
result in near-field propagation conditions, and when antennas are spaced closer than half a
wavelength, mutual coupling effects in the array must also be taken into account.

On the other hand, the massive number of antennas imposes significant complexity con-
straints on channel state information (CSI) acquisition, especially in frequency-division
duplex (FDD) systems where channel reciprocity does not hold. In time-division duplex
(TDD), by contrast, performance is instead limited by the number of users, which in mMTC
scenarios is expected to be very large. Thus, regardless of the duplexing scheme, CSI acquisi-
tion remains a major challenge in future wireless communications, and developing efficient
or complementary strategies for it is central to the design of 6G networks.
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1.1 Scope

This dissertation addresses the design and performance of wireless communication systems
that operate with statistical, rather than instantaneous, CSI. This paradigm, in which the
receiver lacks knowledge of the instantaneous CSI, is usually referred to as noncoherent
communications. In early analog communication systems, the term noncoherent indicated
that the receiver had no knowledge of the channel phase. Indeed, the first mobile systems
were noncoherent due to technical limitations; however, as soon as technology advanced
sufficiently, systems began to exploit phase information, since doing so is more robust to
additive noise [9, Appendix D].

Recent studies [3], [10], [11] have pointed out that noncoherent communication may play a
critical role in future wireless networks. This renewed interest stems from the observation
that operating without full instantaneous channel knowledge can substantially reduce the
overhead traditionally required for channel estimation. Such overhead becomes particularly
significant in systems with very large antenna arrays or in environments characterized by
rapid channel variations [12]. Among the different noncoherent approaches—i.e. differential
schemes, Grassmannian signaling and energy detection (see section 2.4.1)—our investigation
focuses specifically on one-shot, energy-based communication schemes. These schemes rely
on channel statistics rather than instantaneous channel knowledge, making them particularly
well suited for short-packet, ultra-low-latency applications such as the IIoT [13].

For these reasons, recent works have begun to focus on improving the SE of noncoherent
systems [10], [14]–[16]. A central challenge, however, is that many of these analyses still
rely predominantly on the isotropic Rayleigh fading model. This assumption is physically
inconsistent with the propagation characteristics envisioned for 6G, such as transmissions
in the sub-THz bands and the use of extremely large or dense antenna arrays. In such
scenarios, phenomena like sparse scattering, wavefront curvature in the near field, and
mutual coupling between antenna elements become dominant, inducing significant and
structured channel correlation [8], [17], [18]. Failing to account for these features can lead
to design inconsistencies, such as underestimating system performance or mispredicting
array behavior. Furthermore, the short channel coherence time associated with the small
operating wavelengths in the sub-THz bands aggravate the challenges of channel estimation.

Motivated by these challenges, the core contribution of this thesis is twofold. First, we
develop a physically consistent channel modeling framework that rigorously incorporates
near-field propagation and mutual coupling effects. We demonstrate that these complex
physical interactions can be effectively captured within a generalized correlated Rayleigh fad-
ing model. Second, using this robust framework, we conduct a thorough analysis of one-shot
energy-based noncoherent systems. A substantial part of this thesis is consequently devoted
to investigating their fundamental performance limits, proposing novel detection schemes,
and developing performance enhancement techniques under these realistic, arbitrarily cor-
related channel conditions. Furthermore, we examine the performance of communication
systems that rely on model-based receivers, and compare the behaviors predicted by physi-
cally consistent models with those obtained from classical models that ignore fundamental
characteristics of the wireless propagation channel.
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1.2 Organization and contributions

The present thesis is organized into seven chapters: an introduction, a state-of-the-art review
(which also includes a novel contribution in chapter 3), three core chapters forming the main
body of the work, and a final chapter that concludes the thesis and discusses future research
lines. In what follows, we briefly summarize the contents of each chapter and outline the
technical works on which they are based:

• Chapter 2 introduces different models of wireless channels in the near field. It also
discusses the main effects of mobility, such as fading, and their implications for channel
estimation. Finally, it presents the noncoherent communication paradigm along with
its most common approaches.

• Chapter 3 focuses on the phenomenon of mutual coupling that arises when different
antennas in an array interact. In particular, the study leverages the multiport com-
munication theory framework, which is introduced in its most general form in this
same chapter. Furthermore, a novel analysis of the coupling effects from the receiver
to the transmitter is presented. The importance of this contribution is that, under the
assumption of no coupling from the receiver to the transmitter, the communication
channel can still be modeled as a correlated Rayleigh fading channel.

The work presented in this chapter has resulted in the following publications:

– A. Martí, J. Riba, M. Lamarca, and X. Gràcia, “Asymptotic analysis of near-field
coupling in massive MISO and massive SIMO systems”, IEEE Communications
Letters, vol. 28, no. 8, pp. 1929–1933, 2024.

• Chapter 4 focuses on one of the three most widely used noncoherent communication
approaches: energy detection. The performance of one-shot systems over channels
with correlated Rayleigh fading and colored Gaussian noise is carefully analyzed. We
provide a theoretical study of the limitations of unipolar pulse-amplitude modulation
(PAM), revealing the existence of a fundamental error floor at high signal-to-noise ratio
(SNR) for constellations with more than two energy levels when no (statistical) CSI is
available at the transmitter. Finally, we introduce a design framework for quadratic
detectors, together with the analytical expression of their asymptotic symbol error
probability.

The work presented in this chapter has resulted in the following publications:

– M. Vilà-Insa, A. Martí, J. Riba, and M. Lamarca, “Quadratic detection in nonco-
herent massive SIMO systems over correlated channels”, IEEE Transactions on
Wireless Communications, vol. 23, no. 10, pp. 14 259–14 272, 2024.

• Chapter 5 introduces two techniques to improve the reliability of the one-shot schemes
presented in the previous chapter. The first approach proposes an optimization method
to design constellations that minimize the asymptotic symbol error probability derived
in chapter 4, assuming statistical CSI is available at the transmitter (CSIT). The second
introduces a coding technique based on permutational index modulation (PIM) that
embeds information in the ordering by which a set of values is mapped onto different
subcarriers, relying only on statistical CSI at the receiver (CSIR).
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The work presented in this chapter has resulted in the following publications:

– A. Martí, M. Vilà-Insa, J. Riba, and M. Lamarca, “Constellation design for quadratic
detection in noncoherent massive SIMO communications”, in 2024 IEEE 25th
International Workshop on Signal Processing Advances in Wireless Communications
(SPAWC), Lucca, Italy, 2024, pp. 566–570.

– M. Vilà-Insa, A. Martí, M. Lamarca, and J. Riba, “Low-complexity detection of
permutational index modulation for noncoherent communications”, IEEEWireless
Communications Letters, vol. 14, no. 10, pp. 3059–3063, 2025.

• Chapter 6 analyzes the error probability of receivers employing parametric models
in the presence of model mismatch, with special emphasis on energy-based schemes.
Two main scenarios are considered: in the first, a base station (BS) equipped with
a densely packed antenna array detects the signal of a single user while neglecting
mutual coupling. In the second, we consider a multiuser environment where users may
be located in either the near field or the far field. A spatial channel correlation model
valid in both regions is adopted. With this model, we demonstrate that energy-based
noncoherent systems can exploit the curvature of spherical wavefronts even beyond
the Fraunhofer distance. Furthermore, we show that large antenna arrays enable
near-optimal detection at low computational complexity.

The work presented in this chapter has resulted in the following publications:

– A. Martí, L. Sanguinetti, J. Riba, and M. Lamarca, “Coherent and noncoherent
detection in dense arrays: Can we ignore mutual coupling?”, in 2025 33rd European
Signal Processing Conference (EUSIPCO), Palermo, Italy, 2025, pp. 2027–2031.

– A. Martí, L. Sanguinetti, M. Lamarca, and J. Riba, “Harnessing wavefront cur-
vature and spatial correlation in noncoherent MIMO communications”, IEEE
Wireless Communications Letters, vol. 14, no. 8, pp. 2461–2465, 2025.

• Chapter 7 concludes the thesis and outlines potential directions for future research.

Other contributions

The author of this thesis has also contributed to the following works during the PhD:

• A. Martí, J. Portell, J. Riba, and O. Mas, “Context-aware lossless and lossy compression
of radio frequency signals”, Sensors, vol. 23, no. 7, 2023.

• A. Martí, F. de Cabrera, and J. Riba, “On the estimation of Tsallis entropy and a novel
information measure based on its properties”, IEEE Signal Processing Letters, vol. 30,
pp. 818–822, 2023.

A complete outline of the thesis is depicted in figure 1.2.
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CHAPTER2
Foundations of wireless propagation

The behavior of a communication channel—whether wireless or not—is fundamentally
governed by the laws of physics, particularly Maxwell’s equations [18], [27]. While solving
these equations yields accurate channel models, the resulting expressions are too complex
and difficult to work with directly. Fortunately, they can be simplified and adapted to specific
scenarios, enabling practical application in communication system design [8].

Traditional communication systems typically assumed uniform planar waves, which signifi-
cantly simplified modeling. However, in modern systems operating at high frequencies or
employing large arrays—either physically or in number of antennas—, such approximations
are no longer valid and more accurate models are needed to capture previously negligible
effects [7], [8], [28].

At the same time, the wireless medium is not only shaped by deterministic field regions
but also by random variations introduced by the environment and user mobility. Large
obstacles block or attenuate signals, producing shadowing [29, Sec. 3.3]. Multipath reflections,
diffractions, and scatterings combine causing rapid fluctuations in received power and
phase [29, Sec. 3.4].

This chapter reviews these foundations from physical laws to mobile channel models. We
begin by examining the near-field and far-field regions, focusing on wavefront curvature and
its implications for antenna arrays. We then introduce channel modeling approaches that
account for spherical, parabolic and planar wavefronts. Finally, we connect these physical
models to mobile communication scenarios and we discuss how these effects shape the
distinction between coherent and noncoherent communications.

2.1 Electromagnetic field regions

First of all, we examine the regions of the electromagnetic field around a radiating object,
such as an antenna or an array. Traditionally, three regions have been defined: the reactive
near field, the radiative near field and the far field [30, Sec. 2.2.4]. However, more recent
literature in communication theory further subdivides the radiative near field in uniform and
nonuniform regions, depending on whether power variations, in addition to phase variations,
must be accounted for in the modeling [7], [28].
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It is important to note that these regions are not physically real, in the sense that they arise
as a convenient way to simplify the electric field expression in non-trivial antennas, as we
shall see next.

2.1.1 Electrically small antennas
We begin by considering a thin antenna of length 𝑙, located along the 𝑧 axis, and operating
at wavelength 𝜆. Such an antenna is said to be electrically small when 𝑙 ≪ 𝜆. Assuming a
uniform current density, the electric field at a distance 𝑟 perpendicular to the propagation
direction is

𝐸(𝑟) =
j𝜂𝐼1𝑙
2𝜆𝑟

e−j𝑘𝑟(1 −
j
𝑘𝑟

− 1
(𝑘𝑟)2

), (2.1)

where 𝑘 = 2𝜋/𝜆 is the angular wavenumber, 𝜂 is the impedance of free space and 𝐼1 is the
antenna driving current. This expression corresponds to the polar component of the electric
field radiated by a Hertzian dipole, which is described in detail in section 3.2.1.

The term in parentheses represents the so-called evanescent waves, which do not contribute
to radiated power but only to reactive power. In many practical scenarios, this term can be
omitted, since it approaches 1 when 𝑘𝑟 ≫ 1 [30, Sec. 4.2.2]:

|1 −
j
𝑘𝑟

− 1
(𝑘𝑟)2

|
2
= 1 − 1

(𝑘𝑟)2
+ 1
(𝑘𝑟)4

≈ 1, 𝑟 ≥ 2𝜆. (2.2)

Therefore, the electric field at 𝑟 ≥ 2𝜆 can be approximated by

𝐸(𝑟) =
j𝜂𝐼1𝑙
2𝜆𝑟

e−j𝑘𝑟 =
𝐸0

√4𝜋𝑟
e−j𝑘𝑟 , 𝐸0 ∈ ℂ, (2.3)

which corresponds to the field of a spherical wave. The zone where this approximation is
valid is referred to as the far field, whereas the region 𝑟 ≤ 𝜆 is the near field and 𝜆 < 𝑟 < 2𝜆
is the transition zone of the electrically small antenna [8], [30, Sec. 4.2].

2.1.2 Electrically large antennas

To illustrate the behavior of electrically large antennas,1 we consider an electrically small
antenna located at (𝑥, 𝑦 , 𝑧) transmitting toward an antenna of length 𝐷 > 𝜆 centered along
the 𝑧 axis, as sketched in figure 2.1.

For now, assume that communication takes place in the radiation zone [30, Sec. 4.2], so that
the evanescent waves term can be neglected. In this case, the electric field at a point (0, 0, 𝑧′)
of the receiving antenna corresponds to that of a spherical wave:

𝐸(𝑥, 𝑦 , 𝑧) =
𝐸0

√4𝜋𝑅2
e−j𝑘𝑅, 𝑅 = √𝑥

2 + 𝑦2 + (𝑧 − 𝑧′)2. (2.4)

The field regions arise from subsequent approximations of 𝑅, by limiting the maximum phase
and amplitude errors across the antenna. Expanding the expression of 𝑅 in (2.4), it can be
written as

𝑅 = √𝑥
2 + 𝑦2 + (𝑧 − 𝑧′)2 = √𝑟

2 + (−2𝑟𝑧′ cos 𝜃 + 𝑧′2), (2.5)

1An electrically large antenna can be modeled as a combination of many electrically small antennas [30,
Ch. 4].
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Transmitter

Wavefront

𝑟

Receiver

𝑅

𝐷/2

𝐷/2

Figure 2.1: A point-source transmitter impinging on an aperture receiver located at a distance 𝑟 with
an angle of incidence 𝜃 = 𝜋/2 rad. The resulting wavefront curvature at the receiver is illustrated.

where 𝑟 = √𝑥2 + 𝑦2 + 𝑧2 and 𝑧 = 𝑟 cos 𝜃 , with 𝜃 the inclination angle of the source.

Using the binomial expansion [31, Ch. 23], (2.5) can be written as

𝑅 = 𝑟 − 𝑧′ cos 𝜃 + 1
𝑟
(𝑧

′2

2
sin(𝜃)2) + 1

𝑟2
(𝑧

′3

2
cos 𝜃 sin(𝜃)2) + ⋯ (2.6)

It is worth mentioning that (2.3) is obtained by considering only the first term in (2.6), which
is equivalent to setting 𝑧′ = 0 due to the antenna being electrically small.

Far-field approximation

The next logic step is to consider not only the first term of the expansion but also the
second one, so 𝑅 ≈ 𝑟 − 𝑧′ cos 𝜃 . The maximum error introduced with this approximation
is 𝐷2/8𝑟 , which corresponds to the maximum of the third term in (2.6) when 𝑧′ = 𝐷/2 and
𝜃 = 𝜋/2 rad [30, Sec. 4.4.1].

A known result from antenna theory is that phase errors below 𝜋/8 rad can be neglected
when analyzing antenna parameters [30, Sec. 4.4.1], so it must be fulfilled that

𝑘𝐷2

8𝑟
≤ 𝜋

8
⟹ 𝑟 ≥ 2𝐷2

𝜆
= 𝑑F. (2.7)

This distance is the Fraunhofer distance and sets the boundary between the near field and
the far field.

As for power–or, equivalently, amplitude—variations, the maximum variation is given by

𝑟2

(𝑟 + 𝐷2

8𝑟 )
2 , (2.8)

which is the ratio between the approximated value of 𝑅2 at the center of the antenna and the
value at the edge.

Different uniform-power distance definitions have been proposed in literature [7]. For
instance, in [32], [33], the Björnson distance 𝑑B = 2𝐷 was proposed, which yields a maximum
power variation of approximately 0.94. Since 𝑑F = 𝑑B

𝐷
𝜆 ≥ 𝑑B for 𝐷 > 𝜆, power variations
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become negligible in the far field of an electrically large antenna, and the wave can be
approximated as planar. In what follows, when referring to a generic uniform-power distance,
we denote it by 𝑑UP.

In conclusion, assuming that 𝑟 ≥ 𝑑F, the far-field approximation can be summarized as

𝑅 ≈ 𝑟 for amplitude terms, (2.9)
𝑅 ≈ 𝑟 − 𝑧′ cos 𝜃 for phase terms. (2.10)

Near-field approximation

The situation changes when the observation point is located at a distance 𝑟 < 𝑑F, since the
phase error becomes greater than 𝜋/8 rad. In this case, the third term in (2.6) must also be
retained:

𝑅 ≈ 𝑟 − 𝑧′ cos 𝜃 + 1
𝑟
(𝑧

′2

2
sin(𝜃)2). (2.11)

The maximum approximation error then occurs when the first neglected term (i.e. the fourth
term in the expansion) reaches its maximum value. By differentiating this term with respect
to 𝜃 and setting the derivative to zero, one finds that the maximum error occurs at 𝑧′ = 𝐷/2
and 𝜃 = arctan(±√2), as shown in [30, Sec. 4.4.2]. Thus,

𝑘
𝑟2
𝐷3

16
⋅ cos(arctan(±√2)) sin(arctan(±√2))

2
= 𝜋

12√3
⋅ 𝐷

3

𝜆𝑟2
≤ 𝜋

8
, (2.12)

which yields

𝑟 ≥ 0.62
√
𝐷3

𝜆
= 𝑑r. (2.13)

This distance is known as the Fresnel distance and defines the boundary between the reactive
and the radiative near field or Fresnel region [30, Sec. 4.4.2].

In the radiative near field, power variations cannot always be neglected. Comparing the
Fresnel distance with the Björnson distance,

0.62√𝐷3/𝜆
2𝐷

= 0.31
√
𝐷
𝜆
≥ 1 ⟺ 𝐷 ≥ 10.41𝜆. (2.14)

Therefore, power variations in the radiative near field can be ignored only when 𝐷 ≥ 10.41𝜆.
In classical antenna theory, no distinction is made regarding whether amplitude (or power)
variations across the antenna aperture should be accounted for or not. However, from
a communication-oriented modeling and analysis perspective, this distinction becomes
relevant. We will therefore examine it in more detail in section 2.2.

A final note regarding the region 𝑟 < 𝑑r is required. This region is usually referred to as
the reactive near field, where reactive power components cannot be ignored. In this case,
evanescent waves must be included in the analysis, and the wavefront is no longer spherical.
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2.1.3 Arrays of electrically small antennas
Finally, instead of a receiver with a single electrically large antenna, consider an array of
electrically small antennas, with maximum aperture 𝐷, centered at the origin. If the distance
between transmitter and receiver is 𝑟 = √𝑥2 + 𝑦2 + 𝑧2 ∈ [max(𝑑r, 𝑑UP), 𝑑F), the electric field
at the receiver can be approximated by

𝐸(𝑥, 𝑦 , 𝑧) =
𝐸0

√4𝜋𝑟
e−j𝑘𝑅, 𝑅 = √(𝑥 − 𝑥′)2 + (𝑦 − 𝑦 ′)2 + (𝑧 − 𝑧′)2, (2.15)

with (𝑥′, 𝑦 ′, 𝑧′) a coordinate in the array surface.

In other words, power variations are negligible over the array but phase differences remain
significant. Although this expression is equivalent to that for an electrically large antenna
in the Fresnel region (see (2.4) for 𝑟 ≥ max(𝑑r, 𝑑UP)), the key difference is that, in this case,
every antenna in the array is electrically small, hence they are located in the far field of the
transmitter [32], [34].

The previous feature allows for array processing analysis—such as beamforming—similar to
that of a plane wave impinging the array with an angle 𝜃 ≠ 𝜋/2 rad, where the power on
each antenna is equal but phases differ.2 With proper hardware processing, signals from
each antenna can be combined to suppress the phase differences and increase the array gain.
This is not possible when employing a single large antenna [8], [32].

Remark on power variations

It is important to note that, in certain scenarios, power variations must be taken into account.
In particular, when analyzing the asymptotic behavior of large arrays (i.e. when 𝐷 → ∞),
neglecting power variations can lead to results that are not physically meaningful. For
instance, this consideration must be explicitly considered in the analysis in section 3.3.

2.2 Near-field channel modeling

Based on the previous observations, near-field channel models must account for wavefront
curvature and, if the reactive near-field region is considered, also include inductive wave
components. In this thesis, however, we are mainly interested in the radiative field region.
Therefore, it is always assumed that the operating distance is greater than 𝑑r, and inductive
waves are neglected, with the only exception being the intra-array coupling phenomenon.

Even in the radiative near field, in some scenarios power variations across the array cannot be
omitted. For this reason, the models described in the sequel take into account both situations:

1. Non-uniform spherical wave (NUSW).

2. Uniform spherical wave (USW).

In addition, the classical uniform plane wave (UPW) approximation is also presented. These
electromagnetic field regions are illustrated in figure 2.2.

2It should be noted that phase differences in the radiative near field scenario are not linear.
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It should be remarked that the model in figure 2.2 is a conservative simplification. In practice,
not only the distance but also the angle have an impact on the importance of power and
phase variations (see, for instance, [7, Fig. 9]). Moreover, as will be shown shortly, the
plane-wave approximation can be derived from the first-order Taylor expansion of the
spherical wavefront phase. Including the second-order term in the Taylor expansion yields
the parabolic approximation, which preserves the curvature of the wavefront while offering
a better mathematical tractability. For this reason, this approximation is also introduced in
the sequel.

NUSW region
Non-linear phase

Non-uniform power

USW region
Non-linear phase
Uniform power

Far field/UPW region
Linear phase

Uniform power

𝑑B
𝑑F

𝐷

𝑑B = 2𝐷
𝑑F = 2𝐷2/𝜆

Figure 2.2: Illustration of the radiative electromagnetic field regions.

2.2.1 Near-field array response vector
An array response vector mathematically characterizes the phase and amplitude response of
an antenna array to an incoming signal. To determine the array response in the near field, we
consider an isotropic signal source located at s, and an 𝑁 -element antenna array of arbitrary
geometry. For simplicity, the coordinate origin is placed at one of the array elements, and
each array element is positioned at u𝑛, for 𝑛 = 0, 1, … , 𝑁 − 1, as illustrated in figure 2.3. The
signal source may represent either an active transmitter or a passive scatterer within the
environment.

The array response for the system just described has the structure

a(𝑟 , 𝜃 , 𝜙) = (𝑔0e−j𝑘(𝑟0−𝑟), … , 𝑔𝑁−1e−j𝑘(𝑟𝑁−1−𝑟))
T
, (2.16)

where 𝑔𝑛, for 0 ≤ 𝑛 ≤ 𝑁 − 1, depends on 𝑟𝑛 and accounts for the individual characteristics of
each element [7]. Here, 𝑟 = ‖s‖ is the distance between the reference element (i.e. the origin)
and the signal source, and

𝑟𝑛 = ‖s − u𝑛‖ = √𝑟
2 − 2sTu𝑛 + ‖u𝑛‖

2 = 𝑟
√
1 −

2k(𝜃, 𝜙)Tu𝑛
𝑟

+
‖u𝑛‖

2

𝑟2
, (2.17)

is the distance between the 𝑛-th element and the source, with

k(𝜃, 𝜙) = (sin 𝜃 cos 𝜙, sin 𝜃 sin 𝜙, cos 𝜃)T (2.18)



13 2.2. Near-field channel modeling

u1

u2

u0

u3

u4

u5

𝑥

𝑦

𝑧

s

𝑟

𝜙

𝜃

Figure 2.3: An isotropic signal source s and an antenna array of arbitrary architecture, with one of
its elements at the coordinate origin.

denoting the propagation direction vector from the signal source to the array [35]. Substitut-
ing (2.17) in (2.16) yields the NUSW array response vector. The USW model is obtained as a
special case by setting 𝑔𝑛 = 1 in (2.16).

It is worth noting that the array response described here represents the spatial response
relative to a reference point, namely the origin. To this end, the common phase term exp(−j𝑘𝑟)
is factored out of the response vector. Similarly, under the assumption of uniform attenuation,
where 𝑔𝑛 ​ = 1/𝑟 for all 𝑛, this scaling factor is also extracted from the vector. These shared
terms are subsequently absorbed into the global channel gain, as detailed in sections 2.2.2
and 2.2.3.

Parabolic wavefront and far-field approximation

In the radiative near field, the first-order Maclaurin polynomial √1 + 𝑥 ≈ 1 + 1
2𝑥 is often

employed to approximate (2.17) resulting in

Δ𝑟𝑛 = 𝑟𝑛 − 𝑟 ≈ −k(𝜃, 𝜙)Tu𝑛 +
‖u𝑛‖

2

2𝑟
, (2.19)

which substituted in (2.16) corresponds to the so-called parabolic wavefront or Fresnel
approximation of the spherical wave. This approximation is applicable both in the NUSW
and USW models.

The classical far-field expression is obtained in a similar manner by only considering the
first term of the Taylor expansion

Δ𝑟𝑛 ≈ −k(𝜃, 𝜙)Tu𝑛. (2.20)

Unlike the near-field models presented in (2.17) and (2.19), equation (2.20) reveals that, in
the far field, the phase variations across the array elements do not depend on 𝑟 .
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𝑑

𝑥

𝑦

uULA𝑛

𝑟

s

𝜙

𝑟ULA𝑛

(a) Geometry of ULA response vector.

𝑥

𝑦

𝑧

𝑑

𝑑

s

𝜙

𝜃
uUPA
𝑛 𝑟UPA𝑛

(b) Geometry of UPA response vector.

Figure 2.4: Geometry of ULA and UPA response vectors, showing element positions, spacing, angles,
and distances to an isotropic signal source.

ULA response

Up to this point, we have considered an arbitrary array geometry to derive the array response
vector. We now particularize this result for two important cases: the uniform linear array
(ULA) and the uniform planar array (UPA).

We begin with a ULA consisting of 𝑁 antennas with uniform inter-element spacing 𝑑 . In this
case, we can assume the coordinate system shown in figure 2.4a, where all array elements lie
on the 𝑥𝑦-plane, and thus we can set 𝜃 = 𝜋/2 rad. By placing the coordinate origin at the
first element of the ULA, the position of the 𝑛-th antenna is given by uULA𝑛 = (0, 𝑛𝑑)T, for
0 ≤ 𝑛 ≤ 𝑁 −1. Similarly, the coordinates of the signal source are s = 𝑟k(𝜙) = 𝑟 (cos 𝜙, sin 𝜙)T.

In order to obtain the array response vector we just need to particularize 𝑟𝑛 in (2.17) to the
ULA geometry:

Δ𝑟ULA𝑛,𝑎 = 𝑟ULA𝑛 − 𝑟 = √𝑟
2 − 2𝑟𝑛𝑑 sin 𝜙 + (𝑛𝑑)2 − 𝑟. (2.21)

Under the Fresnel approximation, Δ𝑟ULA𝑛,𝑎 can be simplified to

Δ𝑟ULA𝑛,𝑏 = −𝑛𝑑 sin 𝜙 +
(𝑛𝑑)2

2𝑟
. (2.22)

Omitting the last term results in the well-known plane-wave approximation

Δ𝑟ULA𝑛,𝑐 = −𝑛𝑑 sin 𝜙. (2.23)

Finally, substituting the previous distances into (2.16) yields the ULA response vector for the
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spherical, parabolic and planar wavefront assumptions:

[aULA(𝑟 , 𝜙)]𝑛+1 = 𝑔ULA𝑛,𝑎 exp(j𝑘(𝑟 − √𝑟
2 − 2𝑟𝑛𝑑 sin 𝜙 + (𝑛𝑑)2)), (2.24)

[bULA(𝑟 , 𝜙)]𝑛+1 = 𝑔ULA𝑛,𝑏 exp(j𝑘(𝑛𝑑 sin 𝜙 −
(𝑛𝑑)2

2𝑟
)), (2.25)

[cULA(𝑟 , 𝜙)]𝑛+1 = 𝑔ULA𝑛,𝑐 exp (j𝑘𝑛𝑑 sin 𝜙). (2.26)

As previously discussed, the uniform power response is obtained by setting 𝑔ULA𝑛,𝑎 = 𝑔ULA𝑛,𝑏 =
𝑔ULA𝑛,𝑐 = 1, yielding

[aULA(𝑟 , 𝜙)]𝑛+1 = exp(j𝑘(𝑟 − √𝑟
2 − 2𝑟𝑛𝑑 sin 𝜙 + (𝑛𝑑)2)), (2.27)

[bULA(𝑟 , 𝜙)]𝑛+1 = exp(j𝑘(𝑛𝑑 sin 𝜙 −
(𝑛𝑑)2

2𝑟
)), (2.28)

[cULA(𝜙)]𝑛+1 = exp (j𝑘𝑛𝑑 sin 𝜙). (2.29)

Observe that (2.29) corresponds to the classical steering vector commonly used in array
processing [36, Ch. 8].

Throughout this thesis, the following notation is adopted: a, b, and c denote the spherical,
parabolic, and planar wavefront array responses, respectively. The corresponding overbar
notation represents the respective wavefront model under the uniform power assumption.

UPA response

The analysis for a UPA with 𝑁 = 𝑁H × 𝑁V antennas with a separation 𝑑 is analogous to that
of a ULA. Assuming that the array is deployed in the 𝑦𝑧-plane, the 𝑛-th antenna is located at
uUPA𝑛 = (0, 𝑖𝑛𝑑, 𝑗𝑛𝑑)T, where 𝑖𝑛 = mod(𝑛 − 1, 𝑁H) and 𝑗𝑛 = ⌊𝑛−1𝑁H

⌋, for 0 ≤ 𝑛 ≤ 𝑁 − 1, are the
horizontal and vertical indices of element 𝑛, as depicted in figure 2.4b. The distance between
the signal source and the 𝑛-th array element is

Δ𝑟UPA𝑛,𝑎 = 𝑟UPA𝑛 − 𝑟 = √𝑟
2 − 2𝑟𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃) + 𝑑2(𝑖2𝑛 + 𝑗2𝑛 ) − 𝑟, (2.30)

which, in the Fresnel region, can be approximated as

Δ𝑟UPA𝑛,𝑏 = −𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃) + 𝑑2
𝑖2𝑛 + 𝑗2𝑛
2𝑟

, (2.31)

and, in the far field, as
Δ𝑟UPA𝑛,𝑐 = −𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃). (2.32)

Therefore, the non-uniform power response vectors are given by:

[aUPA(𝑟 , 𝜃 , 𝜙)]𝑛+1 = 𝑔UPA𝑛,𝑎 exp(j𝑘(𝑟−√𝑟
2−2𝑟𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃) + 𝑑2(𝑖2𝑛+𝑗2𝑛 ))), (2.33)

[bUPA(𝑟 , 𝜃 , 𝜙)]𝑛+1 = 𝑔UPA𝑛,𝑏 exp(j𝑘(𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 − 𝑗𝑛 cos 𝜃) + 𝑑2
𝑖2𝑛 + 𝑗2𝑛
2𝑟

)), (2.34)

[cUPA(𝑟 , 𝜃 , 𝜙)]𝑛+1 = 𝑔UPA𝑛,𝑐 exp (j𝑘𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃)). (2.35)
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Like in the ULA case, under the uniform power assumption 𝑔UPA𝑛,𝑎 = 𝑔UPA𝑛,𝑏 = 𝑔UPA𝑛,𝑐 = 1,
yielding

[aUPA(𝑟 , 𝜃 , 𝜙)]𝑛+1 = exp(j𝑘(𝑟 −√𝑟
2 − 2𝑟𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃) + 𝑑2(𝑖2𝑛 + 𝑗2𝑛 ))), (2.36)

[bUPA(𝑟 , 𝜃 , 𝜙)]𝑛+1 = exp(j𝑘(𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 − 𝑗𝑛 cos 𝜃) + 𝑑2
𝑖2𝑛 + 𝑗2𝑛
2𝑟

)), (2.37)

[cUPA(𝜃, 𝜙)]𝑛+1 = exp (j𝑘𝑑(𝑖𝑛 sin 𝜃 sin 𝜙 + 𝑗𝑛 cos 𝜃)). (2.38)

It is also worth noting that, under this assumption, the array responses in the Fresnel and
far-field regions become separable along the two axes. Specifically, the exponential term can
be factorized into two components, one depending on 𝑖𝑛 and the other on 𝑗𝑛 . This property
allows the response vector of a UPA to be expressed as the Kronecker product of two ULA
response vectors [28], one along the 𝑦-axis and the other along the 𝑧-axis:

bUPA(𝑟 , 𝜃 , 𝜙) = bULA,𝑦 (𝑟 , 𝜃 , 𝜙) ⊗ bULA,𝑧(𝑟 , 𝜃), (2.39)
cUPA(𝜃, 𝜙) = cULA,𝑦 (𝜃, 𝜙) ⊗ cULA,𝑧(𝜃). (2.40)

Note that this does not hold under a general spherical wavefront.

2.2.2 Near-field channel models for SIMO and MISO systems
In section 2.2.1, we derived the general array response vector in the near field, along with its
particular forms for ULA and UPA geometries. Building on these results, we can now directly
obtain the near-field channel expressions for both line-of-sight (LoS) and non-line-of-sight
(NLoS) propagation scenarios.

Under the block-fading channel assumption (see section 2.3), a single LoS path channel can
be modeled as

𝗵LoS = 𝛼a(𝑟 , 𝜃 , 𝜙), (2.41)

where 𝛼 is the (complex) channel gain at the reference [7], and a(𝑟 , 𝜃 , 𝜙) is the array response
vector, which can be any of those described in section 2.2.1, depending on the wavefront
model considered [7], [35].

On the other hand, when multiple transmission paths with no LoS component are present,
the attenuation factors {𝛼𝑙}𝐿𝑙=1 are assumed to be mutually uncorrelated random variables,
and the multipath channel can be expressed as

𝗵NLoS =
𝐿
∑
𝑙=1

𝛼𝑙a(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙), (2.42)

where (𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙) denotes the location of the 𝑙-th scatterer [7], [35]. Under rich scattering, the
channel vector follows a spatially correlated Rayleigh fading model [37], [38],

𝗵 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵), (2.43)

where the spatial correlation matrix is given by

C𝗵 = E[𝗵𝗵H] =
𝐿
∑
𝑙=1

𝛽𝑙a(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)a(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)H, (2.44)
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with 𝛽𝑙 = E[|𝛼𝑙 |2] the power of the 𝑙-th path. Even with a moderate number of scatterers,
the central limit theorem (CLT) ensures that the channel coefficients can still be modeled
as Rayleigh distributed, which makes the Rayleigh fading model applicable also to sparse
channels such as those in the mmWave bands.

In denser scenarios, it is possible to assume a continuum of scatterers, in which case the
covariance matrix can be expressed as

C𝗵 → 𝛽 ∫
𝑟2

𝑟1
∫
𝜃2

𝜃1
∫
𝜙2

𝜙1
𝑓 (𝑟 , 𝜃 , 𝜙)a(𝑟 , 𝜃 , 𝜙)a(𝑟 , 𝜃 , 𝜙)H d𝜙 d𝜃 d𝑟 . (2.45)

In (2.45), 𝛽 denotes the average power at the reference array element [37], [39], 𝜃 ∈ (𝜃1, 𝜃2),
𝜙 ∈ (𝜙1, 𝜙2) and 𝑟 ∈ (𝑟1, 𝑟2) define the spatial distribution range of the channel, and 𝑓 (𝑟 , 𝜃 , 𝜙) is
the normalized spatial scattering function satisfying ∫𝑟2𝑟1 ∫

𝜃2
𝜃1 ∫

𝜙2
𝜙1 𝑓 (𝑟 , 𝜃 , 𝜙) d𝜙 d𝜃 d𝑟 = 1. Under

the uniform power hypothesis it is satisfied that 𝛽 = tr(C𝗵)/𝑁 .

Uncorrelated Rayleigh fading discussion

The well-known uncorrelated Rayleigh fading model arises when C𝗵 = 𝛽𝐈𝑁 . It should be
clear by now that the applicability of this model is very limited, even with rich scattering in
the far field [40], [41]. We now examine this limitation more closely.

In the far field, scatterers can only be distinguished by their direction, not their distance,
so (2.45) simplifies to

C𝗵 = 𝛽 ∫
𝜃2

𝜃1
∫
𝜙2

𝜙1
𝑓 (𝜃, 𝜙)c(𝜃, 𝜙)c(𝜃, 𝜙)H d𝜙 d𝜃, (2.46)

which corresponds to uncorrelated Rayleigh fading only if the double integral equals the
identity matrix. To show that this does not hold even for very simple scenarios, we assume a
ULA along the 𝑧 axis with isotropic scattering in the halfspace in front of it, so

[C𝗵]𝑚,𝑛 = 𝛽 ∫
𝜋/2

−𝜋/2
d𝜙 ∫

𝜋

0

sin 𝜃
2𝜋

exp (j2𝜋
𝜆
𝑑(𝑚 − 𝑛) cos 𝜃) d𝜃 = 𝛽sinc(2𝑑

𝜆
(𝑚 − 𝑛)). (2.47)

Fading is uncorrelated when [C𝗵]𝑚,𝑛 = 0 for 𝑚 ≠ 𝑛, but this only occurs when 𝑑 = 𝑙 ⋅ 𝜆2 , 𝑙 ∈ ℤ.

In conclusion, even in the far field with a ULA, the channel is spatially uncorrelated only
when antennas are separated by a multiple of 𝜆/2 in the presence of rich scattering.3 Indeed,
this is the only situation where spatial uncorrelatedness arises [17], [37].

Furthermore, it should be noted that the considerations in this chapter only account for
the array spatial correlation, but not for the mutual coupling between antennas which, in
practice, also induces additional channel correlation, as we will see in chapter 3.

3Since (2.47) decays with 𝑑 , antennas that are sufficiently far apart can be treated as uncorrelated even if
their separation is not a multiple of 𝜆/2.
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Exponential correlation model

Although the spatial correlation models (2.44) and (2.45) are highly realistic, their large
number of parameters can make them difficult to use in certain scenarios. Moreover, since
uncorrelated Rayleigh models are not physically consistent in general, intermediate models
which account for spatial correlation while relying on fewer parameters have been proposed.

A notable example is the exponential correlationmodel for ULAs [42], [43],4 which captures the
higher correlation between neighboring antennas compared to distant ones, while depending
on only a single parameter. The corresponding channel covariance matrix is Hermitian and
Toeplitz, with each entry given by

[C𝗵]𝑚,𝑛 = 𝑐𝑚,𝑛 = {
𝜌𝑛−𝑚, 𝑚 ≤ 𝑛,
𝑐∗𝑛,𝑚, 𝑚 > 𝑛,

(2.48)

where 𝜌 ∈ ℂ is the correlation coefficient, satisfying |𝜌| < 1.

In this model, correlation decays exponentially with antenna separation. This decay is
significantly faster than the hyperbolic behavior observed in (2.47). Nevertheless, by appro-
priately tuning the correlation coefficient, the exponential model can serve as a coarse yet
qualitatively similar approximation of more physically accurate models. This is particularly
useful when assessing performance or algorithms in which the channel is not the main focus,
but where incorporating correlation remains important to reflect realistic conditions.

2.2.3 Near-field channel models for MIMO systems
Having examined the single-input multiple-output (SIMO) and multiple-input single-output
(MISO) channel models in the previous section, we now extend the analysis to MIMO systems.
Contrary to the far field, where the LoS MIMO channel matrix can be expressed using the
response vectors of the transmitter and receiver arrays, in the near field it must be determined
element by element. To do so, consider a communication system with two arrays of 𝑁R and
𝑁T antennas, respectively. The antennas in the first array are located at positions u𝑛, for
0 ≤ 𝑛 ≤ 𝑁R − 1, while those in the second array are located at s𝑚, for 0 ≤ 𝑚 ≤ 𝑁T − 1, as
depicted in figure 2.5.

Following an approach analogous to that of the previous section, the channel matrix can be
expressed as

[𝗛LoS]𝑚+1,𝑛+1 = 𝛼𝑔𝑚,𝑛e−j𝑘(𝑟𝑚,𝑛−𝑟), (2.49)

where 𝛼 denotes the channel gain at the array’s reference element and 𝑔𝑚,𝑛 is an element-
specific factor that depends on 𝑟𝑚,𝑛 [7], [28], with 𝑟𝑚,𝑛 given by

𝑟𝑚,𝑛 = ‖s𝑚 − u𝑛‖ = ‖s0 − u𝑛 + (s𝑚 − s0)‖

= √𝑟
2 + 2𝑟k(𝜃, 𝜙)T(s𝑚 − s0 − u𝑛) − 2(s𝑚 − s0)Tu𝑛 + ‖u𝑛‖

2 + ‖s𝑚 − s0‖
2,

(2.50)

with 𝑟 = ‖s0 − u0‖. Note that only the first two terms inside the square root depend on 𝑟 ,
since k(𝜃, 𝜙) denotes the propagation direction vector from the origin to the transmitting

4An extension of the exponential correlation model to UPA configurations can be obtained via a Kronecker
approximation [44], [45].
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𝑦
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𝑟 = ‖s0 − u0‖

𝑟𝑚,𝑛 = ‖s𝑚 − u𝑛‖

Figure 2.5: Illustration of a LoS MIMO communication system involving two arrays with arbitrary
geometry.

array, u𝑛 represents the position of the 𝑛-th receiving antenna, and s𝑚 − s0 is the vector from
the reference element in the transmitting array to the 𝑚-th transmitting antenna.

Applying the Fresnel approximation to (2.50) yields

Δ𝑟𝑚,𝑛 = 𝑟𝑚,𝑛 − 𝑟 ≈ k(𝜃, 𝜙)T(s𝑚 − s0 − u𝑛) −
(s𝑚 − s0)Tu𝑛

𝑟
+
‖u𝑛‖

2 + ‖s𝑚 − s0‖
2

2𝑟
. (2.51)

The plane-wave approximation is particularly interesting, as it simplifies the MIMO channel
representation to the outer product of the transmit and receive array response vectors.
Dropping the terms that decrease with 𝑟 , the far-field distance becomes

Δ𝑟𝑚,𝑛 ≈ k(𝜃, 𝜙)T(s𝑚 − s0 − u𝑛) (2.52)

and
[𝗛LoS

FF ]𝑚+1,𝑛+1 = 𝛼 exp(−j𝑘k(𝜃, 𝜙)T(s𝑚 − s0)) exp(j𝑘k(𝜃, 𝜙)Tu𝑛). (2.53)
The last two terms in (2.53) correspond to the transmitting and receiving array response
vectors. Hence, the far-field MIMO channel can be written as

𝗛LoS
FF = 𝛼cR(𝑟 , 𝜃 , 𝜙)cT(𝑟 , 𝜃 , 𝜙)H, (2.54)

with
[cR(𝑟 , 𝜃 , 𝜙)]𝑛+1 = exp(j𝑘k(𝜃, 𝜙)Tu𝑛) (2.55)

and
[cT(𝑟 , 𝜃 , 𝜙)]𝑚+1 = exp(j𝑘k(𝜃, 𝜙)T(s𝑚 − s0)) (2.56)

the array response vectors under the UPW approximation.

Based on (2.54), it has been proposed to model the near-field channel as the outer product of
the two array response vectors [7], [35]. In this approach, the transmit array is treated as a
single point to obtain the near-field receive array response aR(𝑟 , 𝜃 , 𝜙), whose 𝑛-th element is
given by

[aR(𝑟 , 𝜃 , 𝜙)]𝑛+1 = 𝑔R,𝑛e−j𝑘‖u𝑛−s0‖ . (2.57)
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Similarly, the transmit array response aT(𝑟 , 𝜃 , 𝜙) is determined by treating the receive array
as a single point, resulting in

[aT(𝑟 , 𝜃 , 𝜙)]𝑚+1 = 𝑔T,𝑚e−j𝑘‖s𝑚−u0‖ = 𝑔T,𝑚e−j𝑘‖s𝑚‖ . (2.58)

Then, the near-field MIMO channel is given by

𝗛LoS = 𝛼aR(𝑟 , 𝜃 , 𝜙)aT(𝑟 , 𝜃 , 𝜙)H. (2.59)

The main difference between these two models is that (2.49) rank can be greater than one,
while (2.59) is always rank one. The latter, however, presents better mathematical tractability
thanks to its outer product structure.

This outer product formulation is specially appropriate for multipath modeling. By repre-
senting each scatterer as a point source, the overall channel can be expressed as a sum of
terms analogous to (2.59):

𝗛NLoS =
𝐿
∑
𝑙=1

𝛼𝑙aR(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)aT(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)H, (2.60)

with 𝛼𝑙 denoting the attenuation of the 𝑙-th path and (𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙) the spherical coordinates of
the 𝑙-th scatterer. Of course, when 𝐿 → ∞, the model in (2.60) converges to the Rayleigh
fading model

vec(𝗛) ∼ 𝒞𝒩 (𝟎𝑁T𝑁R ,C𝗛), C𝗛 = E[vec(𝗛)vec(𝗛)H]. (2.61)

Among the several models presented in this section, (2.43) and (2.61) are the most suitable
for dynamic scenarios, such as mobile communications, thanks to their inherently stochastic
behavior.

2.3 Mobile communications
In mobile communications, the most common scenario involves a fixed BS equipped with an
𝑁 -antenna array communicating with a single-antenna user equipment (UE). The wireless
channel established between both ends is primarily affected by [46, Ch. 2]:

• Path loss: reduction in power density of an electromagnetic wave as it propa-
gates through space. Path loss models are typically deterministic and depend on
the transmitter-receiver distance and the system frequency.

• Shadowing: variation in received signal power caused by large obstacles (like build-
ings, hills, or trees) blocking or attenuating the signal. It occurs over medium to large
distances compared to the wavelength, leading to slow changes in signal strength.
Shadowing is usually modeled as a log-normal distribution.

• Multipath: rapid fluctuation of the received signal’s amplitude, phase, or power
over short time intervals or distances. It is caused by the superposition of multiple
signal paths due to reflection, diffraction, and scattering. These paths can interfere
constructively when phase shifts are aligned, or destructively when phase shifts are
misaligned.
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Variations in received power caused by path loss and shadowing occur over relatively
large distances and are therefore referred to as large-scale propagation effects. In contrast,
power fluctuations resulting from the constructive and destructive interference of multipath
components occur over distances on the order of the wavelength. These variations are
typically referred to as small-scale propagation effects. The effect of all three phenomena is
illustrated in figure 2.6.
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Figure 2.6: Received signal power versus distance, illustrating large-scale effects (path loss and
shadowing) and small-scale effects (multipath propagation).

Of the models presented in the previous section, the one that best fits the aforementioned
scenario is the correlated Rayleigh model, 𝗵 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵), given in (2.43). In this model,
the Gaussian distribution captures the small-scale fading effects, while the spatial correlation
matrix describes the macroscopic propagation characteristics, including antenna gains and
radiation patterns [38]. The average received power at the array reference element is often
modeled in decibels as

𝛽 = Υ − 10𝛾 log10(
𝑑

1 km
) + 𝜒, (2.62)

where 𝑑 is the distance in kilometers between the transmitter and the receiver, Υ and 𝛾
are determined according to an established propagation model, such as the Hata–COST231
model for urban areas [29, Sec. 3.3], and 𝜒 ∼ 𝒩 (0, 𝜎2𝜒 ) models the shadow fading [38]. Note
that the 𝛽 in (2.62) is the same as in (2.45).

2.3.1 Block-fading model
Having described several channel models as well as the main mobile channel phenomena a
natural question arises: for how long does a given channel observation remain valid?

The main limiting factor is the multipath phenomenon, which varies over distances on the
order of the wavelength and therefore changes much more rapidly than shadowing or path
loss. A common simplification for the small-scale fading is the block-fading model, in which
the channel is assumed to remain constant over a short time interval known as the coherence
time, and change to an independent realization in the next coherence block [38], [29, Sec. 3.4].
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Coherence time is related to the maximum Doppler shift and is usually assumed to be

𝑇c =
𝜆
4𝑣

, (2.63)

where 𝑣 is the velocity of the UE. If the transmitted signal duration is much shorter than
the coherence time, the channel remains essentially constant over the signal, a condition
referred to as slow fading. On the other hand, if the signal duration exceeds the coherence
time, the channel varies during the transmission, leading to fast fading. Expression (2.63)
also highlights that high-speed mobility and high-frequency communications exhibit shorter
coherence times, thereby requiring the channel to be estimated more often [38]. For example,
the coherence time for a UE operating at 𝑓 = 3GHz in a high-speed train moving at 300 km/h
is 𝑇c = 5 µs.

In addition to their finite duration in the time domain, coherence blocks also span a limited
range in frequency, known as the coherence bandwidth. This quantity is determined by the
phase differences introduced by multipath propagation and can be approximated as

𝐵c =
1
2𝑇d

, (2.64)

where 𝑇d is the delay spread, defined as the time difference between the earliest and latest
arriving multipath components [46, Sec. 2.4]. If the signal bandwidth is much smaller
than 𝐵c, the channel response is essentially constant across the band, a condition known as
frequency-flat fading. Conversely, when the signal bandwidth exceeds 𝐵c, different frequency
components experience different channel gains and phases, leading to frequency-selective
fading.

2.4 Coherent and noncoherent communications
In modern communication systems, a common approach to handle channels with unknown
coefficients is to first estimate them using pilot sequences during a training phase. The
resulting information, known as CSI, is then used for data transmission in the subsequent
communication phase. When the receiver is assumed to have perfect instantaneous CSI, the
scheme is referred to as coherent communication. In contrast, noncoherent communication
refers to schemes in which instantaneous CSI is not available.

For channels with infinite coherence time, a training phase followed by data transmission has
been shown to be optimal [47]. However, when the coherence time 𝑇c is finite, the resources
that can be allocated to training are limited. In particular, if 𝑇c is small, the channel quickly
changes into an independent realization, and the validity of the estimated channel rapidly
deteriorates [48].

This effect is further noticeable in multi-antenna systems. For instance, in a channel with
an 𝑁T-antenna transmitter, at least 𝑁T orthogonal pilot symbols must be transmitted to the
receiver in order to estimate the channel [38, Sec. 1.3.5]. Consequently, for a coherence block
of 𝑇 samples, the fraction of resources dedicated to training is 𝑁T/𝑇 , leaving only a portion of
1 − 𝑁T/𝑇 of the coherence block for the communication phase [10]. The increasing training
requirements with the number of antennas can lead to significant overhead in mMIMO
systems [49], [50]. For this reason, noncoherent communication schemes are regaining
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attention, specially since large antenna arrays are expected to be one of the key technologies
for 6G [3], [51].

An attentive reader may note that this bottleneck can, in some cases, be mitigated by
exploiting channel reciprocity. A typical configuration in cellular multiuser systems involves
a BS equipped with a very large number of antennas, 𝑁 , and UEs with only a few antennas
each. For simplicity, consider the case of 𝐾 single-antenna UEs. In this setting, CSI can be
acquired through uplink training and then exploited in the downlink by leveraging channel
reciprocity [52]. As a result, the training length scales with 𝐾 rather than 𝑁 .

Even with this reduced CSI acquisition overhead, the previous approach is not without its
limitations. First, reusing uplink CSI for the downlink is only possible in TDD, as channel
reciprocity does not hold in FDD [29, Sec. 5.10]. Second, the problem of pilot contamination
arises [53]. When training-based schemes are employed in the uplink, the received signal at
one of the BS antennas is given by the 𝜏p × 1 vector

𝘆 =
𝐾
∑
𝑘=1

𝗁𝑘p𝑘 + 𝘇, (2.65)

where 𝘇 is additive Gaussian noise, 𝗁𝑘 is the channel between the 𝑘-th user and the BS, and
p𝑘 ∈ ℂ𝜏p×1 with ‖p𝑘‖ = 1 is the pilot sequence of the 𝑘-th user [54]. Ideally, to avoid pilot
contamination, the condition p𝑖 ⟂ p𝑗 for 𝑖 ≠ 𝑗 should be satisfied. In practice, however, this
is not feasible as 𝐾 > 𝜏p, so pilot sequences must be reused leading to pilot contamination.
Although promising approaches have been proposed to mitigate this issue in coherent
communications [55]–[57], noncoherent communications remain a viable alternative in
certain scenarios [11], [58], [59]. Therefore, further research in this direction continues to be
of significant importance.

2.4.1 Noncoherent communications approaches
The term noncoherent communications has been interpreted with slight variations across
the literature. In this thesis, we adopt the definition that a system operates noncoherently
when the channel realization is unknown at both the receiver and the transmitter. Under
this assumption, the design of noncoherent communication schemes focuses on identifying
components of the transmitted signal that remain invariant under fading, and can therefore
be reliably detected at a receiver without CSI.

The three main approaches in multi-antenna systems are described next [14], and their
potential applications are illustrated in figure 2.7.

Differential schemes

Differential detection schemes are particularly useful in scenarios where channel fading
evolves gradually over time without abrupt variations. By comparing successive received
signals, the noncoherent receiver can reliably detect transitions of the transmitted signal
across channel uses [60]–[63].

To illustrate these schemes, we briefly introduce differential phase shift keying (DPSK)
modulation in a conventional single-input single-output (SISO) system [64, Sec. 12.1]. Let
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Figure 2.7: Illustration of noncoherent communications approaches with their potential use cases.

𝒮 = {exp (j2𝜋𝑚/𝑀) | 𝑚 = 0,… ,𝑀 −1} denote a 𝑀-ary phase shift keying (PSK) constellation
and 𝑠(𝑛) ∈ 𝒮 represent the transmitted signal. The differential scheme starts by transmitting
a reference symbol 𝑥(0) = 1, and it is then followed by a differential encoding process such
that the signal transmitted at the 𝑛-th time slot is

𝑥(𝑛) = 𝑥(𝑛 − 1)𝑠(𝑛). (2.66)

Representing the received signals corresponding to the (𝑛 − 1)-th and 𝑛-th symbols as

y(𝑛 − 1) = hx(𝑛 − 1) + z(𝑛 − 1), (2.67)
y(𝑛) = hx(𝑛) + z(𝑛), (2.68)

where h ∼ 𝒞𝒩 (0, 1) is the channel coefficient and z(𝑛) is additive noise. It follows that

y(𝑛) = hx(𝑛 − 1)s(𝑛) + z(𝑛) (2.69)
= y(𝑛 − 1)s(𝑛) + z(𝑛) − z(𝑛 − 1)s(𝑛) (2.70)
= y(𝑛 − 1)s(𝑛) + z′(𝑛). (2.71)

where z ∼ 𝒞𝒩 (0, 𝑃z) and z′ ∼ 𝒞𝒩 (0, 2𝑃z).

Comparing (2.68) and (2.71) it can be observed that they share the same structure. Con-
sequently, the transmitted symbol 𝑠(𝑛) can be recovered in the same way as in coherent
detection, but treating y(𝑛 − 1) as the channel and z′(𝑛) as the additive noise. It is worth
noting that noise power is doubled, which results in a SNR loss of 3 dB.

Subspace detection schemes

Subspace detection methods exploit the property that, at high SNR, the wireless channel
preserves the subspace spanned by the transmitted symbols. This is because the unknown
channel matrix scales and rotates the basis of the transmitted signal matrix without altering
its column space. Consequently, the information embedded in this subspace remains intact,
motivating the design of constellations where each symbol corresponds to a different subspace.
In mathematics, the set of all subspaces of a given dimension within a vector space is known
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as the Grassmannian, which has the structure of a differentiable manifold (i.e. a smooth
surface that locally resembles the Euclidean space) [65, Ch. 1].

To further illustrate subspace detection methods, we now proceed to describe the unitary
space-time modulation (USTM) scheme [66]. Consider a Rayleigh block-fading channel
with 𝑁T transmitting antennas and 𝑁R receiving antennas satisfying 𝑁T ≤ 𝑁R. The channel
matrix is 𝗛 ∈ ℂ𝑁T×𝑁R , with each term distributed as 𝒞𝒩 (0, 1), and it remains constant over
a coherence block of duration 𝑇 ≥ 2 symbols. Letting X ∈ ℂ𝑇×𝑁T be the transmitted signal
in a coherence block, the received signal can be represented by

𝗬 = 𝗫𝗛 +
√
𝑁T
𝑇𝑃

𝗭, (2.72)

where 𝗭 is additive white Gaussian noise (AWGN) and 𝑃 denotes the SNR.

In coherent communications, the capacity-achieving constellation follows a Gaussian dis-
tribution [67, Sec. 6.5]. However, this is not the case in the noncoherent setting, where the
channel realization is unknown [68]. Instead, when 𝑇 ≥ 𝑁T + 𝑁R and 𝑃 → ∞, capacity is
achieved by transmitting unitary space-time signals [47], that is,

XHX = 𝐈𝑁T . (2.73)

The asymptotical optimality of USTM arises from the fact that X and XH span the same
subspace, i.e. the same element of the Grassmann manifold [47], [66]. Accordingly, Grass-
mannian constellations are formally defined as

𝒳 = {X1, … ,X𝑀 | XH
𝑖 X𝑖 = 𝐈𝑁T}. (2.74)

Therefore, the design of a Grassmannian constellation can be formulated as a point-packing
problem on the Grassmann manifold, where each codeword corresponds to a subspace [14],
[47], [69].

Energy detection schemes

Most primitive communication systems were based on energy detection, but these schemes
were soon overtaken by more sophisticated alternatives capable of exploiting phase infor-
mation, which offered greater robustness against additive noise [9, Appendix D]. With the
arrival of mMIMO, however, energy detection schemes are regaining interest. The reason is
that the large number of antennas significantly reduces the impact of small-scale fading and
the channel performs as deterministic, phenomenon known as channel hardening [70], [71].

Although channel hardening is typically exploited in coherent communications, it can also
be leveraged in the noncoherent setting by relying on the second-order statistics of the
channel [49]. To show this, consider a SIMO wireless system with 𝑁 receiving antennas.
The received signal in complex baseband form is

𝘆 = 𝗵x + 𝘇, 𝗵 ∼ 𝒞𝒩 (𝟎𝑁 , 𝑃h𝐈𝑁 ), 𝘇 ∼ 𝒞𝒩 (𝟎𝑁 , 𝑃z𝐈𝑁 ), (2.75)

and x denotes the transmitted symbol belonging to a unipolar constellation. Taking the
normalized received energy gives

1
𝑁
‖𝘆‖2 = 1

𝑁
‖𝗵‖2x2 + 1

𝑁
‖𝘇‖2 + 2

𝑁
ℜ(𝗵H𝘇)x. (2.76)



Chapter 2. Foundations of wireless propagation 26

As 𝑁 → ∞, it follows from the law of large numbers that

1
𝑁
‖𝗵‖2 → 𝑃h, (2.77)

1
𝑁
‖𝘇‖2 → 𝑃z, (2.78)

2
𝑁
ℜ(𝗵H𝘇) → 0. (2.79)

Consequently, ‖𝘆‖2/𝑁 → 𝑃hx2 + 𝑃z and, since 𝑃h and 𝑃z are assumed known, x can be
detected reliably [49], [72].

Channel hardening can also be exploited in certain correlated channel models. Energy
detection schemes under spatially correlated channels constitute the main focus of this thesis,
and are studied in detail in chapter 4.



CHAPTER3
Mutual coupling modeling in near-field

communications

The increasing demand for high data rates in modern wireless communication systems has
driven significant research into multi-antenna techniques. Conventional MIMO systems,
and mMIMO in particular, offer substantial gains in both SE and link reliability [38, Sec.4.4].
Nevertheless, mMIMO alone cannot fully meet the performance requirements envisioned for
next-generation networks, which include data rates on the order of Tbps and end-to-end
latencies below 0.5ms [73].

For this reason, new research directions are appearing, with the most prominent ones being
large intelligent surfaces [74] and holographic MIMO [75], [76]. The latter technology refers
to an array with a massive number of densely deployed antennas, which unavoidably results
in mutual coupling [30, Sec. 8.7]. By contrast, the majority of the literature on classical and
massive MIMO assumes half-wavelength element spacing, where coupling can be safely
neglected [38].

In the previous chapter, the analysis focused primarily on the propagation channel, con-
sidering only the environment while neglecting the effects of the antennas themselves. As
a result, the developed models are physically consistent for mMIMO and 5G systems, but
they fall short when addressing the requirements of next generation communications and
holographic MIMO.

In this chapter, we extend the framework to explicitly account for mutual coupling among
antenna elements. It is important to highlight that coupling naturally arises in any configu-
ration, whether in the near or far field. However, its impact becomes particularly critical in
emerging technologies such as holographic MIMO, where the extremely dense deployment
of antennas amplifies electromagnetic interactions and substantially alters channel behavior.
The consequences of neglecting mutual coupling are examined in chapter 6.

Among the several methodologies available to study mutual coupling [27], [77], [78], this
thesis adopts the perspective of multiport communication theory [79], [80]. This approach
is particularly useful, since it models the communication system employing multiport net-
works and reduces the electromagnetic coupling problem into circuit theory, facilitating the
analytical tractability.
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Next, we present multiport communication theory in its most general form, while empha-
sizing the most common simplifications that are typically introduced for practical analysis,
mainly the unilateral approximation [79], [81, Sec. 11.2], [82, Sec. 5.4]. As will be shown, the
unilateral approximation significantly simplifies the analysis of multiports. However, the
proof of its validity in the far field [79] does not extend to the near-field regime.

Since, as discussed in the previous chapter, communication systems are increasingly operating
in the near field, it becomes essential to determine whether this approximation can still be
reliably adopted. To this end, we provide a novel assessment of its validity, clarifying the
conditions under which it holds and examining its implications for the accurate modeling of
coupled multi-antenna systems.

3.1 Multiport communication theory

Multiport communication theory is a framework that involves a circuit-theoretic approach
where inputs and outputs of the MIMO communication system are associated with ports of a
multiport black-box, described by impedance or scattering matrices [83]–[85]. In multiport
communication, the complexity of electromagnetic field theory is encapsulated within the
model, thus simplifying the mathematical treatment [79]. Furthermore, noise modeling is
more straightforward in circuit than in field theory, as the latter is a purely deterministic
theory.

Multiport theory has already been used in MIMO systems literature to study different aspects
such as the array gain [86], [87], the diversity gain [88], the multistreaming capability of
compact arrays [89], the uplink/downlink reciprocity [90] and more recently the impact of
mutual coupling in channel estimation [84] or to derive consistent models for holographic
MIMO [83].

We now proceed to describe the multiport system model. Consider a narrowband commu-
nication system with 𝑁T antennas at the transmitter and 𝑁R at the receiver. The discrete
baseband representation of the received signal is

𝘆 = 𝗛𝘅 + 𝘇, 𝘆, 𝘇 ∈ ℂ𝑁R , 𝘅 ∈ ℂ𝑁T , 𝗛 ∈ ℂ𝑁R×𝑁T , (3.1)

where 𝘇 ∼ 𝒞𝒩 (𝟎𝑁R , 𝜎
2𝐈𝑁R) is AWGN, 𝗛 denotes the MIMO channel matrix that encodes

all the relevant physical context and 𝘅 is the transmitted symbol vector. Multiport com-
munication comes into play by providing physically consistent structures for 𝗛 and 𝘇.
This modeling is shown in figure 3.1, and it consists of four basic parts: signal generation,
impedance matching, antenna mutual coupling and noise.

More specifically, signal originates at the voltage sources (vG,𝑛), is matched via a transmission
network (𝐙MT), and reaches the central coupling block (𝗭A), which represents the physical
core of the system where the electromagnetic interaction between antennas occurs. Finally,
a receiving matching network (𝐙MR) and the loads (𝑍L) are included.

Noise is modeled through extrinsic components at the transmitter (vTEN,𝑛) and the receiver
(vREN,𝑚), as well as intrinsic components at the receiver (vLNA,𝑚 and iLNA,𝑚).

All the previous steps are detailed in the subsequent sections.
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Figure 3.1: Circuit-theoretic multiport model of a multi-antenna system.

Throughout this thesis, we consider the circuit variables defined in figure 3.1, as well as their
vectorized versions. For instance, the vectors 𝘃T and 𝗶T are defined as:

𝘃T = (vT,1, … , vT,𝑁T)
T, 𝗶T = (iT,1, … , iT,𝑁T)

T. (3.2)

All voltages and currents are described by their complex envelopes. Equivalent impedances
are denoted with an arrow starting at the computation point toward the corresponding
circuit. For instance, 𝗭in represents the input impedance seen by the signal sources, while
𝗭out denotes the output impedance seen by the load.

Since multiport theory can be complex, the reader is encouraged to consult appendix A,
where the fundamentals of circuit theory and network analysis are reviewed. Concepts
such as active power, phasors, and impedance parameters are essential for following the
derivations in this chapter and are detailed there for ease of reference.

3.1.1 Signal generation
The generation of the physical signal to transmit is modeled by 𝑁T voltage sources vG,𝑛 with
internal impedances 𝑍G = 𝑅G + j𝑋G. The maximum average power that can be delivered by
each generator is

𝑃A,𝑛 =
E[|vG,𝑛|2]

4𝑅G
. (3.3)

Therefore, the total available power is

𝑃A =
𝑁T

∑
𝑛
𝑃A,𝑛 =

E[‖𝘃G‖
2
2]

4𝑅G
, 𝘃G = (vG,1, … , vG,𝑁T)

T. (3.4)

3.1.2 Impedance matching
Impedance matching networks can be beneficial when placed between the antenna array
and the amplifiers or signal generators. These networks can be tailored to achieve specific
objectives such as maximizing power transfer from the signal generators to the antennas
(i.e. power matching), optimizing the SNR at the outputs of the receive amplifiers (i.e. noise
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matching), or fulfilling other desired performance criteria. The transmitter matching network
is described by 𝐙MT ∈ ℂ2𝑁T×2𝑁T such that

( 𝘃T
𝘃AT

) = (𝐙MT,11 𝐙MT,12
𝐙MT,21 𝐙MT,22

)( 𝗶T
−𝗶AT

). (3.5)

In a similar way, the receiver-side impedance matching network is described by 𝐙MR ∈
ℂ2𝑁R×2𝑁R :

( 𝘃R
𝘃AR

) = (𝐙MR,11 𝐙MR,12
𝐙MR,21 𝐙MR,22

)( 𝗶R
−𝗶AR

). (3.6)

It is assumed that both matching networks are (see appendix A):

• Reciprocal: the network contains no active devices or nonreciprocal media.

• Lossless: the network does not absorb power.

• Noiseless: the network does not introduce noise into the system.

Hence,
𝐙MT = 𝐙TMT, ℜ(𝐙MT) = 𝟎2𝑁T×2𝑁T ,
𝐙MR = 𝐙TMR, ℜ(𝐙MR) = 𝟎2𝑁R×2𝑁R .

(3.7)

3.1.3 Antenna mutual coupling

The antenna multiport 𝗭A ∈ ℂ(𝑁T+𝑁R)×(𝑁T+𝑁R) is a random matrix that models mutual
coupling and can be partitioned as:

(𝘃AT𝘃AR
) = ( 𝐙AT 𝗭ATR

𝗭ART 𝐙AR
)(𝗶AT𝗶AR

), (3.8)

where 𝐙AT ∈ ℂ𝑁T×𝑁T and 𝐙AR ∈ ℂ𝑁R×𝑁R describe the mutual coupling between antennas
in the transmit and receive arrays (intra-array coupling), and 𝗭ATR ∈ ℂ𝑁T×𝑁R and 𝗭ART ∈
ℂ𝑁R×𝑁T model the mutual coupling between the transmit and receive sides (inter-array
coupling). Taking into account that antennas are reciprocal [30, Sec. 3.8], it is fulfilled that
𝐙AT = 𝐙TAT, 𝐙AR = 𝐙TAR and 𝐙ATR = 𝐙TART. In general, the elements of 𝗭A depend on the
type of antenna in the array as well as the communication environment. Different models
for 𝗭A are discussed in sections 3.2.1 and 3.2.2.

It is usually assumed—specially in the far field—that

‖𝐙ATR𝐢AR‖ ≪ ‖𝐙AT𝐢AT‖, ∀𝐢AR ∈ ℂ𝑁R , 𝐢AT ∈ ℂ𝑁T , (3.9)

due to the attenuation between transmitter and receiver. This motivates the unilateral
approximation for 𝗭A:

𝗭A ≈ ( 𝐙AT 𝟎𝑁T×𝑁R
𝗭ART 𝐙AR

). (3.10)

It implies that 𝘃AT ≈ 𝐙AT𝗶AT. That is, the electrical properties at the transmit-side antenna
ports are independent of the receiver, thus simplifying the analysis of the system. The validity
of this approximation in near-field communications is further discussed in section 3.3.
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Lossy antennas

In this thesis we only consider lossless antennas. However, with the multiport model it
is possible to take into account lossy antennas [83], [87]. In order to do so, a dissipation
resistance 𝑅d must be added to each antenna port, resulting in:

𝐙AT → 𝐙AT + 𝑅d𝐈𝑁T , 𝐙AR → 𝐙AR + 𝑅d𝐈𝑁R . (3.11)

Of course, if different antennas are used, instead of a multiple of the identity matrix an
arbitrary diagonal matrix shall be used.

3.1.4 Noise
The multiport model considers both extrinsic and intrinsic noise sources. The former,
originated by background radiation, is modeled by voltage sources {vTEN,𝑚}1≤𝑚≤𝑁T and
{vREN,𝑚}1≤𝑚≤𝑁R connected to the transmitter and receiver antenna ports when no current
flows (i.e. open-circuit) [79], [83]. Noise components are zero-mean correlated random
variables 𝘃TEN ∼ 𝒞𝒩 (𝟎𝑁T , 𝗖TEN), 𝘃REN ∼ 𝒞𝒩 (𝟎𝑁R , 𝗖REN) with covariances [87]:

𝗖TEN = 4𝑘B𝑇A𝐵Wℜ(𝗭A,in), 𝗖REN = 4𝑘B𝑇A𝐵Wℜ(𝗭A,out), (3.12)

where 𝑘B is the Boltzmann constant, 𝑇A is the noise temperature of the antennas and 𝐵W is
the equivalent noise bandwidth.

Intrinsic noise, on the other hand, is produced by the components placed after the re-
ceiver matching network, mainly from the low-noise amplifiers (LNAs) [79], [83]. It can
be modeled by using 𝑁R voltage sources vLNA,𝑚 and 𝑁R current sources iLNA,𝑚 such that
𝗶LNA ∼ 𝒞𝒩 (𝟎𝑁R , 𝜎

2
𝑖 𝐈𝑁R) and 𝘃LNA ∼ 𝒞𝒩 (𝟎𝑁R , 𝑅

2
N𝜎

2
𝑖 𝐈𝑁R), with 𝑅N the noise resistance of the

LNAs given by the manufacturer. Although extrinsic and intrinsic noise are assumed to be
uncorrelated, the voltage and current in the same amplifier are not:

E[𝘃LNA𝗶HLNA] = 𝜌N𝑅N𝜎2𝑖 𝐈𝑁R , (3.13)

where 𝜌N is the complex noise correlation coefficient of the LNAs.

3.1.5 Input-output relation
The input-output relation is an expression that relates the source voltages 𝘃G with the load
voltages 𝘃L. Taking into account noise and system linearity, it can be expressed as [90]:

𝘃L = 𝗗𝘃G + 𝗻, 𝗻 ∼ 𝒞𝒩 (𝟎𝑁R ,C𝗻). (3.14)

Leveraging the superposition theorem, the first term corresponds to the noise-free voltage
𝘃L|nf = 𝗗𝘃G (i.e. 𝘃TEN = 𝘃REN = 𝘃LNA = 𝗶LNA = 𝟎𝑁R) and the second to source-free voltage
𝘃L|sf = 𝗻 (i.e. 𝘃G = 𝟎𝑁T).

For simplicity of notation, we omit the subscripts |nf and |sf in the following subsections, as
it will be clear from the context.



Chapter 3. Mutual coupling modeling in near-field communications 32

𝗭

𝑍G iT,1

−
+vG,1

𝑍G iT,𝑁T

−
+vG,𝑁T

+vT,1−

+vT,𝑁T−

𝑍L

iR,1
+
vL,1
−

𝑍L

iR,𝑁R
+

vL,𝑁R−

+vR,1−

+vR,𝑁R−

𝗭out𝗭in

Figure 3.2: Multiport model of a noiseless MIMO system.

Noise-free relation

In the noise-free scenario, the three multiports in figure 3.1 are connected in cascade. There-
fore, they can be combined into a single equivalent multiport, as illustrated in figure 3.2. The
relation between voltages and currents is given by

(𝘃T𝘃R
) = 𝗭 ⋅ (𝗶T𝗶R

), 𝗭 = ( 𝗭T 𝗭TR
𝗭RT 𝗭R

), (3.15)

where each block of 𝗭 is obtained from circuit analysis as (see appendix B)

𝗭T = 𝐙MT,11 − 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)

−1𝐙MT,21,

𝗭R = 𝐙MR,11 − 𝐙MR,12(AR − 𝗭ARTA−1
T 𝗭ATR)

−1𝐙MR,21,

𝗭TR = 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)

−1𝗭ATRA−1
R 𝐙MR,21,

(3.16)

with the following auxiliary variables:

AR = 𝐙AR + 𝐙MR,22, AT = 𝐙AT + 𝐙MT,22. (3.17)

This network is also reciprocal, as it is a cascade connection of three reciprocal networks [91],
hence 𝗭T = 𝗭T

T, 𝗭R = 𝗭T
R and

𝗭RT = 𝗭T
TR = 𝐙MR,12A−1

R 𝗭ART(AT − 𝗭ATRA−1
R 𝗭ART)

−1𝐙MT,21. (3.18)

From (3.15) and Ohm’s law, we can obtain the matrix of the (noiseless) input-output relation-
ship 𝘃L|nf = 𝗗𝘃G:

𝗗 = 𝑍L(𝑍L𝐈𝑁R + 𝗭R)
−1
𝗭RT(𝑍G𝐈𝑁T + 𝐙T − 𝗭TR(𝑍L𝐈𝑁R + 𝗭R)−1𝗭RT)−1. (3.19)

Applying the Woodbury matrix identity [19], [92, Sec. 0.7], 𝗗 can also be expressed as

𝗗 = 𝑍L(𝑍L𝐈𝑁R + 𝗭R − 𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1𝗭TR)
−1
𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1. (3.20)
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When the receiver and transmitter are sufficiently far apart, the unilateral approximation
𝗭ATR ≈ 𝟎𝑁T×𝑁R holds so 𝗭TR ≈ 𝟎𝑁T×𝑁R too, and 𝗗 can be simplified to

𝗗UA = 𝑍L(𝑍L𝐈𝑁R + 𝐙R)
−1
𝗭RT(𝑍G𝐈𝑁T + 𝐙T)−1. (3.21)

Observe that now 𝐙T and 𝐙R are not random, since 𝗭ATRA−1
R 𝗭ART and 𝗭ARTA−1

T 𝗭ATR are
approximately zero and all the other terms are deterministic.

These same expressions can be given in terms of 𝗭in and 𝗭out. Following appendix A.3, both
matrices can be computed as:

𝗭in = 𝗭T − 𝗭TR(𝑍L𝐈𝑁R + 𝗭R)
−1
𝗭RT,

𝗭out = 𝗭R − 𝗭RT(𝑍G𝐈𝑁T + 𝗭T)
−1𝗭TR.

(3.22)

Therefore,

𝗗 = 𝑍L(𝑍L𝐈𝑁R + 𝗭R)
−1
𝗭RT(𝑍G𝐈𝑁T + 𝗭in)−1

= 𝑍L(𝑍L𝐈𝑁R + 𝗭out)
−1
𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1 = 𝗤𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1,

(3.23)

where we have defined
𝗤 = 𝑍L(𝑍L𝐈𝑁R + 𝗭out)

−1
, (3.24)

since it will be useful later on.

Under the unilateral approximation, 𝐙in,UA = 𝐙T and 𝐙out,UA = 𝐙R, so (3.23) is equivalent
to (3.21).

Signal-free relation

The noise term is obtained in a similar manner setting 𝘃G = 𝟎𝑁T . Due to the higher number
of noise sources, we leverage the superposition principle to facilitate the computation of 𝗻
by first considering the receiver-side noises and then the transmitter-side noise.

Letting 𝘃TEN = 𝟎𝑁T and applying the Thévenin theorem at the output of the receiver matching
network, the equivalent circuit in figure 3.3 is obtained [93], where 𝘃RN ∼ 𝒞𝒩 (𝟎𝑁R , 𝗖RN)
and 𝗖RN = 4𝑘B𝑇A𝐵Wℜ(𝗭out).

−
+𝘃RN

𝗭out
−+

𝘃LNA
𝗶RN

𝗶LNA 𝑍L𝐈𝑁R

+
𝘃′L
−

Figure 3.3: Equivalent circuit to find the receiver-side noise expression.

Through Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL):

KCL: 𝗶RN = 𝗶LNA −
𝘃′L
𝑍L

,

KVL: 𝘃′L + 𝘃LNA − 𝗭out𝗶RN − 𝘃RN = 𝟎𝑁R .
(3.25)
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Substituting the first equation into the second one and isolating 𝘃′L:

𝘃′L = 𝗤(𝘃RN − 𝘃LNA + 𝗭out𝗶LNA). (3.26)

The effects of the transmitting antennas noise can be computed by setting all sources but
𝘃TEN to zero, which results in the circuit in figure 3.4, with 𝘃TN ∼ 𝒞𝒩 (𝟎𝑁T , 𝗖TN) and
𝗖TN = 4𝑘B𝑇A𝐵Wℜ(𝗭in).

𝗭
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−+
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−

+
−

𝑍L
+
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+
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−
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Figure 3.4: Multiport network with transmitting antenna noise before the matching network.

This circuit is similar to the noiseless one shown in figure 3.2, but with the source and its
impedance swapped, and the source reversed. Since exchanging these two components does
not affect 𝗶T, from the noise-free analysis it follows that:

𝘃̃L = −𝗗𝘃TN = −𝗤𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1𝘃TN. (3.27)

Finally, the noise component at the receiver is obtained by superposition:

𝗻 = 𝘃′L + 𝘃̃L = 𝗤(𝘃RN − 𝘃LNA + 𝗭out𝗶LNA − 𝗭RT(𝑍G𝐈𝑁T + 𝗭T)−1𝘃TN). (3.28)

Similar to the noise-free scenario, the unilateral approximation greatly simplifies the noise
expression. Besides the aforementioned simplifications of 𝗤 and 𝗭out, if the unilateral
approximation is valid the transmitting antennas noise can be omitted [79], so 𝘃TN ≈ 𝟎𝑁T
and

𝗻UA = Q(𝘃RN − 𝘃LNA + 𝗭R𝗶LNA). (3.29)

A summary of the different expressions in the general case and under the unilateral approxi-
mation is given in section 3.1.8.
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3.1.6 Transmit power and noise covariance matrix
Transmit power is defined as the average active power delivered to the transmitting antennas.
When expressed in terms of complex envelopes, it can be written as

𝑃T = E[ℜ(𝘃HAT𝗶AT)] = E[ℜ(𝘃HT 𝗶T)], (3.30)

where the second equality follows from assuming that the matching networks are either
lossless or absent. Moreover, if antennas are also lossless, the transmit power is equal to the
radiated power.

From Ohm’s law and the multiport equation we know that

𝘃T = 𝘃G − 𝑍G𝗶T
𝘃T = 𝗭in𝗶T,

(3.31)

and subtracting both equations results in

𝗶T = (𝑍G𝐈𝑁T + 𝗭in)
−1𝘃G. (3.32)

Taking into account that 𝗭in is symmetric, substituting 𝘃T and 𝗶T in (3.30) yields

𝑃T = E[ℜ(𝘃HG(𝑍G𝐈𝑁T + 𝗭in)
−H𝗭H

in(𝑍G𝐈𝑁T + 𝗭in)
−1𝘃G)]

= E[𝘃HG(𝑍G𝐈𝑁T + 𝗭in)
−Hℜ(𝗭in)(𝑍G𝐈𝑁T + 𝗭in)

−1𝘃G]

=
E[𝘃HG𝗕𝘃G]

𝑅G
,

(3.33)

where 𝗕 denotes the power coupling matrix, defined as

𝗕 = 𝑅G(𝑍G𝐈𝑁T + 𝗭in)
−Hℜ(𝗭in)(𝑍G𝐈𝑁T + 𝗭in)

−1. (3.34)

Under the unilateral approximation, the power coupling matrix is obtained replacing 𝗭in
with 𝐙T in the expression above, resulting in a deterministic power coupling matrix.

In the previous section, we derived an expression for noise following the multiport model.
Since noise is a purely random phenomenon modeled as a zero-mean Gaussian process, it is
fully characterized by its second-order moment. In particular, the noise covariance matrix is
given by

𝗖𝗻 = E[𝗻𝗻H] = 𝗤E[𝘃RN𝘃HRN − 𝘃LNA𝘃HLNA − 𝘃LNA𝗶HLNA𝗭
H
out − 𝗭out𝗶LNA𝘃HLNA

+ 𝗭out𝗶LNA𝗶HLNA𝗭
H
out + 𝗭RT(𝑍G𝐈𝑁T + 𝐙T)

−1𝘃TN𝘃HTN(𝑍G𝐈𝑁T + 𝐙T)
−H]𝗤H

= 𝗤(𝗖RN + 𝜎2𝑖 𝑅2N𝐈𝑁R + 𝜎2𝑖 𝗭out𝗭H
out − 2𝜎2𝑖 𝑅Nℜ(𝜌∗N𝗭out))𝗤H + 𝗗𝗖TN𝗗H.

(3.35)

If the unilateral approximation holds, the last term can be neglected setting 𝗖TN = 𝟎𝑁T , and
𝗭out should be replaced with 𝐙R.
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3.1.7 Matching networks optimization
From a practical point of view, it is convenient to design the transmitter matching network,
𝐙MT, such that maximum power transfer is achieved. Ideally, this configuration ensures
that all the power available at the sources is effectively transmitted to the antenna array, a
condition known as power matching. Formally, 𝑃T = 𝑃A. This is achieved with a network
such that the input impedance seen from the sources is the conjugate match of the source
impedance, 𝗭in = 𝑍∗

G𝐈𝑁T , yielding 𝗕 = 𝐈𝑁T/4. Similarly, on the receiving end, the network
𝐙MR should be designed with the primary goal of maximizing the SNR at the output, a
process referred to as noise matching.

However, achieving these conditions is not straightforward, especially when the unilateral
approximation does not hold. In this situation, (3.16) and (3.22) evidence that 𝐙MT and 𝐙MR
are a coupled transcendental equation with no closed-form solution and only numerical
approximations are possible [94], [95].

The complexity of the problem simplifies considerably under the unilateral approximation.
By setting 𝗭ATR = 𝟎𝑁T×𝑁R , it follows that 𝐙in = 𝐙T, so the transmitter power matching
network can be computed as

𝐙⋆MT = ( −j𝑋G𝐈𝑁T −j√𝑅Gℜ(𝐙AT)
1/2

−j√𝑅Gℜ(𝐙AT)
1/2 −jℑ(𝐙AT)

). (3.36)

On the other hand, the receiver noise matching network is given by

𝐙⋆MR = (
j𝑍opt𝐈𝑁R j√ℜ(𝑍opt)ℜ(𝐙AR)

1/2

j√ℜ(𝑍opt)ℜ(𝐙AR)
1/2 −jℑ(𝐙AR)

), (3.37)

which yields 𝐙R = 𝑍opt𝐈𝑁R , with 𝑍opt = 𝑅N(√1 − ℑ(𝜌N)
2 + jℑ(𝜌N)). Note that by employing

the matching network in (3.37), the receiving antennas are decoupled, since 𝐙R is a diagonal
matrix. However, this is not equivalent to an uncoupled array, given that in a decoupled
array, the receiving array mutual coupling appears in 𝗗 through 𝐙AR.

Even if the unilateral approximation is valid, the design of optimal matching networks is
very challenging for arrays with a large number of antennas [79], [80], [83]. For this reason,
in mMIMO they are usually omitted [87], [90] or replaced by self-impedance matching
networks [96]. This latter approach neglects the mutual coupling between antennas by
replacing the impedance matrices 𝐙AT and 𝐙AR with their diagonal counterparts, diag(𝐙AT)
and diag(𝐙AR).

3.1.8 Summary
Given the large number of parameters involved in the multiport communication model, as
well as their difference in the general case and under the unilateral approximation, we find it
helpful to provide an overview in table 3.1.

Recall that AT = 𝐙AT + 𝐙MT,22 and AR = 𝐙AR + 𝐙MR,22.
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Table 3.1: Summary of multiport communication theory variables.

General expression Unilateral approximation

𝗭T = 𝐙MT,11 − 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)

−1𝐙MT,21 𝐙T = 𝐙MT,11 − 𝐙MT,12A−1
T 𝐙MT,21

𝗭R = 𝐙MR,11 − 𝐙MR,12(AR − 𝗭ARTA−1
T 𝗭ATR)

−1𝐙MR,21 𝐙R = 𝐙MR,11 − 𝐙MR,12A−1
R 𝐙MR,21

𝗭TR = 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)

−1𝗭ATRA−1
R 𝐙MR,21 𝐙TR = 𝟎𝑁T×𝑁R

𝗭RT = 𝐙MR,12A−1
R 𝗭ART(AT − 𝗭ATRA−1

R 𝗭ART)
−1𝐙MT,21 𝗭RT = 𝐙MR,12A−1

R 𝗭ARTA−1
T 𝐙MT,21

𝗭in = 𝗭T − 𝗭TR(𝑍L𝐈𝑁R
+ 𝗭R)

−1𝗭RT 𝐙in = 𝐙T

𝗭out = 𝗭R − 𝗭RT(𝑍G𝐈𝑁T
+ 𝗭T)

−1𝗭TR 𝐙out = 𝐙R

𝗤 = 𝑍L(𝑍L𝐈𝑁R
+ 𝗭out)

−1 𝐐 = 𝑍L(𝑍L𝐈𝑁R
+ 𝐙R)

−1

𝗗 = 𝗤𝗭RT(𝑍G𝐈𝑁T
+ 𝗭T)−1 𝗗 = 𝐐𝗭RT(𝑍G𝐈𝑁T

+ 𝐙T)−1

𝗕 = 𝑅G(𝑍G𝐈𝑁T
+ 𝗭in)

−Hℜ(𝗭in)(𝑍G𝐈𝑁T
+ 𝗭in)

−1 𝐁 = 𝑅G(𝑍G𝐈𝑁T
+ 𝐙T)

−Hℜ(𝐙T)(𝑍G𝐈𝑁T
+ 𝐙T)

−1

𝗻 = 𝗤(𝘃RN − 𝘃LNA + 𝗭out𝗶LNA − 𝗭RT(𝑍G𝐈𝑁T
+ 𝗭T)−1𝘃TN) 𝗻 = Q(𝘃RN − 𝘃LNA + 𝗭R𝗶LNA)

3.2 Mutual coupling impedance matrices
The multiport model discussed in the previous section introduces the mutual coupling
matrix 𝗭A, which can be decomposed into four submatrices representing different coupling
interactions within the system:

• Mutual coupling among the transmit antennas: 𝐙AT.

• Mutual coupling among the receive antennas: 𝐙AR.

• Mutual coupling from the transmit antennas to the receive antennas: 𝗭ART.

• Mutual coupling from the receive antennas to the transmit antennas: 𝗭ATR.

Before computing the elements of these matrices for different types of antenna, we first define
the concepts of self-impedance and mutual impedance and clarify their physical meaning.

First, consider a single current element (i.e. an antenna) radiating into an unbounded medium.
Its self-impedance is given by the ratio of the induced voltage to the driving current [30,
Sec. 8.5]:

𝑍in =
𝑉in
𝐼in

. (3.38)

Its real part denotes the radiation resistance of the antenna, whereas the imaginary part
represents the self-reactance.

The self-impedance of an antenna coincides with its input impedance only in the absence of
any other current elements. The presence of an obstacle—such as another nearby antenna
element—can alter the current distribution on the antenna, modify the radiated electromag-
netic field, and consequently change its input impedance. As a result, the input impedance of
an antenna in the presence of surrounding elements depends not only on its self-impedance
but also on the mutual impedance between the driven element and the neighboring ele-
ments [97, Ch. 13].
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For the analysis, we consider a pair of current elements and represent them as a two-port
network such that

(𝑉1𝑉2
) = (𝑍11 𝑍12

𝑍21 𝑍22
)(𝐼1𝐼2

), (3.39)

where 𝐼1 and 𝐼2 are the driving currents and 𝑉1 and 𝑉2 the induced voltages on each ele-
ment [98]. When the second port is open-circuited, the input impedance of the first antenna
is given by

𝑍11 =
𝑉1
𝐼1
|𝐼2=0. (3.40)

Similarly, when the first port is open-circuited,

𝑍22 =
𝑉2
𝐼2
|𝐼1=0 (3.41)

is the input impedance of the second antenna. These values coincide with the self-impedances
of the first and second antennas if they are canonical minimum scattering (CMS) antennas,
which means that they are “invisible” when the accessible waveguide terminals are open-
circuited [83], [99], [100].

It is important to note that the pairwise treatment performed in sections 3.2.1 and 3.2.2 relies
on the antennas being CMS. If this condition is not met, the interactions with neighboring
antennas must be explicitly considered. Fortunately, thin antennas generally satisfy this
property [79], [80], [83].

On the other hand, the mutual impedance at the first port due to a current in the second port
is given by

𝑍12 =
𝑉1
𝐼2
|𝐼1=0. (3.42)

Since antennas are reciprocal devices, it is fulfilled that

𝑍21 = 𝑍12 =
𝑉2
𝐼1
|𝐼2=0, (3.43)

which is the mutual impedance at the second port due to a current in the first port.

Therefore, the presence of another element modifies the input impedance of an antenna [97,
Ch. 13]. The extent and nature of this effect depend on three factors: the type of antenna, the
relative positioning of the elements, and the type of feed used to excite them [30, Sec. 8.6].
In the following, we describe the construction of the mutual coupling matrix 𝗭A for different
antenna types. We begin by examining the intra-array coupling matrices, followed by the
inter-array coupling matrices.

3.2.1 Intra-array coupling impedance matrix
Matrices 𝐙AT and 𝐙AR previously defined in section 3.1.3 represent the intra-array coupling
at the transmitter and receiver, respectively. These matrices contain both the self-impedances
and mutual impedances of the antenna elements. Specifically, the entry at position (𝑚, 𝑛)
denotes the mutual impedance observed at the 𝑚-th port due to a current at the 𝑛-th port,
with all other ports open-circuited. Under this definition, the diagonal elements correspond
to the self-impedances of each antenna [36, Sec. 6.1].
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As previously discussed, mutual impedances depend on both the spatial configuration of
the array and the type of antenna employed. While many array configurations and antenna
types exist, we restrict our analysis to ULAs with identical elements which can be either
Hertzian dipoles or half-wavelength dipoles.

In the sequel, we construct the intra-array coupling matrices for each of these antenna types
and compare their corresponding mutual coupling functions, including that of the isotropic
radiator. For simplicity, we use the notation 𝐙A• to denote the intra-array coupling matrix,
where • stands for either T or R.

Hertzian dipoles

The Hertzian dipole, also known as infinitesimal dipole, is the most elementary type of
antenna that fulfills Maxwell equations. It consists of an electrically short and infinitesimally
thin wire with an almost uniform current density. Although Hertzian dipoles cannot be phys-
ically constructed, they serve as building blocks for more complex antenna geometries [30,
Sec. 4.2].

𝑥

𝑦

𝑧

𝑙/2

𝑙/2

r

𝜙

𝜃

(a) A Hertzian dipole in spherical coordinates.

𝑥

𝑧

𝑑

𝑙/2

𝑙/2

(b) Two side-by-side Hertzian dipoles.

Figure 3.5: Representation of a single and two side-by-side Hertzian dipoles.

In order to find the mutual impedance matrix for an array of side-by-side Hertzian dipoles,
we first consider a single Hertzian dipole of length 𝑙 ≪ 𝜆 located along the 𝑧 axis, with a
uniform current 𝐼1, as depicted in figure 3.5a [30, Sec. 4.2]. Its electric field at a point (in
spherical coordinates) r = (𝑟, 𝜃, 𝜙) is given by

𝐸𝑟 = 𝜂
𝐼1 𝑙 cos 𝜃
2𝜋𝑘

( 𝑘
𝑟2

−
j
𝑟3
)e−j𝑘𝑟 , (3.44)

𝐸𝜃 = j𝜂
𝐼1 𝑙 sin 𝜃
4𝜋𝑘

(𝑘
2

𝑟
−
j𝑘
𝑟2

− 1
𝑟3
)e−j𝑘𝑟 , (3.45)

𝐸𝜙 = 0. (3.46)

If a second (open-circuited) dipole is placed at coordinates (𝑑, 0, 0), oriented as the first one
(see figure 3.5b), the electric field produced by the first dipole induces an open-circuit voltage
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on the second [101, Sec. 25.3]. This voltage is given by

𝑉2 = −∫
𝑙/2

−𝑙/2
𝐸𝑧(𝑧) d𝑧. (3.47)

Since a Hertzian dipole is electrically small, the 𝑧 component of the electric field can be well
approximated by the 𝜃 component [98]:

𝐸𝑧(𝑟) ≈ −𝐸𝜃 (𝑟 = 𝑑, 𝜃 = 𝜋/2) = j𝜂
𝐼1 𝑙
4𝜋𝑘

(−𝑘
2

𝑟
+
j𝑘
𝑟2

+ 1
𝑟3
)e−j𝑘𝑟 . (3.48)

Substituting into (3.47),

𝑉2 = ∫
𝑙/2

−𝑙/2
𝐸𝜃 (𝑟 = 𝑑, 𝜃 = 𝜋/2) d𝑧 = j𝜂

𝐼1 𝑙2

4𝜋𝑘
(𝑘

2

𝑑
−

j𝑘
𝑑2

− 1
𝑑3

)e−j𝑘𝑑 , (3.49)

that yields

𝑍21 =
𝑉2
𝐼1
|𝐼2=0 = j𝜂 𝑙2

4𝜋𝑘
(𝑘

2

𝑑
−

j𝑘
𝑑2

− 1
𝑑3

)e−j𝑘𝑑 . (3.50)

Taking into account that the radiation resistance of a Hertzian dipole is given by [30, Sec. 4.2]

𝑅r =
2𝜋
3
𝜂( 𝑙

𝜆
)
2
, (3.51)

we can also express 𝑍21 in terms of 𝑅r:

𝑍21 = 𝑅r 𝜓(𝑘𝑑), (3.52)

where 𝜓 is defined as

𝜓(𝑥) = 3
2
je−j𝑥(1

𝑥
−

j
𝑥2

− 1
𝑥3

). (3.53)

Since a Hertzian dipole is infinitesimally thin, its self-impedance can be obtained by taking
the limit of the mutual impedance between two identical dipoles as their separation 𝑑 → 0:

𝑍11 = lim
𝑑→0

𝑍21 ⟹ {
ℜ(𝑍11) = 𝑅r,
ℑ(𝑍11) → −∞.

(3.54)

That is, the real part corresponds to the radiation resistance, while the imaginary part
tends toward negative infinity, indicating an infinite capacitive reactance. Conceptually,
this capacitive behavior can be compensated by connecting an inductor in series with the
dipole, canceling out the reactance [81, Ch. 2]. The circuit models for the raw, matched and
equivalent Hertzian dipole are shown in figure 3.6.

Assuming matched dipoles, the extension of the previous results to a 𝑁 -antenna ULA is
straightforward:

𝐙A• = 𝑅r
⎛
⎜
⎜
⎝

1 𝜓(𝑘𝑑) ⋯ 𝜓(𝑁𝑘𝑑)
𝜓 (𝑘𝑑) 1 ⋯ 𝜓((𝑁 − 1)𝑘𝑑)

⋮ ⋮ ⋱ ⋮
𝜓 (𝑁𝑘𝑑) 𝜓 ((𝑁 − 1)𝑘𝑑) ⋯ 1

⎞
⎟
⎟
⎠

, (3.55)

or, compactly,

{
[𝐙A•]𝑚,𝑛 = 𝑅r, 𝑚 = 𝑛, 1 ≤ 𝑚, 𝑛 ≤ 𝑁 ,
[𝐙A•]𝑚,𝑛 = 𝑅r 𝜓(𝑘𝑑|𝑚 − 𝑛|), 𝑚 ≠ 𝑛.

(3.56)
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𝑅r

(a) Raw Hertzian dipole.

𝑅r

(b) Matched Hertzian dipole.

𝑅r

(c) Equivalent circuit.

Figure 3.6: Circuit models of a Hertzian dipole.

Half-wavelength dipoles

The half-wavelength dipole, as its name suggests, is a linear antenna with a total length of
𝜆/2, consisting of two conducting elements—typically wires—each 𝜆/4 long, symmetrically
arranged around a central feed point. In contrast to the Hertzian dipoles, half-wavelength
dipoles not only can be manufactured but they are commonly used in practice [30, Sec. 4.6].
For this reason, their coupling characteristics have been extensively studied in the literature.

The self-impedance of a half-wavelength dipole can be computed numerically and its value
is 73 + 42.5jΩ. Similarly, the mutual impedance between two dipoles cannot be determined
analytically and must also be evaluated numerically [30, Sec. 8.6]. Following the notation pre-
viously introduced, the mutual impedance between two side-by-side dipoles (i.e. figure 3.5b)
is given by

ℜ(𝑍21) =
𝜂
4𝜋

[2Ci(𝑢) − Ci(𝑣) − Ci(𝑤)],

ℑ(𝑍21) = −
𝜂
4𝜋

[2Si(𝑢) − Si(𝑣) − Si(𝑤)],
(3.57)

where Ci and Si are the cosine and sine integrals [30, Appendix III],

Ci(𝑥) = −∫
+∞

𝑥

cos 𝜏
𝜏

d𝜏 ,

Si(𝑥) = ∫
𝑥

0

sin 𝜏
𝜏

d𝜏 ,
(3.58)

and 𝑢, 𝑣 and 𝑤 are auxiliary variables defined as

𝑢 = 𝑘𝑑,

𝑣 = 𝑘(√𝑑2 + 𝑙2 + 𝑙),

𝑤 = 𝑘(√𝑑2 + 𝑙2 − 𝑙),

(3.59)

with 𝑙 = 𝜆/2.

As in the case of Hertzian dipoles, obtaining the impedance matrix for a ULA of 𝑁 half-
wavelength dipoles is straightforward. Letting

𝑢𝑚,𝑛 = 𝑘𝑑|𝑚 − 𝑛|,

𝑣𝑚,𝑛 = 𝑘(√𝑑2(𝑚 − 𝑛)2 + 𝑙2 + 𝑙),

𝑤𝑚,𝑛 = 𝑘(√𝑑2(𝑚 − 𝑛)2 + 𝑙2 − 𝑙),

(3.60)
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the mutual impedance matrix of the array is given by

[ℜ(𝐙A•)]𝑚,𝑛 =
𝜂
4𝜋

[2Ci(𝑢𝑚,𝑛) − Ci(𝑣𝑚,𝑛) − Ci(𝑤𝑚,𝑛)],

[ℑ(𝐙A•)]𝑚,𝑛 = −
𝜂
4𝜋

[2Si(𝑢𝑚,𝑛) − Si(𝑣𝑚,𝑛) − Si(𝑤𝑚,𝑛)],
(3.61)

for 𝑚 ≠ 𝑛, and
[𝐙A•]𝑚,𝑛 = 73.1 + 42.5j, 𝑚 = 𝑛, 1 ≤ 𝑚, 𝑛 ≤ 𝑁 . (3.62)

For instance, the mutual impedance matrix for three half-wavelength dipoles separated 𝑑 = 𝜆
can be computed numerically and is given by [36, Sec. 6.4]

𝐙A• = (
73.1 + 42.5j 4.0 + 17.7j 1.1 + 9.4j
4.0 + 17.7j 73.1 + 42.5j 4.0 + 17.7j
1.1 + 9.4j 4.0 + 17.7j 73.1 + 42.5j

). (3.63)

To conclude this section, in figure 3.7 we depict the real part of the coupling function between
two half-wavelength dipoles, together with the coupling functions for two Hertzian dipoles
and two isotropic radiators (i.e. theoretical point sources radiating a spherical electric field).
It can be observed that both Hertzian and half-wavelength dipoles exhibit practically the
same mutual coupling effect, yet a scaling factor due to their different radiation resistance
should be taken into account. On its turn, the coupling of two isotropic radiators follows
the pattern of a cardinal sine [98, Eq. (7)], which is qualitatively very similar to that of the
dipoles, as it was previously noted in [98].
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Figure 3.7: Mutual coupling between two isotropic radiators, Hertzian dipoles or half-wavelength
dipoles at different distances.

3.2.2 Inter-array coupling impedance matrix
The inter-array coupling naturally depends on the characteristics of the propagation envi-
ronment between the transmitter and the receiver [80]. Consequently, the channel models
presented in chapter 2—or any alternative channel model in the literature—can be employed
to determine the inter-array coupling matrix, with an appropriate scaling factor in ohms.
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In order to model 𝗭ART—and consequently 𝗭ATR due to reciprocity—we consider the most
general case of a transmitting array with 𝑁T antennas and a receiving array with 𝑁R antennas.
Following the geometry in section 2.2, transmitting array elements are located at positions
s𝑚, for 0 ≤ 𝑚 ≤ 𝑁T −1, and receiving array elements at positions u𝑛, for 0 ≤ 𝑛 ≤ 𝑁R −1. The
coordinate origin is chosen at u0. Naturally, the SIMO and MISO matrices can be obtained
by setting 𝑁T = 1 or 𝑁R = 1, respectively.

Next, we review the main inter-array impedance matrices used throughout this thesis,
considering both LoS and NLoS propagation conditions. Alternative models can be found,
for example, in [79], [83], [89].

Free-space propagation

Under free-space propagation in the radiative field, 𝗭ART follows the model in (2.49) with its
entries given by

[𝗭ART]𝑚+1,𝑛+1 = Γ𝑔𝑚,𝑛e−j𝑘(𝑟𝑚,𝑛−𝑟), (3.64)

where Γ is an impedance scaling factor. Moreover, 𝐙ART must coincide with (3.56) for large
𝑑 , up to an angle-dependent scaling factor. For simplicity, we set this factor equal to one.1
Recall that for the specific geometry of side-by-side dipoles, this factor evaluates to 1.5.

Therefore, we have that

[𝗭ART]𝑚+1,𝑛+1 = j𝑅r
e−j𝑘𝑟𝑚,𝑛
𝑘𝑟𝑚,𝑛

, (3.65)

or, in terms of the array response vectors,

𝗭ART = j𝑅raR(𝑟 , 𝜃 , 𝜙)aT(𝑟 , 𝜃 , 𝜙)H, (3.66)

which corresponds to the model in (2.59), with 𝑔R,𝑛 =
1

𝑘‖u𝑛−s0‖
and 𝑔T,𝑚 = 1

𝑘‖s𝑚‖
.

Multipath propagation

The inter-array impedance matrix for a MIMO multipath propagation environment can be
obtained from (2.60) as

𝗭ART =
𝐿
∑
𝑙=1

Γ𝑙aR(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)aT(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)H, (3.67)

and, since scatterers are modeled as point sources, it follows that

𝗭ART = j𝑅r
𝐿
∑
𝑙=1

𝛼𝑙aR(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)aT(𝑟𝑙 , 𝜃𝑙 , 𝜙𝑙)H. (3.68)

Under rich scattering the CLT holds, and the correlated Rayleigh model

vec(𝗭ART) ∼ 𝒞𝒩 (𝟎𝑁R𝑁T ,C𝗭ART), C𝗭ART = E[vec(𝗭ART)vec(𝗭ART)
H] (3.69)

can be employed. This formulation also allows to use the classical uncorrelated Rayleigh
fading model by setting C𝗭ART = |Γ|2𝐈𝑁R𝑁T .

1The angle-dependent scaling factor can be absorbed into the SNR.
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3.3 Analysis of receiver to transmitter coupling

In section 3.1.3 we introduced the unilateral approximation 𝐙ATR ≈ 𝟎𝑁T×𝑁R , which leads
to significantly simpler expressions for the input-output relations of a coupled system
(see table 3.1). However, this is a coarse approximation [19]. Actually, for the unilateral
approximation to be valid—and therefore for the system to behave as if the network was
unilateral—we do not need 𝐙TR ≈ 𝟎𝑁T×𝑁R but only inter-array coupling to be much smaller
than intra-array coupling.

Using the input impedance of the multiport network in (3.22) as a reference, the unilateral
approximation is valid whenever 𝗭in ≈ 𝗭T. This condition is satisfied if

‖𝐙TR(𝑍L𝐈𝑁R + 𝐙R)
−1
𝐙RT‖F

≪ ‖𝐙T‖F. (3.70)

Similarly, by considering the output impedance, the condition may be written as

‖𝐙RT(𝑍G𝐈𝑁T + 𝐙T)
−1𝐙TR‖F ≪ ‖𝐙R‖F, (3.71)

since in both cases 𝗗 ≈ 𝗗UA, as follows from (3.23).

3.3.1 System model
In this section of the thesis, we analyze the validity of the previous conditions under LoS
propagation, considering two complementary cases:

1. Downlink: massive MISO with 𝑁T = 𝑁 and 𝑁R = 1.

2. Uplink: massive SIMO with 𝑁T = 1 and 𝑁R = 𝑁 .

The array is assumed to be a ULA with aperture size 𝐷 and radiating elements are Hertzian
dipoles of length 𝑙 with a separation 𝑑 between them. Hertzian dipoles are used instead of
half-wavelength dipoles in order to enable analytical tractability. To compensate for the
capacitive reactance of the dipoles, loading inductors are assumed to be inserted between
each antenna and its feedline, as previously illustrated in figure 3.6. Since 𝑁 is assumed to
be large and near-field operation is expected, matching networks are omitted at both the
transmitter and the receiver.

In the scenario just described, the intra-array mutual impedance matrix is given by (3.56),
whereas the inter-array coupling impedance matrix in (3.65) degenerates into a vector with
components

[𝐳TR]𝑛 = j𝑅r
e−j𝑘𝑟𝑛
𝑘𝑟𝑛

, (3.72)

where 𝑟𝑛 is the distance between the single-antenna device and the 𝑛-th element in the array.

Next, we proceed to analyze the inter-array coupling in the MISO and SIMO scenarios just
described. For ease of reading, we summarize the system parameters:

• Number of antennas: 𝑁 .

• Array size: 𝐷.
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• Inter-element spacing: 𝑑 .

• Dipole length: 𝑙.

• Wavelength: 𝜆.

• Distance between transmitter and receiver: 𝑟 .

• Incidence angle: 𝜃 .

• Source and load impedances: 𝑍G, 𝑍L.

3.3.2 Massive MISO
In a MISO system, the unilateral approximation will be valid when condition (3.70) is fulfilled:

‖
𝐳TR𝐳TTR
𝑍L + 𝑅r

‖
F
≪ ‖𝐙T‖F. (3.73)

Since 𝐳TR𝐳TTR is rank-one, it is equivalent to

‖𝐳TR‖
2
2

|𝑍L + 𝑅r|
≪ ‖𝐙T‖F. (3.74)

Assuming the intra-array coupling model in (3.56), we can further manipulate the right-hand
side (RHS) in (3.74). In particular, we lower bound ‖𝐙T‖F as follows:

‖𝐙T‖F =
√

𝑁
∑
𝑚=1

𝑁
∑
𝑛=1

|[𝐙T]𝑚,𝑛|2 =
√

𝑁
∑
𝑚=1

‖[𝐙T]𝑚,∗‖
2
2

≥ √𝑁 ⋅min
𝑚

‖[𝐙T]𝑚,∗‖2 = √𝑁 ⋅ ‖[𝐙T]1,∗‖2.

(3.75)

In the last step, we used the fact that antennas at the corners of the ULA experience the
smallest coupling. In fact, the last row could be used equivalently instead of the first one. It is
also worth to remark that √𝑁 ‖[𝐙T]1,∗‖2 → ‖𝐙T‖F when 𝑁 → ∞, because 𝐙T is Toeplitz [102].
Therefore, the bound in (3.75) is asymptotically tight.

We now proceed to compute the Euclidean norm of the first row:

‖[𝐙T]1,∗‖
2
2 = 𝑅2r +

𝑁−1
∑
𝑛=1

𝑅2r |𝜓 (𝑘𝑑𝑛)|2 = 𝑅2r +
9
4
𝑅2r

𝑁−1
∑
𝑛=1

1
(𝑘𝑑𝑛)2

− 1
(𝑘𝑑𝑛)4

+ 1
(𝑘𝑑𝑛)6

= 𝑅2r +
9
4
𝑅2r(

𝐻 (2)
𝑁−1

(𝑘𝑑)2
−
𝐻 (4)
𝑁−1

(𝑘𝑑)4
+
𝐻 (6)
𝑁−1

(𝑘𝑑)6
),

(3.76)

where 𝐻 (𝑝)
𝑛 is the generalized harmonic number of order 𝑝 [103, Sec. 1.2.7],

𝐻 (𝑝)
𝑛 =

𝑛
∑
𝑚=1

1
𝑚𝑝 . (3.77)
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Multiplying by 𝑁 we obtain the bound in (3.75):

‖𝐙T‖
2
F ≥ 𝑁𝑅2r +

9
4
𝑁𝑅2r(

𝐻 (2)
𝑁−1

(𝑘𝑑)2
−
𝐻 (4)
𝑁−1

(𝑘𝑑)4
+
𝐻 (6)
𝑁−1

(𝑘𝑑)6
). (3.78)

Substituting the square root of the RHS in (3.78) into the RHS of (3.74) results in a sufficient
condition for the unilateral approximation to hold in MISO.

Now we analyze this condition in two limiting cases: fixed inter-element spacing and fixed
array size.

Fixed inter-element spacing

If 𝑑 is fixed, then ‖𝐙T‖F diverges as 𝑂(√𝑁). Furthermore, it can be assumed that the receiver
is located at a distance 𝑟 meters and incidence angle 𝜃 = 𝜋/2 to the first antenna in the
transmitting array, as the asymptotic behavior does not depend on the location of the
receiving antenna. Under these assumptions, the left-hand side (LHS) in (3.74) simplifies to

‖𝐳TR‖
2
2 =

𝑅2r
𝑘2

𝑁−1
∑
𝑛=0

1
𝑟2𝑛

=
𝑅2r
𝑘2

𝑁−1
∑
𝑛=0

1
𝑟2 + (𝑛𝑑)2

. (3.79)

The limit when 𝑁 → ∞ of the sum above is convergent and can be computed using the
Poisson summation formula [104, Sec. 7.3]:

lim
𝑁→+∞

‖𝐳TR‖
2
2

|𝑍L + 𝑅r|
=

𝑅2r
|𝑍L + 𝑅r|

(
𝑑 + 𝑟𝜋 coth(𝜋 𝑟

𝑑 )

2𝑑(𝑟𝑘)2
) < +∞, (3.80)

which means that (3.74) is true asymptotically. Therefore, in a massive MISO environment,
the unilateral approximation is asymptotically valid even in the (radiative) near field when
the inter-element spacing is kept constant.

Fixed array size

In order to keep the array size constant, we must let the inter-element distance decrease with
the number of antennas: 𝑑 = 𝐷

𝑁−1 . Substituting it in (3.78), we observe that ‖𝐙T‖F grows as
𝑂(𝑁 3.5), compared with 𝑂(√𝑁) from the previous scenario. Note that this is consistent with
the fact that placing antennas closer together increases mutual coupling.

Besides, substituting 𝑑 in (3.79), we obtain that each term of the series is given by

𝑎𝑛 =
𝑅2r/𝑘2

𝑟2 + ( 𝑛𝐷
𝑁−1)

2
≥

𝑅2r/𝑘2

𝑟2 + (𝑛𝐷𝑛 )2
=

𝑅2r/𝑘2

𝑟2 + 𝐷2 . (3.81)

Since 𝑎𝑛 is lower-bounded by a constant, it follows from the vanishing condition and the
comparison test [31, Ch. 23] that ‖𝐳TR‖

2
2 diverges as 𝑂(𝑁 ). As the RHS in (3.74) grows much

faster than its LHS, we conclude that the unilateral approximation is also asymptotically
valid when the array size is fixed.
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3.3.3 Massive SIMO
From (3.71), the unilateral approximation condition in a SIMO system becomes

‖𝐳RT‖
2
2

|𝑍G + 𝑅r|
≪ ‖𝐙R‖F, (3.82)

which is equivalent to (3.74) derived for MISO.

If the system considered in section 3.3.2 was now employed as a SIMO system in the uplink,
then the expressions derived for MISO (i.e. (3.74) to (3.80)) would be valid replacing 𝐙T and
𝑍L by 𝐙R and 𝑍G. This allows to extend the downlink results to the uplink, which means
that the unilateral approximation is also asymptotically valid for a SIMO system operating
in the radiative near field.

3.3.4 Numerical results
In this subsection, the theoretical results developed throughout section 3.3 are numerically
illustrated in two representative scenarios with realistic parameters.

In the first scenario, we consider a ULA with a fixed inter-element spacing 𝑑 = 𝜆/2 placed
at a distance 𝑟 = 55m of the UE. This geometry constrains the maximum array aperture to
𝐷max = 2m in order to ensure operation within the Fresnel region.

In the second scenario, a ULA with a fixed aperture 𝐷 = 1m is analyzed, with the separation
between transmitter and receiver equal to the Fresnel distance 𝑟 = 0.62√𝐷3/𝜆 ≈ 20m.
Inter-element spacing is equal to 𝑑 = 𝐷/(𝑁 − 1), so the array aperture is kept constant.

In both cases, the system operates at 𝜆 = 1mm and the dipole length is 𝑙 = 𝜆/20. The source
and load impedances 𝑍G = 𝑍L = 186 − 31.6jΩ are taken from experimental measurements
in [105] and have been recently adopted in [83]. A summary of this setup is given in table 3.2.
For the sake of clarity, in this section we employ the notation for MISO systems; however,
as established in section 3.3.3, the results remain valid for SIMO systems thanks to the
equivalence between both link directions.

Table 3.2: Simulation parameters for testing the unilateral approximation.

Parameter Scenario 1 Scenario 2
𝑁 [10, 2000] [10, 106]
𝐷 [4.5mm, 2m] 1m
𝑑 𝜆/2 𝐷/(𝑁 − 1)
𝑙 𝜆/20 𝜆/20
𝜆 1mm 1mm
𝑟 55m 20m
𝜃 𝜋/2 rad 𝜋/2 rad

𝑍G, 𝑍L 186 − 31.6jΩ 186 − 31.6jΩ
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Figure 3.8: Fixed inter-element spacing 𝑑 = 𝜆/2 coupling condition as a function of 𝑁 with 𝑟 = 55m.
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Figure 3.9: Fixed array size 𝐷 = 1m coupling condition as a function of 𝑁 with 𝑟 ≈ 20m (i.e. the
Fresnel distance).

In figure 3.8 the results for the first scenario are shown. We depict ‖𝐙T‖F and its lower bound
from (3.75), as well as (3.79) and (3.80). It can be observed that, for this particular setup, the
unilateral approximation holds for any practical number of antennas, as ‖𝐳TR‖

2
2/|𝑍L + 𝑅r| is

always much smaller (at least 10 times) than ‖𝐙T‖F. It should be noted that the results for
𝑁 > 2000 are not valid for our model, as the system would be operating in the inductive
near field, but they are drawn to illustrate the convergence of (3.79) into (3.80).

In figure 3.9, we plot the results for the second simulation scenario. As expected, ‖𝐳TR‖
2
2/|𝑍L+

𝑅r| grows without bounds, but ‖𝐙T‖F grows much faster, thus ensuring the asymptotic validity
of the unilateral approximation. Furthermore, for all 𝑁 it is fulfilled ‖𝐳TR‖

2
2/|𝑍L+𝑅r| ≪ ‖𝐙T‖F.

Therefore, inter-array coupling can also be neglected in this scenario.

Finally, we shall remark that the lower bound for ‖𝐙T‖F derived in (3.75) is tight in both
scenarios.
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3.4 Relation between information-theoretic and physical
models

In order to encode the physical information into the channel matrix we need to associate
physical quantities to information-theoretic variables 𝘅 and 𝘆 from (3.1). Following the
circuital approach, it is natural to relate the channel input with 𝘃G and the channel output
with 𝘃L [80], [83]. Letting 𝑐 be an arbitrary constant measured in V2,

𝘃L
√𝑐

= 𝗗
𝘃G
√𝑐

+ 𝗻
√𝑐

. (3.83)

Since each term is now dimensionless, they can be identified with the corresponding
information-theoretic variables.

To ensure consistency between the two models, both the transmitted power and the noise
terms must coincide. Consequently, we impose

𝑃T =
E[𝘃HG𝗕𝘃G]

𝑅G
= 𝑐 ⋅ E[𝘅H𝘅], (3.84)

𝘇 = 𝗻
√𝑐

, (3.85)

where 𝗕 is the power coupling matrix defined in (3.34).

From the power constraint in (3.84), we choose the input vector as

𝘅 =
𝗕1/2𝘃G

√𝑐 ⋅ 𝑅G
. (3.86)

Substituting the signal and noise vectors (3.85) and (3.86) into (3.1) yields

𝘆 = 𝗛
𝗕1/2𝘃G

√𝑐 ⋅ 𝑅G
+ 𝗻
√𝑐

=
𝘃L
√𝑐

. (3.87)

Finally, comparing this expression with (3.83) implies that the channel matrix must satisfy

𝗛 = √𝑅G𝗗𝗕−1/2, (3.88)

so that (3.1) and (3.83) are equivalent.

In particular, under optimal power matching at the transmitter, 𝗕 becomes proportional to
the identity matrix, so 𝘅 is proportional to 𝘃G and 𝗛 is proportional to 𝗗.

Recalling the expressions in table 3.1, in the general case 𝗕 is a random matrix, and 𝗗 is
given by the product of several random matrices, which leads to a non-Gaussian distribution
of the channel even if inter-array coupling is assumed to be Gaussian. Furthermore, the
distribution of 𝘅 is also affected by 𝗕1/2, which can result in signaling strategies being
physically inconsistent.2

2It should be noted that 𝗕−1/2 from the channel matrix and 𝗕1/2 from the symbol vector cancel each other,
so such strategies can still be interpreted at the level of the physical channel.
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Fortunately, under the unilateral approximation, Q, B and 𝐙T are deterministic, so

𝗛 = √𝑅GQ𝗭RT(𝑍G𝐈𝑁T + 𝐙T)−1𝐁−1/2 (3.89)

and 𝗛 follows the same distribution as 𝗭RT, up to a linear transformation. Notice that the
presence or absence of matching networks does not affect the distribution of either 𝗭RT or
𝗛, since the matching networks are deterministic.

For simplicity, we will now assume that no matching networks are present at either the
transmitter or the receiver, without detriment to the generality of the result. In this case, 𝐙R,
𝐙T and 𝗭RT can be directly obtained following the approaches in sections 3.2.1 and 3.2.2.

Assuming a multipath propagation scenario, it is fair to consider a Rayleigh fading model for
𝗭RT. Consequently, 𝗛 is also a normally distributed random variable with covariance

C𝗛 = (B−T/2(𝑍G𝐈𝑁T + 𝐙T)−1 ⊗ Q)C𝗭RT(B
−T/2(𝑍∗

G𝐈𝑁T + 𝐙∗T)
−1 ⊗ Q∗), (3.90)

where we have used that B is Hermitian, 𝐙T and Q are symmetric, and where C𝗭RT denotes
the covariance of the inter-array coupling matrix defined in (3.69).

Equation (3.90) clearly illustrates the combined effect of mutual coupling and spatial cor-
relation on the communication channel. The terms in parentheses, namely 𝐙T, Q and B,
account for mutual coupling and reduce to a multiple of the identity matrix in its abscence.
Conversely, C𝗭RT encapsulates spatial correlation and becomes a multiple of the identity
matrix under rich scattering in the far field, as discussed in section 2.2.

The conclusion is that 𝗛 follows a correlated Rayleigh fading model. Even if the propagation
environment itself is assumed to produce spatially uncorrelated fading, the presence of
mutual coupling among antennas induces correlation, thereby modifying the statistical
structure of the channel. Note, however, that this result relies on the validity of the unilateral
approximation. Fortunately, it holds even in the near field of a SIMO and MISO systems,
ensuring that the model retains practical relevance in such scenarios.



CHAPTER4
Energy-based noncoherent

communications

With the advent of massive antenna arrays and the use of ever-higher frequency bands, the
acquisition of accurate CSI has become increasingly challenging due to factors such as pilot
overhead, hardware impairments, and rapid channel variations in high-mobility scenarios.
As a result, there has been a renewed interest in noncoherent communication schemes, which
do not require instantaneous CSI at the transmitter or receiver and can thus offer a more
scalable and robust alternative in scenarios where conventional channel estimation becomes
impractical [3].

As discussed in section 2.4, there exist several approaches that enable reliable communi-
cation without explicit channel knowledge, most notably subspace detection, differential
encoding, and energy detection methods. Among these, energy-based schemes are par-
ticularly appealing in scenarios with a very large number of antennas or under stringent
low-latency requirements. A representative use case is IIoT, envisioned as an evolution of
the well-established IoT, but tailored for mission-critical applications in industrial environ-
ments [106], [107]. Wireless networks in IIoT scenarios are typically characterized by a
high density of low-power/low-complexity terminals [113], the majority of which remain
inactive most of the time. The information being transmitted through these networks mainly
consists in control and telemetry data collected by machine sensors. Therefore, while the
volume of traffic is low, its transmission must be highly reliable and meet stringent latency
requirements. To accomplish these challenging requirements, IIoT leverages two operation
modes of 5G: mMTC and URLLC [13].

The design of noncoherent systems for URLLC applications has therefore attracted con-
siderable attention. Many works focus on single-antenna transmitters [108]–[111], and
several propose schemes based on energy detection [12], [42], [49], [72], [112], given their
simplicity and suitability for low-complexity devices. Nevertheless, the vast majority of
studies on energy-based noncoherent detection adopt the isotropic Rayleigh fading model,
an assumption that—as shown in chapters 2 and 3—is not physically consistent when the
electromagnetic properties of antenna arrays and mutual coupling are properly taken into ac-
count. A notable exception is [42], where the maximum likelihood (ML) detector is analyzed
under correlated fading and an optimized constellation design is developed.



Chapter 4. Energy-based noncoherent communications 52

The extremely low-latency constraints typically imposed in IIoT scenarios have two major
consequences. First, only statistical CSIR is assumed to be available; that is, the receiver has
full knowledge of the channel statistics but is unaware of the specific channel realizations.
Second, information is decoded on a symbol-by-symbol basis, implying that communication
is one-shot [121].

Based on these considerations, in this chapter we analyze the fundamental limitations of one-
shot SIMO noncoherent communications under correlated Rayleigh fading. This assumption
is sustained by section 3.3, where we have shown that even in the near field it is possible to
consider such model. Furthermore, we propose a quadratic framework that generalizes the
energy detector (ED) commonly used in the literature and we derive an analytic expression
for its symbol error rate (SER) [20].

4.1 Signal model
Consider a narrowband massive SIMO architecture with a single-antenna transmitter and
a receiver BS equipped with 𝑁 antennas. The communication is one-shot and performed
through a fast fading channel, modeled as a random variable 𝗵 that remains constant for
a single channel use and changes into an independent realization in the next one. The
transmitter sends an equiprobable symbol 𝑥 ∈ ℂ selected from a 𝑀-ary constellation 𝒳 =
{𝑥1, … , 𝑥𝑀 }, for 𝑀 ≥ 2. An average transmitted power constraint is assumed (i.e. E𝗑[|𝗑|2] = 1).

The signal at the receiver is expressed using a complex baseband representation:

𝘆 = 𝗵𝗑 + 𝘇, 𝘆, 𝗵, 𝘇 ∈ ℂ𝑁 , (4.1)

being 𝘇 an additive Gaussian noise component. The receiver has full statistical CSI,1 i.e. it
is aware of the distributions of both 𝗵 and 𝘇, but not their realizations. The transmitter is
completely unaware of the channel state, i.e. there is no CSIT. The fading is assumed corre-
lated Rayleigh: 𝗵 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵). This is consistent with general, well-established channel
models [29, Ch. 3], as well as state-of-the-art ones, such as those described in chapters 2
and 3. Similarly, the noise is distributed as 𝘇 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝘇) with arbitrary correlation, which
accounts for both colored noise and multiuser interference. The average SNR at the receiver
is defined as follows:

𝛼 =
E𝗑,𝗵[|𝗑|2‖𝗵‖2]

E𝘇[‖𝘇‖2]
=

E𝗑[|𝗑|2]tr(E𝗵[𝗵𝗵H])
tr(E𝘇[𝘇𝘇H])

=
tr(C𝗵)
tr(C𝘇)

, (4.2)

which has been derived using independence between 𝘇, 𝗵 and 𝗑, the cyclic property of the
trace and linearity of the expectation.

4.2 Maximum likelihood detector
For a constellation 𝒳 with equiprobable symbols, the error probability is defined as

𝑃𝜖 =
1
𝑀

∑
𝑥∈𝒳

P(𝑥̂(𝘆) ≠ 𝑥 | 𝗑 = 𝑥), (4.3)

1Acquisition of second-order statistical properties of both channel and noise is a prominent research topic
in communications. Refer, for example, to [114]–[117] and references therein for a variety of methods and
techniques.
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where 𝑥̂(𝘆) is the output of a symbol detector applied to the received signal 𝘆. The receiver
that minimizes 𝑃𝜖 is the ML detector [67, Sec. 4.1-1].

The likelihood function of the received signal (4.1) for a transmitted symbol and given a
channel realization is

𝑓𝘆|𝑥,𝐡(𝐲) =
exp(−(𝐲 − 𝐡𝑥)HC−1

𝘇 (𝐲 − 𝐡𝑥))
𝜋𝑁 |C𝘇|

. (4.4)

The channel realization is unknown at the receiver and is removed by marginalizing the
previous function (i.e. unconditional model [118]). This results in the following likelihood
function:

𝑓𝘆|𝑥 (𝐲) = E𝗵[𝑓𝘆|𝑥,𝐡(𝐲)] =
exp(−𝐲HC−1

𝘆|𝑥𝐲)

𝜋𝑁 |C𝘆|𝑥 |
, (4.5)

where C𝘆|𝑥 = |𝑥|2C𝗵 + C𝘇 is the covariance matrix of the received signal for a given 𝑥 .

The ML detector is obtained by maximizing the likelihood function over all possible symbols
in 𝒳 :

𝑥̂ML = argmax
𝑥∈𝒳

𝑓𝘆|𝑥 (𝐲) = argmax
𝑥∈𝒳

ln 𝑓𝘆|𝑥 (𝐲) = argmin
𝑥∈𝒳

𝐲HC−1
𝘆|𝑥𝐲 + ln |C𝘆|𝑥 |. (4.6)

It is clear from (4.5) and (4.6) that the phase information of 𝑥 cannot be retrieved from 𝐲,
since the noncoherent ML detector only perceives its energy 𝜀𝑖 = |𝑥𝑖|2. For this reason, 𝒳
will be constructed from a unipolar PAM:

𝒳 = {√𝜀1 = 0 < √𝜀2 < ⋯ < √𝜀𝑀 }. (4.7)

In various related scenarios, it has been proven that the capacity-achieving input distribution
is composed of a finite number of discrete mass points, one of which is found at the ori-
gin [119], [120]. Hence, we set the first symbol in our constellation at 0, in the same manner
as in most other works on the topic [42], [49], [72], [121].

We might express

C𝘆|𝑥 = C
1
2𝘇 (|𝑥|2C

− 1
2𝘇 C𝗵C

− 1
2𝘇 + 𝐈𝑁 )C

1
2𝘇 , (4.8)

and then eigendecompose C
− 1

2𝘇 C𝗵C
− 1

2𝘇 as𝐔𝚪𝐔H. The diagonal matrix 𝚪 contains the spectrum
{𝛾𝑛}1≤𝑛≤𝑁 and 𝐔 is its eigenbasis. Without loss of generality, both C𝗵 and C𝘇 are assumed
full-rank, since otherwise the analysis could be restricted to a lower-dimensional subspace.
Moreover, if C𝘇 were rank-deficient, information could be transmitted noise-free through its
null space. With these transformations, we can define

𝐫 = 𝐔HC
− 1

2𝘇 𝐲 ⟹ 𝗿|𝑥 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗿|𝑥), (4.9)

with C𝗿|𝑥 = |𝑥|2𝚪 + 𝐈𝑁 . It is obtained by noise whitening and subsequent decorrelation of
the received signal 𝐲. Notice how there is a one-to-one correspondence between 𝐲 and 𝐫,
thus the ML detector (4.6) can be equivalently expressed as

𝑥̂ML = argmin
𝑥∈𝒳

𝐫HC−1
𝗿|𝑥𝐫 + ln|C𝗿|𝑥 | = argmin

𝑥∈𝒳

𝑁
∑
𝑛=1

|𝑟𝑛|2

|𝑥|2𝛾𝑛 + 1
+ ln(|𝑥|2𝛾𝑛 + 1), (4.10)
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with 𝑟𝑛 = [𝐫]𝑛. This detector coincides with the one presented in [42]. From an algebraic
perspective, it is more convenient to treat (4.10) rather than (4.6) in subsequent derivations,
since C𝗿|𝑥 is diagonal. Therefore, we will refer to 𝗿|𝑥 instead of 𝘆|𝑥 without loss of generality,
even though the analysis is valid for a receiver operating directly on 𝘆|𝑥 .

Complexity of detection using (4.10) is 𝑂(𝑀𝑁), with an additional preprocessing cost of
𝑂(𝑁 2). Although the quadratic term constitutes the main bottleneck, the linear term can
also be significant in moderate antenna regimes when large constellations are employed.

4.3 Asymptotic regimes
It is of theoretical interest to analyze the performance of the presented communication
system in various asymptotic regimes, namely as the number of receiving antennas or SNR
grow without bound. Let

𝑃𝑎→𝑏 = P(𝑥̂ = 𝑥𝑏 | 𝗑 = 𝑥𝑎) = P(𝑓𝗿|𝑥𝑎(𝗿) ≤ 𝑓𝗿|𝑥𝑏(𝗿) | 𝗑 = 𝑥𝑎) = P(L𝑎,𝑏(𝗿) ≤ 0 | 𝗑 = 𝑥𝑎) (4.11)

be the pairwise error probability (PEP) associated with transmitting 𝑥𝑎 and detecting 𝑥𝑏 at
the receiver, in which

L𝑎,𝑏(𝐫) = ln
𝑓𝗿|𝑥𝑎(𝐫)
𝑓𝗿|𝑥𝑏(𝐫)

= 𝐫H(C−1
𝗿|𝑥𝑏

− C−1
𝗿|𝑥𝑎)𝐫 + ln

|C𝗿|𝑥𝑏 |
|C𝗿|𝑥𝑎 |

(4.12)

is the log-likelihood ratio (LLR) [122, Ch. 3] between hypotheses 𝑎 and 𝑏. With the maximum
PEP of the constellation, we can bound the error probability presented in (4.3), as stated
in [67, Sec. 4.2-3]:

max
𝑥𝑎≠𝑥𝑏∈𝒳

1
𝑀
𝑃𝑎→𝑏 ≤ 𝑃𝜖 ≤ max

𝑥𝑎≠𝑥𝑏∈𝒳
(𝑀 − 1)𝑃𝑎→𝑏 . (4.13)

This implies that the error probability will vanish if and only if the maximum PEP does as
well:

lim
𝑁→∞

max
𝑥𝑎≠𝑥𝑏∈𝒳

𝑃𝑎→𝑏 = 0 ⟺ lim
𝑁→∞

𝑃𝜖 = 0

lim
𝛼→∞

max
𝑥𝑎≠𝑥𝑏∈𝒳

𝑃𝑎→𝑏 = 0 ⟺ lim
𝛼→∞

𝑃𝜖 = 0.
(4.14)

We now state two fundamental results regarding the performance of the presented system
under asymptotic regimes.

Theorem 4.1. Let 𝐿 be a positive constant. For a spectral matrix 𝚪 with monotonically
decreasing entries satisfying 0 < 𝛾𝑛 ≤ 𝐿, the error probability of a constellation 𝒳 vanishes
as 𝑁 → ∞ if and only if

|𝑥𝑎 |2 ≠ |𝑥𝑏 |2 ⟺ 𝑥𝑎 ≠ 𝑥𝑏 , ∀𝑥𝑎, 𝑥𝑏 ∈ 𝒳 and lim
𝑁→∞

tr(𝚪2) = ∞. (4.15)

Proof. See appendix C.1.

Theorem 4.2. For a finite number of receiving antennas, the error probability of a constella-
tion of type (4.7) vanishes for increasing SNR if and only if 𝑀 = 2.

Proof. See appendix C.2.
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What these results imply is that communication with the system considered herein is asymp-
totically error-free for an increasing number of receiving antennas but not for increasing SNR.
This behavior for an amplitude-shift keying (ASK) constellation is illustrated in figure 4.1.
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Figure 4.1: Monte Carlo results of the SER for the ML detector in terms of SNR. Various numbers of
antennas have been considered under an exponentially correlated Rayleigh channel with 𝜌 = 0.8 and
a uniform unipolar 4-ASK modulation (see section 2.2.2 for a detailed channel model description).

4.4 Isotropic channel and high SNR approximation
There is a special case of the ML problem presented in (4.6) which has been widely studied
in the literature [12], [121]: the isotropic channel with white noise. Under this model, the
spectral matrix 𝚪 is proportional to the identity (i.e. 𝚪 = 𝛼𝐈𝑁 ). This assumption greatly
simplifies (4.10), since 𝗿|𝑥 ∼ 𝒞𝒩 (𝟎𝑁 , (|𝑥|2𝛼 + 1)𝐈𝑁 ):

𝑥̂(iso)ML = argmin
𝑥∈𝒳

‖𝐫‖2

|𝑥|2𝛼 + 1
+ 𝑁 ln(|𝑥|2𝛼 + 1). (4.16)

In this scenario, ‖𝐫‖2 is a sufficient statistic [121]. Furthermore, the computational complexity
reduces from 𝑂(𝑁 2) + 𝑂(𝑀𝑁) to 𝑂(𝑁 ) + 𝑂(𝑀). Our objective is therefore to implement a
near-ML detector, in the sense of error probability, with reduced computational complexity.

Another relevant simplification of the ML detector that results in a similar expression emerges
at high SNR (HSNR). That is, when 𝛼 → ∞. Given a constellation 𝒳 ∗ that does not include
the null symbol 𝑥 = 0, the covariance matrix of the received signal reduces to

lim
𝛼→∞

C𝗿|𝑥 = lim
𝛼→∞

|𝑥|2𝚪, (4.17)

with which detector (4.10) simplifies to

lim
𝛼→∞

𝑥̂ML = lim
𝛼→∞

argmin
𝑥∈𝒳 ∗

𝐫H𝚪−1𝐫
|𝑥|2

+ 𝑁 ln(|𝑥|2) (4.18)

and 𝐫H𝚪−1𝐫 becomes a sufficient statistic.
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The previous result is no longer valid for the constellation considered in (4.7), as C𝗿|𝑥=0 = 𝐈𝑁
even when 𝛼 → ∞, so this symbol has to be treated separately to perform ML detection.
Specifically, (4.10) should be evaluated for 𝑥 = 0, while (4.18) applies to the remaining 𝑀 − 1
symbols. The symbol yielding the minimum value among all candidates corresponds to the
ML decision of the transmitted symbol.

In both special cases (4.16) and (4.18), the ML decoder can be decoupled into a two-stage
process:

1. The computation of a continuous quadratic statistic.

2. A one-dimensional decision problem that detects the transmitted symbol solely using
the proposed statistic.

Motivated by this observation, a generalization of this two-step approach for arbitrary
channel and noise spectra is proposed in the sequel. Sections 4.5 and 4.6 address the design
of the first and second steps of this procedure.

4.5 Energy statistic

The first simplified receiver described in section 4.4, known as ED, is widely used in the
literature due to its low complexity and optimality within the isotropic channel. Nevertheless,
when the channel is arbitrarily correlated, the ED does not fully exploit the statistical CSI
and is no longer optimal. Therefore, in this chapter, we present a family of one-dimensional
detectors that incorporate channel correlation. We have chosen a quadratic structure (in
data) that generalizes the one for ED and is adequate when dealing with variables related to
second-order moments (such as the transmitted energy |𝑥|2, in which we convey information):

̂𝜀(𝐫) = 𝐫H𝐀𝐫 + 𝑐, (4.19)

where A ∈ ℂ𝑁×𝑁 denotes the estimator matrix to be designed. Since ̂𝜀(𝐫) ≥ 0, matrix A
must be Hermitian and positive semi-definite. Furthermore, the decorrelation step in (4.9)
restricts A to be diagonal with real and nonnegative entries. The linear term is omitted, as
it is not relevant in this setting due to the fact that E[𝗿|𝑥] = 𝟎𝑁 , whereas the affine term 𝑐
is included to ensure an unbiased estimate of 𝜀. It should be noted, however, that from a
symbol-detection perspective, the constant term 𝑐 does not affect the decision process.

The detection procedure is then split into two phases:

1. Perform the energy estimation with (4.19). In this step, 𝜀 is assumed to be continuous.

2. Detect the transmitted symbol by classifying the estimate according to some detection
regions.

The corresponding block diagram is shown in figure 4.2.

Energy estimator
rHAr + 𝑐

Symbol detector
≶

r
̂𝜀(r)

𝑥̂

Figure 4.2: Block diagram of the energy detection procedure.
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Throughout this section, we consider the received signal from (4.9), 𝗿|𝜀 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗿|𝜀), with
transmitted energy 𝜀 = |𝑥|2 and C𝗿|𝜀 = 𝜀𝚪+𝐈𝑁 . In addition, 𝜀 is treated as continuous variable
during the energy estimation stage. Although the optimal scheme in related scenarios [119],
[120] as well as practical implementations rely on discrete constellations, decoupling the
detector into estimation and detection stages simplifies receiver design. The system is
initially designed ignoring the discrete nature of 𝜀, which is later introduced in section 4.6
via threshold-based classification.

4.5.1 Information-theoretic design criteria
The detector based on (4.19) is suboptimal for most scenarios because ̂𝜀 is not a sufficient
statistic in the general case. Nevertheless, we wish to design the coefficients of the quadratic
estimator so that it preserves as much information as possible on the transmitted symbol,
thereby aiming to mitigate the error rate performance penalty. Hence, the mutual information
arises as a natural choice for the design criterion for the coefficients of the quadratic estimator.

We propose to design coefficients 𝐀 and 𝑐 to maximize the mutual information (MI) between
the transmitted symbol and the estimator output, i.e.

I(𝜀; ̂𝜀) = h(𝜀) − h(𝜀| ̂𝜀) ⟹ ̂𝜀OPT = argmax
̂𝜀∈𝒬

I(𝜀; ̂𝜀), (4.20)

where 𝒬 is the set of all estimators of the form (4.19). This problem is, in general, very hard
to solve analytically. Motivated by [123], we obtain a lower bound on the MI:

I(𝜀; ̂𝜀) = h(𝜀) − h(𝜀 − ̂𝜀| ̂𝜀) (4.21)
≥ h(𝜀) − h(𝜀 − ̂𝜀). (4.22)

Equality (4.21) is due to the translation invariance of differential entropy [124, Th. 8.6.3],
while inequality (4.22) follows from the fact that conditioning does not increase entropy [124,
Th. 8.6.1]. If 𝜉 = 𝜀 − ̂𝜀 is interpreted as the estimation error, this lower bound becomes tighter
the less 𝜉 depends on ̂𝜀.

By using the maximum value of h(𝜉 ), which is achieved when 𝜉 is Gaussian [124, Th. 8.6.5],
an even simpler lower bound is derived2:

I(𝜀; ̂𝜀) ≥ h(𝜀) − 1
2
(1 + ln(2𝜋var(𝜉 ))) = ILOW. (4.23)

Therefore, the proposed design criterion simplifies to

̂𝜀 = argmax
̂𝜀∈𝒬

ILOW ≡ argmin
̂𝜀∈𝒬

var(𝜉 ). (4.24)

Remarkably, this information-theoretic approach reduces to a variance minimization problem.
Moreover, the variance minimization criterion is meaningful on its own, since a smaller
estimation error variance implies a tighter concentration of ̂𝜀, which is expected to improve
symbol separation and reduce detection error probability.

The variance in (4.24) can be obtained from the average mean squared error (MSE) and bias
of ̂𝜀, by applying the law of total expectation [125, Th. 9.1.5]:

var(𝜉 ) = MSE( ̂𝜀) − b( ̂𝜀)2 = E𝜀[E𝗿|𝜀[(𝜀 − ̂𝜀)2]] − E𝜀[𝜀 − E𝗿|𝜀[ ̂𝜀]]
2. (4.25)

2In section 4.6.1, we prove the test statistic ̂𝜀 |𝑥 is increasingly Gaussian for large 𝑁 , thus the bound is
expected to be asymptotically tight.
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4.5.2 Best quadratic unbiased estimator
Before dealing with the full optimization problem, it is of conceptual interest to study a
simpler version. Consider a genie-aided estimator with quadratic structure (4.19) that aims
at minimizing var(𝜉 ) but is aware of the exact transmitted energy 𝜀. In such a scenario, (4.25)
reduces to:

var(𝜉 ) = E𝗿|𝜀[(𝜀 − ̂𝜀)2] − (𝜀 − E𝗿|𝜀[ ̂𝜀])
2 = E𝗿|𝜀[ ̂𝜀2] − E𝗿|𝜀[ ̂𝜀]

2 ≡ var( ̂𝜀|𝜀). (4.26)

It depends on the conditional first and second-order moments of ̂𝜀, which have been derived
in appendix D:

E𝗿|𝜀[ ̂𝜀] = tr(𝐀C𝗿|𝜀) + 𝑐

E𝗿|𝜀[ ̂𝜀2] = tr(𝐀2C2
𝗿|𝜀) + (tr(𝐀C𝗿|𝜀) + 𝑐)2.

(4.27)

Using them in (4.26), the conditional variance of ̂𝜀 becomes

var( ̂𝜀|𝜀) = ‖𝐀C𝗿|𝜀‖
2
F. (4.28)

As the affine term 𝑐 does not affect the variance we want to optimize, we can freely set it. For
convenience, we propose to choose it to obtain a conditionally unbiased estimator, which
translates into

E𝗿|𝜀[ ̂𝜀] = tr(𝐀(𝜀𝚪 + 𝐈𝑁 )) + 𝑐 = 𝜀 ⟹ {
𝑐 = −tr(𝐀),
tr(𝐀𝚪) = 1.

(4.29)

Under conditional unbiasedness, var( ̂𝜀|𝜀) is equivalent to the conditional MSE, i.e. MSE( ̂𝜀|𝜀).
Following a similar reasoning to the one behind the well-known best linear unbiased estimator
(BLUE) [126, Ch. 6], with the quadratic structure presented, we will term the estimator that
minimizes MSE( ̂𝜀|𝜀) best quadratic unbiased estimator (BQUE).3

Accounting for the constraints in (4.29), we can solve the optimization problem using the
method of Lagrange multipliers:

ℒ(𝐀, 𝜆) = ‖𝐀C𝗿|𝜀‖
2
F + 𝜆(tr(𝐀𝚪) − 1). (4.30)

We differentiate ℒ with respect to 𝐀 and equate it to 𝟎:

𝜕ℒ(𝐀, 𝜆)
𝜕𝐀

= 2C𝗿|𝜀𝐀C𝗿|𝜀 + 𝜆𝚪 = 𝟎𝑁×𝑁 ⟹ 𝐀 = −𝜆
2
C−1
𝗿|𝜀 𝚪C

−1
𝗿|𝜀 . (4.31)

Taking into account that 𝚪 and C𝗿|𝜀 are diagonal matrices, 𝐀 must also be diagonal. Enforcing
the unbiasedness constraint leaves us with:

tr(𝐀𝚪) = −𝜆
2
‖𝚪C−1

𝗿|𝜀 ‖
2
F
= 1 ⟹ −𝜆

2
= 1

‖𝚪C−1
𝗿|𝜀 ‖

2
F

. (4.32)

Substituting in (4.31) we obtain the matrix of the quadratic form:

𝐀BQUE =
𝚪C−2

𝗿|𝜀

‖𝚪C−1
𝗿|𝜀 ‖

2
F

. (4.33)

3In [127], [128], the authors propose the same name for an estimator with similar structural constraints.
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Finally, the BQUE is given by

̂𝜀BQUE(𝐫) =
𝐫H𝚪C−2

𝗿|𝜀 𝐫 − tr(𝚪C−2
𝗿|𝜀 )

‖𝚪C−1
𝗿|𝜀 ‖

2
F

. (4.34)

If we analyze the conditional MSE of this estimator, i.e.

MSE( ̂𝜀BQUE|𝜀) = ‖𝐀BQUEC𝗿|𝜀‖
2
F =

‖𝚪C−1
𝗿|𝜀 ‖

2
F

‖𝚪C−1
𝗿|𝜀 ‖

4
F

= ‖𝚪C−1
𝗿|𝜀 ‖

−2
F
, (4.35)

we observe it coincides with the Cramér–Rao bound (CRB) associated with the estimation
of 𝜀, which has been derived in appendix E. Although this condition is sufficient to state if
an estimator is efficient, the BQUE depends on the parameter to be estimated, making it
unrealizable. Therefore, it is not the minimum variance unbiased estimator (MVUE) [126,
Ch. 2].

4.5.3 Quadratic minimummean squared error estimator
Developing the BQUE has provided us with valuable insights on problem (4.24) from the
perspective of classical estimation theory. We now derive the structure of the quadratic
estimator that maximizes ILOW. Recall (4.25), which depends on the average MSE and squared
mean bias of ̂𝜀:

MSE( ̂𝜀) = E𝜀[𝜀2 − 2𝜀E𝗿|𝜀[ ̂𝜀] + E𝗿|𝜀[ ̂𝜀2]]

b( ̂𝜀)2 = 1 − 2E𝜀[𝜀E𝗿|𝜀[ ̂𝜀]] + E𝜀[E𝗿|𝜀[ ̂𝜀]]
2.

(4.36)

Plugging the first and second-order moments from (4.27) in the previous expressions yields

MSE( ̂𝜀) = (𝑐 + tr(𝐀𝐂) − 1)2 + 𝜎2𝜀 (1 − tr(𝐀𝚪))2 + tr(𝐀2𝐂̊2)

b( ̂𝜀)2 = (𝑐 + tr(𝐀𝐂) − 1)2,
(4.37)

with 𝐂 = 𝚪 + 𝐈𝑁 , 𝐂̊2 = (𝜎2𝜀 + 1)𝚪2 + 2𝚪 + 𝐈𝑁 and 𝜎2𝜀 = var(𝜀). Therefore, the variance to be
minimized results in

var(𝜉 ) = 𝜎2𝜀 (1 − tr(𝐀𝚪))2 + ‖𝐀𝐂̊‖
2
F, (4.38)

which is not affected by the value of 𝑐, as expected. If we set it to 𝑐 = 1− tr(𝐀𝐂), the squared
mean bias term cancels (i.e. b( ̂𝜀)2 = 0). In this situation, the criterion of maximum ILOW
is equivalent to that of minimum MSE on average. This results in the (Bayesian) quadratic
minimum mean squared error (QMMSE) estimator, which is an extension of the well-known
linear minimum mean squared error (LMMSE) estimator [126, Ch. 12].

To obtain its expression, we shall proceed as in section 4.5.2, by differentiating (4.38) and
equating it to 𝟎:

𝜕var(𝜉 )
𝜕𝐀

= −2𝜎2𝜀 (1 − tr(𝐀𝚪))𝚪 + 2𝐀𝐂̊2 = 𝟎𝑁×𝑁 . (4.39)

By isolating 𝐀, multiplying it by 𝚪 and computing the trace, we obtain the following term:

tr(𝐀𝚪) =
𝜎2𝜀 ‖𝚪𝐂̊−1‖

2
F

1 + 𝜎2𝜀 ‖𝚪𝐂̊−1‖
2
F

, (4.40)
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which yields the matrix

𝐀QMMSE =
𝜎2𝜀 𝚪𝐂̊−2

1 + 𝜎2𝜀 ‖𝚪𝐂̊−1‖
2
F

(4.41)

and the estimator

̂𝜀QMMSE(𝐫) =
𝜎2𝜀 𝐫H𝚪𝐂̊−2𝐫 + 1 − 𝜎2𝜀 tr(𝚪𝐂̊−2)

1 + 𝜎2𝜀 ‖𝚪𝐂̊−1‖
2
F

. (4.42)

The mean MSE value it reaches is

MSE( ̂𝜀QMMSE) =
𝜎2𝜀

1 + 𝜎2𝜀 ‖𝚪𝐂̊−1‖
2
F

. (4.43)

4.5.4 Unified framework for quadratic detectors
As stated in section 4.4, the framework outlined in (4.19) is general enough to encapsulate a
variety of energy estimators as a first step in symbol detection. For instance, an estimator of
the form

𝐀ED =
𝐈𝑁
tr(𝚪)

⟹ ̂𝜀ED(𝐫) =
‖𝐫‖2 − 𝑁
tr(𝚪)

(4.44)

with a posterior classification (with suitable decision regions) is equivalent to the energy
detector from (4.16). Similarly, for the high SNR detector in (4.18), its corresponding quadratic
statistic is

𝐀HSNR = 𝚪−1

𝑁
⟹ ̂𝜀HSNR(𝐫) =

𝐫H𝚪−1𝐫 − tr(𝚪−1)
𝑁

. (4.45)

Notice that the affine term in both cases has been set to 𝑐 = 1−tr(𝐀𝐂) to more easily compare
them with the QMMSE estimator. As expected, this makes them conditionally unbiased.

An interesting aspect regarding ̂𝜀QMMSE is that, in the high SNR regime, its quadratic term
matrix becomes

lim
𝛼→∞

𝐀QMMSE = lim
𝛼→∞

1
1 + 1

𝜎2𝜀
+ 𝑁

𝚪−1. (4.46)

This is a scaled version of 𝐀HSNR and, in fact, both matrices coincide for asymptotically large
𝑁 . Therefore, at high SNR, both ̂𝜀QMMSE and ̂𝜀HSNR will present the same performance and
error floor.

Another important property of ̂𝜀ED, ̂𝜀HSNR and ̂𝜀BQUE is that they all converge to the same
estimator when the channel is assumed to be uncorrelated, so they are all optimal in that
case:

̂𝜀(𝐫) = 1
𝛼
( 1
𝑁
‖𝐫‖2 − 1). (4.47)

Similarly, ̂𝜀QMMSE becomes

̂𝜀′(𝐫) =
‖𝐫‖2 + (𝛼+1)2

𝜎2𝜀 𝛼
+ 𝛼 − 𝑁

(𝛼+1)2
𝜎2𝜀 𝛼

+ 𝛼 + 𝑁𝛼
, (4.48)

which is a scaled and translated version of (4.47), i.e. they define equivalent detectors with
appropriate decision regions, thus it is also optimal under uncorrelated Rayleigh fading.
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4.6 Symbol detection

Once the energy estimation phase has been studied, we now move on to the second step
in the architecture proposed in section 4.5: symbol detection. For a given constellation, we
describe the detection regions considering that the energy statistic asymptotically follows a
Gaussian distribution. Afterwards, we analyze the probability of error of quadratic detectors
and present a decision-directed design that leverages the BQUE to improve performance.

4.6.1 Detection regions
Quadratic energy estimators of the form (4.19) can be expressed as a summation:

̂𝜀(𝐫) = 𝐫H𝐀𝐫 + 𝑐 =
𝑁
∑
𝑛=1

𝑎𝑛|𝑟𝑛|
2 + 𝑐𝑛, (4.49)

where 𝑎𝑛 = [𝐀]𝑛,𝑛 and ∑𝑛 𝑐𝑛 = 𝑐. Particularizing for the estimators presented in the previous
section (i.e. (4.38)), we can set 𝑐 = 1 − tr(𝐀(𝚪 + 𝐈𝑁 )), since it simplifies the analysis. Notice
how (4.49) produces a real output because A is Hermitian. Therefore, defining a decision
region ℛ𝑥 for each 𝑥 ∈ 𝒳 consists in determining detection thresholds on the real line:

𝑥̂ =
⎧

⎨
⎩

𝑥1, ̂𝜀 ≤ 𝜏1,
𝑥𝑖, 𝜏𝑖−1 < ̂𝜀 < 𝜏𝑖,
𝑥𝑀 , 𝜏𝑀−1 ≤ ̂𝜀.

(4.50)

The thresholds that minimize the error probability, 𝒯 = {𝜏𝑖}1≤𝑖≤𝑀−1, are found at the
intersection between the densities of the estimator output conditioned to every transmitted
symbol of 𝒳 .

Since ̂𝜀(𝗿|𝜀) is a quadratic form of a complex normal vector, it follows a generalized chi-
squared distribution [129]. Its probability density function (PDF) can be obtained analytically
in specific cases [130], [131]. Nevertheless, the resulting expressions for general quadratic
detectors and arbitrary correlation models are usually very involved [132, Ch. 1], [133] and
do not allow for a simple derivation of detection thresholds.

In the context of massive SIMO, we can exploit the asymptotic properties of ̂𝜀(𝗿|𝜀) for large
𝑁 . By computing its mean and variance (see appendix D) and invoking the CLT, we obtain

̂𝜀(𝗿|𝜀)
d
−→ 𝒩 (1 − (1 − 𝜀)tr(𝐀𝚪), ‖𝐀(𝜀𝚪 + 𝐈𝑁 )‖

2
F), (4.51)

as 𝑁 → ∞. For the unbiased estimators, tr(𝐀𝚪) = 1, thus the Gaussian density function is
centered at the symbol energy level. Observe that the terms in sum (4.49) are independent
but not identically distributed. To ensure the CLT can be applied in this scenario, it is
sufficient to prove that Lyapunov’s condition is satisfied. In appendix C.3 we show that it
does indeed hold, thus validating the use of the CLT. This result motivates employing a
Gaussian approximation for the densities of ̂𝜀(𝗿|𝜀).

A representation of the detection regions, under the Gaussian hypothesis, of the BQUE when
transmitting a 4-ASK constellation with 𝑁 = 128 is depicted in figure 4.3. The first symbol,
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Figure 4.3: Detection regions of the BQUE for a 4-ASK constellation when 𝑁 = 128. The symbol
𝜀 = 0 is omitted for visualization purposes.

𝜀1 = 0, is omitted for visualization purposes, since its variance is notably small compared
with that of the other symbols.

The vertical lines in figure 4.3 represent the detection thresholds, 𝒯 . In the Gaussian case,
obtaining them reduces to finding the roots of a second-degree polynomial for each pair of
adjacent densities. Since the variance increases with the symbol energy, each polynomial
admits two real roots; however, only the root lying between the two likelihood functions is
relevant.4 Moreover, due to the monotonic increase in variance, the relevant intersection
corresponds to the largest root for each adjacent pair. An illustration of this behavior is
shown in figure 4.4, where we depict the intersection points between the natural logarithms
of three different Gaussian densities. As expected, the first and third densities have a single
intersection, whereas the second and third intersect twice, both to the left of the former.

The procedure of finding the thresholds is summarized in algorithm 1.

Finally, recall that channel hardening manifests as a reduction in the variance of each
symbol estimate when 𝑁 increases. Interestingly, this change does not significantly alter
the decision regions. In other words, provided that the number of antennas is sufficiently
large, the positions of the detection thresholds remain almost unaffected, since all symbols
are scaled proportionally and the intersection points shift only marginally. To illustrate
this phenomenon, in table 4.1 we list the detection thresholds of the BQUE when a 4-ASK
constellation is transmitted, for 𝑁 ∈ 16, 64, 256, 1024.

This behavior will reappear in chapter 5 when we consider the design of optimized constella-
tions.

4Gaussian densities with different means but equal variance have a single intersection point.
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Figure 4.4: Intersection between the natural logarithms of Gaussian densities 𝒩 (0, 1), 𝒩 (3, 2) and
𝒩 (6, 1).

Algorithm 1 Thresholds between Gaussian likelihoods
Require: constellation 𝒳 , matrix 𝐀, spectrum 𝚪
Ensure: thresholds 𝒯 = {𝜏1, … , 𝜏𝑀−1}

1: procedure NormalIntersection(𝜇1, 𝜇2, 𝜎21 , 𝜎22 )
2: 𝑎 = 1/𝜎22 − 1/𝜎21
3: 𝑏 = 2 ⋅ (𝜇1/𝜎21 − 𝜇2/𝜎22 )
4: 𝑐 = 𝜇22/𝜎22 − 𝜇21/𝜎21 + ln(𝜎22/𝜎21 )
5: return roots(𝒫 (𝑐, 𝑏, 𝑎))
6: end procedure
7: for 𝑖 = 1 ∶ 𝑀 − 1 do
8: 𝜇1 = 1 − (1 − 𝜀𝑖)tr(𝐀𝚪)
9: 𝜇2 = 1 − (1 − 𝜀𝑖+1)tr(𝐀𝚪)

10: 𝜎21 = ‖𝐀(𝜀𝑖𝚪 + 𝐈𝑁 )‖
2
F

11: 𝜎22 = ‖𝐀(𝜀𝑖+1𝚪 + 𝐈𝑁 )‖
2
F

12: 𝜏𝑖 = max(NormalIntersection(𝜇1, 𝜇2, 𝜎21 , 𝜎22 ))
13: end for
14: return 𝒯

4.6.2 Probability of detection error

From (4.50) we observe that the error probability can be computed as:

𝑃𝜖 =
1
𝑀
(P( ̂𝜀(𝗿|𝜀1) > 𝜏1) + P( ̂𝜀(𝗿|𝜀𝑀 ) < 𝜏𝑀−1)

+
𝑀−1
∑
𝑖=2

P( ̂𝜀(𝗿|𝜀𝑖) < 𝜏𝑖−1) + P( ̂𝜀(𝗿|𝜀𝑖) > 𝜏𝑖)).
(4.52)



Chapter 4. Energy-based noncoherent communications 64

Table 4.1: Detection thresholds, 𝜏1, 𝜏2 and 𝜏3, of the BQUE detector for a 4-ASK constellation with
𝑁 ∈ {16, 64, 256, 1024}.

𝑁 = 16 𝑁 = 64 𝑁 = 256 𝑁 = 1024
𝜏1 0.0072 0.0061 0.0058 0.0057
𝜏2 0.4899 0.4670 0.4609 0.4594
𝜏3 1.6808 1.6083 1.5891 1.5843

Under the Gaussian assumption, each tail probability is approximated with the Q-function:

P( ̂𝜀(𝗿|𝜀𝑖) < 𝜏𝑖−1) ≈ Q(
1 − (1 − 𝜀𝑖)tr(𝐀𝚪) − 𝜏𝑖−1

‖𝐀(𝜀𝑖𝚪 + 𝐈𝑁 )‖F
),

P( ̂𝜀(𝗿|𝜀𝑖) > 𝜏𝑖) ≈ Q(
𝜏𝑖 − 1 + (1 − 𝜀𝑖)tr(𝐀𝚪)

‖𝐀(𝜀𝑖𝚪 + 𝐈𝑁 )‖F
),

(4.53)

with 𝜀𝑖 defined as in (4.7). Thus, the error probability is approximately given by

𝑃𝜖 ≈
1
𝑀
(

𝑀
∑
𝑖=2

Q(
1 − (1 − 𝜀𝑖)tr(𝐀𝚪) − 𝜏𝑖−1

‖𝐀(𝜀𝑖𝚪 + 𝐈𝑁 )‖F
) +

𝑀−1
∑
𝑗=1

Q(
𝜏𝑗 − 1 + (1 − 𝜀𝑗)tr(𝐀𝚪)

‖𝐀(𝜀𝑗𝚪 + 𝐈𝑁 )‖F
)). (4.54)

In expression (4.54) we observe that the error probability increases with the norms

‖𝐀(𝜀𝑗𝚪 + 𝐈𝑁 )‖F, (4.55)

which correspond to the square root of the MSE of the BQUE for each symbol given in (4.35).
This dependence shows that the information-theoretic criteria proposed in section 4.5.1 is
indeed justified, although it is not optimal, since the detection thresholds in the numerator
also depend on A. The optimization of (4.54) is further discussed in chapter 5.

Moreover, optimizing the MSE on average (i.e. as in QMMSE) is not consistent with the fact
that the error probability of each symbol has a different impact at each SNR level. Therefore,
we are interested in implementing a detector capable of leveraging the near-optimality of
the BQUE.

4.6.3 Assisted best quadratic unbiased estimator
In order to implement a near-optimal detector that exploits the dependence of the SER on the
MSE, we now propose to assist the BQUE by replacing the true transmitted symbol, assumed
known by the genie-aided decoder, with the final decision delivered by the ED. By doing so,
we obtain a hard-decision detector that offers some computational advantages over its soft
counterpart, in which the energy estimate is directly exploited without an explicit decision.
In the latter case, it is not possible to precompute either the BQUE detection regions or the
associated matrix ABQUE.

On the one hand, assisting with hard decisions is prone to error boosting at low-SNR.
However, the simulations in section 4.7 will show that this effect is negligible except for
extremely high antenna correlation (i.e. when the ED decision is not reliable at all). On the
other hand, in the hard-decision scheme, the symbol plugged into the BQUE belongs to a



65 4.7. Numerical results

known constellation, thus matrices 𝐀BQUE, 𝑖 for each symbol only need to be computed once
and can be stored for later uses:

𝐀BQUE, 𝑖 =
𝚪C−2

𝗿|𝜀𝑖

‖𝚪C−1
𝗿|𝜀𝑖‖

2

F

, 1 ≤ 𝑖 ≤ 𝑀. (4.56)

This result has further implications. Given that the thresholds of the proposed quadratic
detectors only depend on the constellation and 𝐀, if 𝐀 can be computed only once, thresholds
can also be computed only once.

The decision-directed nature of the assisted BQUE (ABQUE) makes its theoretical analysis
much more involved than that of the quadratic detectors considered in previous sections.
Nonetheless, the BQUE can serve as a reliable benchmark to assess it, by providing an analytic
bound on its error probability. Simulations in the next section show that both detectors
perform very similarly (in terms of SER) in a variety of scenarios.

4.7 Numerical results
In this section, we provide some simulations with two different goals. First, to illustrate
performance aspects that are not apparent from analytic results presented in the preceding
sections; in particular, we display how the outage probability performance of statistical
CSI-aware detectors benefits from channel hardening. Second, to numerically validate the
theoretical results presented in the previous sections and compare the various detectors in
terms of average SER performance.

In all simulations we have employed signal (4.1) assuming the exponential correlation channel
model described in section 2.2.2, with correlation coefficient 𝜌 = 0.7 (unless stated otherwise).
Symbols from a uniform unipolar 8-ASK constellation have been transmitted with average
power equal to one. We have chosen a standard constellation instead of one optimized to the
channel statistics (e.g. see [42]) to better portray a realistic scenario, with a low complexity
transmitter that is unaware of CSI. It has the added benefit of being robust to SNR estimation
errors in transmission.

4.7.1 Outage probability
An outage event occurs when the instantaneous SER of a system is above a certain threshold
𝜁out, given a channel realization [134]. In the context of URLLC, the outage probability is a
relevant quality-of-service metric because it is intimately related to the reliability and latency
of a communication setup [135], [136]. Within the one-shot scheme considered in this work,
we define it as follows:

𝑃out = ∫
𝒪
𝑓𝗵(h) dh, (4.57)

where 𝒪 = {h ∈ ℂ𝑁 | 𝑃𝜖(h) > 𝜁out}, with 𝑃𝜖(h) the average error probability conditioned on
a given channel realization h. In coherent communications, it is equivalent to the probability
that the instantaneous SNR drops below a certain value [9, Eq. (6.46)]. On the contrary, this
correspondence does not hold in noncoherent systems of the kind considered herein, as
it is clear from figure 4.5, where the normalized channel norms corresponding to specific
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SERs are depicted. We can observe that the highest SER values correspond to channel
realizations that deviate the most from the expected value, from both above and below.
Channel hardening counteracts this deviation from the mean: the higher the number of
antennas at the receiver, the more concentrated the channel realizations are (in the norm),
and the lower their associated SER values are.

Figure 4.6 illustrates how this hardening affects outage probability. In general terms, em-
ploying more antennas stabilizes the channel statistics and reduces the chances of dealing
with an outage event. Although ED benefits from this property, its hardening gains are less
pronounced than ML and BQUE ones. These latter two share similar performance unless
the quality requirement becomes very stringent, in which case ML outperforms BQUE. It is
worth to remark that the minimum SER in figure 4.5 coincides with the threshold 𝜁out for
which the BQUE outage probability reaches its maximum in figure 4.6.

Another relevant phenomenon that can be observed in figure 4.6 is the fact there exist
channel realizations for which the ED outperforms the ML detector. Indeed, (unconditional)
ML detection is optimal in terms of average error probability, but not necessarily when
conditioned to a specific channel realization.
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Figure 4.5: Scatter plot to assess the relevance of the channel norm as an indicator of SER performance.
The BQUE error probability for 104 different channels at SNR = 10 dB is depicted.

4.7.2 Symbol error rate analysis
To evaluate the validity of the error probability expression from (4.54), it is compared against
Monte Carlo results of the high SNR, ED, QMMSE and BQUE detectors. Analytical expressions
are drawn as continuous lines, whereas simulation results are painted as dotted lines with
markers sharing the same color. ML and ABQUE detectors are also assessed numerically.

In figure 4.7, the performance of all detectors discussed previously is depicted as a function of
the SNR for 𝑁 = 512 antennas. We have computed the thresholds for each quadratic detector
and then classified the estimated powers, as described in section 4.6.1. A first observation of
these results reveals that the ED error floor is much higher than that of the other quadratic
detectors, which share it with the genie-aided detector. This error floor is very close to the
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Figure 4.6: Outage probability for a SER threshold, 𝜁out, at SNR = 10 dB for 𝑁 = 64 (solid lines),
𝑁 = 128 (dashed lined) and 𝑁 = 256 (dotted lines).

one obtained with ML detection. The reason behind the slight discrepancy is that, although
the CLT holds, the Gaussian likelihoods assumed in algorithm 1 present inaccuracies that
affect the threshold positioning, thus resulting in an increased error floor. Another notable
outcome is that the ABQUE exhibits a performance very close to that of the oracle (i.e. BQUE)
with just a narrow increase in complexity.

Figures 4.8 and 4.9 illustrate the error floor level by depicting the SER of the different
detectors at SNR = 30 dB in terms of the number of antennas and the correlation coefficient,
respectively. In the former, we can observe the penalization suffered by ED. By being agnostic
to channel statistics, it is not able to fully exploit the increasing number of antennas. As a
result, its error floor is higher than the other methods’ and it decreases at a slower rate, as well.
The other quadratic detectors and ABQUE all display error levels similar to ML. Regarding
the SER behavior in terms of channel correlation, the statistical CSI-aware detectors display
remarkable robustness, since their error floors do not change significantly for 0 ≤ 𝜌 ≤ 0.9.
Moreover, this SER is shared with the ML detector for 𝜌 < 0.99 (up to the gap mentioned
above). On the other hand, the error probability of the ED is acutely sensitive to channel
correlation. For instance, at 𝜌 = 0.7, its performance has degraded by almost a factor of 100,
compared with the uncorrelated case.

A final note on these results is the remarkable accuracy of the approximated error probability
expressions derived from (4.54). Indeed, in figure 4.8 we can clearly observe that the difference
between the theoretical and the numerical SER is only barely noticeable for small 𝑁 , thereby
illustrating how the Gaussian approximation becomes increasingly accurate when the number
of antennas increases.

4.8 Comparison of detection schemes
In this section, we undertake a comprehensive comparison between the established ML and
energy detectors and the novel BQUE, QMMSE and ABQUE detectors introduced in this
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Figure 4.7: SER of the presented detectors in terms of SNR for 𝑁 = 512.
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Figure 4.8: Floor level (i.e. SER at SNR = 30 dB) of the presented detectors in terms of 𝑁 .

study. To facilitate this comparison, table 4.2 outlines six distinct properties for each detector:

1. Complexity: refers to the computational complexity of the entire detection process.

2. Performance: denotes the efficiency of the detector in terms of error probability.

3. Graceful degradation: reflects the resilience of the detector in front of small changes
in channel correlation.

4. Tractable: indicates the possibility of mathematically analyzing the detector and its
error probability.

5. Implementable: describes whether the detector depends on the transmitted symbol
or not.

6. Agnostic to CSIR: specifies whether the detector needs to know the channel covari-
ance.
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Figure 4.9: Floor level (i.e. SER at SNR = 30 dB) of the presented detectors in terms of channel
correlation, for 𝑁 = 512. The plot is with respect to 1 − 𝜌 for better visualization.

It is worth to mention that no single detector emerges as superior across all areas. Instead,
there exists a trade-off among the aforementioned properties. For instance, while the ED has
a very low complexity compared to other detectors, its performance is severely degraded for
even slightly correlated channels (see figure 4.9).

Conversely, both the ML and BQUE detectors exhibit comparable performance and complex-
ity. However, only the latter has an analytic expression for the error probability (see sec-
tion 4.6.2). Furthermore, the tractability of BQUE can be extended to ABQUE when the
channel correlation is not extremely high (see figure 4.9).

Finally, the QMMSE detector behaves like BQUE at moderate and high SNR, but its perfor-
mance is inferior to that of the ED at low SNR. Even so, its resilience in the face of high
channel correlation must not be overstated. A viable implementation that exhibits a high
performance and is tractable is to leverage the ED at low SNR and switch to the QMMSE at
moderate and high regimes.

Table 4.2: Summary of detection schemes properties.

Detector Complexity Performance Graceful
degradation Tractable Implementable Agnostic to

CSIR

ML 𝑂(𝑁 2) + 𝑂(𝑀𝑁) Optimal Yes No Yes No

ED 𝑂(𝑁 ) + 𝑂(𝑀) High loss (𝜌 ≠ 0) No Yes Yes Yes

BQUE 𝑂(𝑁 2)+𝑂(𝑁 )+𝑂(𝑀) Negligible loss Yes Yes No No

QMMSE 𝑂(𝑁 2)+𝑂(𝑁 )+𝑂(𝑀) Negligible loss
(moderate & high SNR)

Yes
(𝜌 < 0.99) Yes Yes No

ABQUE 𝑂(𝑁 2)+𝑂(𝑁 )+𝑂(𝑀) Negligible loss Yes No Yes No
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4.9 Conclusions
In this chapter, we have analyzed the fundamental limitations of one-shot SIMO noncoherent
communication when an arbitrary PAM constellation is considered. We have also introduced
a quadratic framework that generalizes the ED commonly used in the literature. We have
derived an analytic approximation for the error probability of any detector exhibiting the
quadratic structure proposed, as a sum of Q-functions. An improved scheme based on the
combination of quadratic detectors has also been presented. Their performance in terms of
average SER and outage probability has been tested through several Monte Carlo experiments,
as well as the validity of the SER approximations.

We can outline some future research lines that arise from this work. The most straightforward
one is to design PAM constellations optimized for a particular quadratic detector, by means
of minimizing the error probability approximation (4.54). Similar approaches are studied
in [12], [42], [72]. Other potential extensions of the presented analysis include the design
of codes across multiple channel uses and suitable detection schemes [121], [137]. Finally,
a possible application of the proposed framework is in noncoherent energy detection of
index modulations [138], [139]. For instance, considering a frequency selective channel
and a multicarrier modulation such as orthogonal frequency-division multiplexing (OFDM),
information can be conveyed by assigning different transmission power levels to different
sets of subcarriers.

Optimized constellations and index modulation schemes serve as a mean to reduce the SER
of one-shot communication systems. These aspects are explored in the following chapter.



CHAPTER5
Performance enhancement methods for

one-shot communications

The error performance of the one-shot noncoherent receiver analyzed in chapter 4 is in-
sufficient when no additional coding or redundancy is employed. For example, a massive
SIMO system with 𝑁 = 512 receive antennas, a correlation factor of 𝜌 = 0.7, and an 8-ASK
constellation exhibits an error floor on the order of 10−4, as shown in figure 4.7.

To address this limitation, this chapter introduces two different strategies aimed at improving
system performance, in terms of error probability. The first strategy focuses on the design
of tailored constellations that minimize the SER given in (4.54). In the second strategy,
information is embedded in the ordering by which a fixed set of values is mapped onto
OFDM subcarriers, resulting in a spherical code that provides improved robustness against
channel impairments.

5.1 Constellation design
The first strategy we propose to mitigate the SER in one-shot communication systems is
the design of tailored constellations [21]. As observed in figures 4.5 and 4.7, the presence of
an error floor can be partly attributed to a “favorable” channel realization combined with a
low-power symbol being mistaken for a higher power symbol. From a detection theory point
of view, there is no decision rule that effectively discriminates between both hypothesis,
even for unbounded SNR [140]. This observation leads to the conclusion that fixed ASK
constellations are not suitable for energy detection in noncoherent systems. Instead, one must
consider alternative constellation designs that adapt to the SNR regime, thereby reducing
ambiguity and improving reliability. Nevertheless, such adaptation comes at the cost of
requiring statistical CSIT as well as the detection scheme employed by the receiver.

In the literature, there are several works that focus on the design of constellations for
noncoherent energy-based detection. However, most of them [12], [72], [112], [121], [141],
[142] rely on the isotropic channel assumption, which is not physically consistent in sparse
scattering or near-field communication environments (see chapter 2). A notable exception
is [42], which follows the design criteria developed in [143]. Due to the complexity of
the SER, pairwise error probability and even the Chernoff bound expressions, Borran et al.
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propose to employ the Kullback–Leibler divergence (KLD) as an indicator of the SER with
ML detection. The authors of [42] apply this approach to design a constellation optimized
for an asymptotically large number of antennas under the exponential correlation channel
model (see section 2.2.2).

5.1.1 Error probability optimization
In contrast, we propose to exploit the fact that when a quadratic detector is employed the true
SER can be accurately predicted with an analytic expression. Hence, the constellation design
can be approached from SER minimization directly, rather than from the use of bounds or
indicators. Formally, we can state the optimization problem as:

min
𝜀,𝜏

𝑃𝜖(𝐀, 𝜀, 𝜏 )

s.t. 𝜀, 𝜏 ≥ 𝟎,
𝜀1 = 0,

∑𝑀
𝑖=1 𝜀𝑖 = 𝑀,

𝜀𝑖 ≤ 𝜏𝑖, 𝑖 = 1, … ,𝑀 − 1,
𝜏𝑖 ≤ 𝜀𝑖+1, 𝑖 = 1, … ,𝑀 − 1,

(5.1)

where 𝜀 = (𝜀1, … , 𝜀𝑀 )T, 𝜏 = (𝜏1, … , 𝜏𝑀−1)
T, for a fixed𝑀 , and 𝑃𝜖(𝐀, 𝜀, 𝜏 ) is the error probability

given in (4.54), writing explicitly the dependence on the detector (𝐀), the constellation (𝜀)
and the thresholds (𝜏 ).

The solution of the nonlinear program (5.1) must satisfy the Karush–Kuhn–Tucker (KKT)
conditions [144, Ch. 11], which can be solved employing interior-point methods [144, Ch. 5].
Specifically, we use JuMP [145], a modeling language for mathematical optimization em-
bedded in Julia [146]. This approach is suitable for the energy, BQUE and HSNR detectors,
but excludes the QMMSE since it depends on the fourth-order moment of the constellation
(i.e. var(𝜀), see (4.37)). However, we can now set tr(𝐀𝚪) = 1 and 𝑐 = −tr(𝐀), which greatly
simplifies the problem.

Letting 𝜃 = (𝜀T, 𝜏T)
T

be the stacking of 𝜀 and 𝜏 , and 𝐞𝑖 the 𝑖-th vector of the canonical basis,
the constraints from the original optimization problem can be rewritten as:

1. 𝜃 ≥ 𝟎, an intersection of 2𝑀 − 1 halfspaces.

2. 𝐞T1 𝜃 = 0, a hyperplane.

3. (𝐞1 + ⋯ + 𝐞𝑀 )T𝜃 = 𝑀 , a hyperplane.

4. (𝐞𝑖 − 𝐞𝑀+𝑖)T𝜃 ≤ 0, a halfspace.

5. (𝐞𝑀+𝑖 − 𝐞𝑖+1)T𝜃 ≤ 0, a halfspace.

Given that all constraints form convex sets [147, Sec. 2.2.1] and intersection preserves
convexity [147, Sec. 2.3.1], we conclude that the feasible set is convex. Regarding the objective
function, it is twice differentiable but not convex, as it is a combination of Q-functions.1

1Even with the Chernoff bound (convex for 𝑥 ≥ 1), the objective function would not be convex in general
because the arguments of the Q-functions are not concave in general [147, Eq. (3.10)].
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Hence, KKT conditions are necessary for global optimality, but their sufficiency cannot be
guaranteed. Even so, numerical results in section 5.1.2 show a significant improvement in
performance, particularly for the absence of error floor at high SNR.

In figure 5.1, we display various constellation designs under the exponential correlation
model. Our solution at 𝜌 = 0, where all quadratic detectors converge, coincides with the
ML constellation from [42, Fig. 4] (up to a power scaling factor), further supporting the
optimality of the solution. In the figure, it can also be observed that low-power symbols are
closer than those of the 8-ASK, whereas high-power symbols are further apart. This is due to
the fact that the variance of each ̂𝜀(𝗿|𝜀) in (4.19) increases with the symbol amplitude [148].
Therefore, low power symbols can be correctly detected even when they are very close to
each other, but more powerful symbols must be more separated. Finally, we shall remark
that intersymbol distances for statistical CSI-aware detectors follow the same tendency with
𝜌 as that in [42]. The reason is that, when correlation increases, channel hardening requires
more antennas to manifest and the uncertainty is higher. In this situation, the variances of
each ̂𝜀(𝗿|𝜀) are more similar and symbols tend to be equispaced [49].
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Figure 5.1: Comparison of 8-ASK and ED, HSNR and BQUE optimized constellations at a SNR equal
to 15 dB and 𝑁 = 256 for different levels of channel correlation.

On the other hand, in figure 5.2, we show that the optimized constellation is almost invariant
to the number of antennas when this number is sufficiently large. This result follows directly
from the discussion in section 4.6.1, where we noted that the detection thresholds are hardly
affected by 𝑁 .

5.1.2 Numerical results
In this section, we evaluate the performance of the proposed constellation design method in
terms of error probability. First, we compare our approach with the KLD-based optimization
proposed in [42], analyzing the impact of the number of antennas and channel correlation
on the system performance. Subsequently, we examine the practical viability of the model
by assessing its robustness against SNR estimation mismatches, as well as its capability to
support the use of variable constellation sizes depending on the SNR level and target SER.
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Figure 5.2: Comparison of 8-ASK and ED, HSNR and BQUE optimized constellations at a SNR equal
to 15 dB and 𝜌 = 0.7 for different numbers of antennas.

Comparison with KLD-based constellation designs

We devote this section to compare the detection performance of constellations designed by
minimizing the asymptotic average SER, as proposed in section 5.1.1, with similar constel-
lations available in the literature. Particularly, we consider the design proposed in [42], as
the authors also rely on a large number of antennas and it explicitly accounts for correlated
fading.

We compare the energy, HSNR, BQUE and ML detectors in two different scenarios, summa-
rized in table 5.1. First, the ED, HSNR and BQUE are employed to detect their respectively
optimized constellations. The ML detector is not of the form (4.19), so it does not admit a
constellation tailored with our presented method. Instead, we propose to use it with the
BQUE-optimized constellation, which serves as the baseline for quadratic detectors. Solid
lines are employed to illustrate this configuration. Second, we use the four receivers with
the KLD-optimized constellation from [42], which is depicted with dashed lines.

Table 5.1: Optimized constellations simulation setup and results.

Detector Solid line
constellation

Dashed line
constellation Best constellation

ED ED-SER KLD ED-SER
HSNR HSNR-SER KLD HSNR-SER
BQUE BQUE-SER KLD BQUE-SER/KLD

ML BQUE-SER KLD BQUE-SER

In figure 5.3, we depict the average SER of the previous setup as a function of SNR under
model (2.48). It can be observed that the HSNR and ED performance is always better when
the transmitted symbol belongs to a constellation optimized as proposed herein (solid lines).
Regarding BQUE, its error probability coincides with both constellation designs. Notably,
the ML detector performs better with the BQUE constellation than with the KLD-optimized
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constellation from [42], for any SNR level. It is also worth pointing out the absence of error
floor at high SNR due to the statistical CSIT, contrary to the results in the previous chapter,
where the transmitter had no knowledge of the channel.
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Figure 5.3: Error probability of the ED, HSNR, BQUE, and ML detectors using KLD-based (dashed
lines) and SER-optimized (solid lines) constellations at different SNR levels, for 𝑁 = 128 and 𝜌 = 0.7.

Regarding the behavior of the systems for different number of antennas, observing figure 5.4
we can claim the superiority of constellations designed optimizing (4.54) instead of the KLD.
This result is consistent with the fact that the design method proposed in [42] relies on the
optimization of the KLD, the best achievable error exponent [124, Sec. 3.8], instead of the
SER. The effect of channel hardening is also observed in the figure, as the error probability
decreases when the number of antennas increases. Note that since the SNR is invariant to 𝑁 ,
the observed gain is caused by channel hardening.
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Figure 5.4: Error probability of the ED, HSNR, BQUE, and ML detectors using KLD-based (dashed
lines) and SER-optimized (solid lines) constellations for different number of antennas with 𝜌 = 0.7 at
a SNR of 15 dB.
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Finally, in figure 5.5, we show how channel correlation influences the system performance. In
general, the method proposed in this work outperforms KLD optimization for each detector
considered at every correlation regime. This effect is more pronounced for moderate channel
correlation. Concerning the gap present at 𝜌 = 0, it was also observed in the previous
chapter and it is caused by the Gaussian approximation of ̂𝜀(𝗿|𝜀). In particular, quadratic
detectors classify the transmitted symbol by an estimate-and-detect procedure, which implies
using thresholds. As stated before, the optimal thresholds are located at the intersection
of two chi-squared densities (in the isotropic scenario), but we are computing them at the
intersection of two normal densities instead. On the other hand, the ML detector performs
an exhaustive search over all possible symbols, so it does not need any thresholds.
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Figure 5.5: Error probability of the ED, HSNR, BQUE, and ML detectors using KLD-based (dashed
lines) and SER-optimized (solid lines) constellations for different 𝜌 with 𝑁 = 64 at a SNR of 15 dB.

Constellation size and SNR mismatch analysis

The primary result from the previous section is that optimizing the constellation for each
SNR level eliminates the error floor. This enables the implementation of schemes similar to
adaptive modulation and coding (AMC), where the constellation size is increased at high SNR
to maximize the data rate while adhering to a target error probability [149], [150].

To illustrate this capability, figure 5.6 shows the SER as a function of the SNR for four
constellation sizes: 𝑀 ∈ {4, 8, 12, 16}. Because the error floor is absent, a specific SER target
can be established, i.e. 10−4. As shown in the figure, the system could dynamically switch
constellations to maximize throughput: employing 𝑀 = 4 when 7 dB ≤ SNR < 18 dB, 𝑀 = 8
when 18 dB ≤ SNR < 29 dB, 𝑀 = 12 for SNR ≥ 29 dB, etc.

In practical scenarios, precise SNR information may not be available at the transmitter [151],
[152]. Consequently, it is essential to analyze the robustness of the designed constella-
tions under conditions of imperfect SNR knowledge. To this end, figure 5.7 illustrates
the SER performance when the constellation is optimized for a fixed value, denoted as
𝛼opt ∈ {5 dB, 10 dB, 15 dB}. As shown, each curve tracks the performance of the constellation
optimized to each SNR level (represented by the dashed line) near its design point before
encountering an error floor at higher SNR values. Despite the emergence of these floors, the
system exhibits a graceful degradation, proving the robustness of the proposed method.
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Figure 5.6: Error probability of the BQUE detector using its optimized constellation with 𝑀 ∈
{4, 8, 12, 16} symbols as a function of the SNR.
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Figure 5.7: Error probability of the BQUE detector when the constellation is optimized for a particular
SNR, denoted by 𝛼opt. The SER achieved by the constellation optimized at each SNR level is also
shown with a dashed line.

5.2 Permutational index modulation

The results obtained so far for one-shot2 noncoherent communications—primarily those
in sections 4.5 and 4.6—can be exploited to perform detection in more complex multiband
systems. Since transmitted energy can be reliably detected, it becomes possible to convey
information in the energy of each subcarrier of an OFDM system. Transmitting information in
this manner is known as index modulation (IM) [153], [154]. Other forms of IM include spatial
modulation, where information is encoded in the set of active or inactive antennas [155].

2In the context of this section, the term one-shot refers to a channel that remains constant over the duration
of a single OFDM symbol.
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The scheme proposed in this section can, on the one hand, be regarded as a generalization
of OFDM-IM [156]. In that framework, the index corresponds to the subcarrier, which is
traditionally either active or inactive. However, the SE achieved by relying on only two energy
levels is limited, which has motivated significant research in recent years aimed at improving
it through the use of multi-level constellations [154]. Most of these contributions have been
developed in the context of coherent communications, with a few notable exceptions [139],
[157].

An appealing alternative is to design the set of energy levels on each subcarrier based on a
permutation of a predefined alphabet. The resulting constellation exhibits the structure of a
Variant-I permutation modulation (PM) [158], [159], originally introduced for the Gaussian
channel. Although several works have extended this concept to noncoherent fading scenar-
ios [139], [157], to the best of our knowledge, none accounts for antenna correlation, and
only [139] considers multi-level modulation.

Building upon the framework established in chapter 4, we propose a low-complexity detec-
tion scheme for multi-level OFDM-IM based on the ordering of quadratic statistics of the
received signal. The proposed method leverages statistical CSI to reliably detect transmitted
codewords, even in the presence of correlated fading.

5.2.1 Signal model
The system model considered here extends that of chapter 4 to a multicarrier setting. Specifi-
cally, we study a massive SIMO point-to-point system with 𝑁 antennas at the receiver which
uses 𝐾 OFDM subcarriers. Communication is one-shot and through a fading channel that
remains constant for a single OFDM block. At every band 𝑘, fading follows a correlated
Rayleigh model 𝗵𝑘 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵𝑘 ), with E[𝗵𝑘𝗵H𝑘′] = 𝟎𝑁×𝑁 , ∀𝑘 ≠ 𝑘′. That is, fading is
assumed to be independent among different frequency bands, which is usually achieved
with techniques such as frequency interleaving [160]. The transmitter sends a codeword
x = (𝑥1, … , 𝑥𝐾 )T ∈ ℂ𝐾 spanning the full 𝐾 frequency bands: 𝑥𝑘 is sent through 𝗵𝑘 .

The signal at the receiver in band 𝑘 is modeled as3

𝘆𝑘 = 𝗵𝑘x𝑘 + 𝘇𝑘 , 𝑘 = 1, … , 𝐾, (5.2)

being 𝘇𝑘 ∼ 𝒞𝒩 (0𝑁 , 𝑃𝗓𝐈𝑁 ) AWGN. We consider a receiver with statistical CSI, so it is aware
of the distributions of 𝗵𝑘 and 𝘇𝑘 but not of their realizations.

In PM [158], each codeword x in an alphabet 𝒜 is constructed by permuting the elements
of a reference vector x = (𝑥1, … , 𝑥𝐾 )T. The set of permutations of x (i.e. our codebook) is
denoted as 𝒜 = Σ𝐾 (x). The successive components of x are the amplitudes √𝜀𝑚 from 𝒳
in (4.7), in ascending order, each repeated 𝐾𝑚 times:

x = ( 0,… , 0⏟⏟⏟⏟⏟⏟⏟
𝐾1

, √𝜀2, … , √𝜀2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐾2

, … , √𝜀𝑀 , … , √𝜀𝑀⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐾𝑀

)T. (5.3)

Note that ∑𝑀
𝑚=1 𝐾𝑚 = 𝐾 . From the point of view of IM, 𝐾1 corresponds to the portion of

inactive subcarriers in the OFDM symbol [154, Sec. 1.2.3].
3Note that the same model would be obtained for a system with 𝐾 independent temporal channel uses. All

the derivations considered herein can be applied in such scenario straightforwardly.
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This scheme yields a codebook with cardinality [158]

|𝒜 |= 𝐾!
∏𝑀

𝑚=1 𝐾𝑚!
. (5.4)

The redundancy and error correcting capabilities introduced by PIM (for finite 𝐾 and 𝑀 ) are
evidenced by comparing |𝒜 | with 𝑀𝐾 , which is the total amount of possible unstructured
codewords. From (5.4), the SE of the alphabet can be computed in bits per channel use [bpcu]:

R𝐾 ({𝐾𝑚}) =
1
𝐾

log|𝒜 |= 1
𝐾
(log(𝐾!) −

𝑀
∑
𝑚=1

log(𝐾𝑚!)). (5.5)

The code rate is defined as R𝐾 ({𝐾𝑚})/ log𝑀 .

It was proved in [161] that lim𝐾→∞ R𝐾 ({𝐾𝑚}) = H({𝑝𝑚}) for PM, where H(⋅) is the Shannon
entropy and 𝑝𝑚 = 𝐾𝑚/𝐾 , for 𝑚 = 1,… ,𝑀 . It then follows that R𝐾 ({𝐾𝑚}) is asymptotically
maximized under a uniform policy of 𝑝𝑚 = 1/𝑀 . An alternative proof for the asymptotic
performance is given in appendix F, in which it is shown that SE approaches H({𝑝𝑚}) from
below. Additionally, it is also proved that uniform policy is optimal (in terms of SE) in the
non-asymptotic case as well. This yields an asymptotic code rate of H({𝑝𝑚})/ log𝑀 ≤ 1,
which means the uniform policy does not provide any redundancy for large 𝐾 .

5.2.2 General maximum likelihood detection
Given an equiprobable alphabet, it is known that the probability of incorrectly detecting
a transmitted codeword is minimized by the ML detector, i.e. the one that maximizes the
likelihood function over all possible transmitted codewords. In our setting, it results in

𝐱̂ML = argmin
𝐱∈𝒜

𝐾
∑
𝑘=1

𝐲H𝑘 C
−1
𝘆|𝑥,𝑘𝐲𝑘 + ln |C𝘆|𝑥,𝑘 |. (5.6)

In general, detecting a single codeword involves 𝑂(|𝒜 |𝐾𝑁 2) operations to compute the
statistics for every hypothesis 𝐱 and 𝑂(|𝒜 |) additional ones to find the minimum one. This
complexity may be reduced by applying the same pre-processing layer as in (4.9) to the re-
ceived signals {𝘆𝑘}. Let C𝗵𝑘 = 𝐔𝑘𝚪𝑘𝐔H

𝑘 be the eigendecomposition of the channel covariance
matrix associated with band 𝑘. By working with {𝗿𝑘 = 𝐔H

𝑘 𝘆𝑘 }, which are now distributed as
𝗿𝑘 |𝑥𝑘 ∼ 𝒞𝒩 (𝟎𝑁 , |𝑥𝑘 |2𝚪𝑘 + 𝑃𝗓𝐈𝑁 ), the ML detection problem reduces to

𝐱̂ML = argmin
𝐱∈𝒜

𝐾
∑
𝑘=1

𝑁
∑
𝑛=1

|[𝐫𝑘]𝑛|2

|𝑥𝑘 |2𝛾𝑛,𝑘 + 𝑃𝗓
+ ln(|𝑥𝑘 |2𝛾𝑛,𝑘 + 𝑃𝗓), (5.7)

where 𝛾𝑛,𝑘 = [𝚪𝑘]𝑛,𝑛. This expression generalizes the one used in (4.10). Detection with (5.7)
is equivalent to (5.6), since there is a one-to-one correspondence between 𝗿𝑘 and 𝘆𝑘 .

Applying this pre-processing has an added complexity of 𝑂(𝐾𝑁 2), but now computing the
statistics requires 𝑂(|𝒜 |𝐾𝑁) operations.4 Clearly, the complexity of directly evaluating (5.7)

4Diagonalizing {C𝗵𝑘
} does not incur significant computational load since fading statistics remain stable over

many channel uses [38, Sec. 2.2].
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scales proportionally to |𝒜 |. Nonetheless, this task can be simplified further by applying the
Viterbi algorithm in a procedure similar to the one described in [162]. Unfortunately, the
total number of states in the trellis representation is ∏𝑀

𝑚=1(𝐾𝑚 + 1), which greatly penalizes
schemes constructed over large PAM constellations. Therefore, true ML detection of PIM
might become infeasible for large 𝐾 and 𝑀 .

Some special cases in which ML detection admits low-complexity implementations are now
considered.

5.2.3 Isotropic channel detection
Under the simplest channel correlation model (i.e. the isotropic channel), each frequency
band is distributed as 𝗵𝑘 ∼ 𝒞𝒩 (𝟎𝑁 , 𝐈𝑁 ). In this case, the resulting ML detector simplifies to

𝐱̂ML = argmin
𝜎∈Σ𝐾

𝐾
∑
𝑘=1

‖𝐫𝑘‖2

|𝑥𝜎(𝑘)|2 + 𝑃𝗓
+ 𝑁 ln(|𝑥𝜎(𝑘)|2 + 𝑃𝗓), (5.8)

where 𝜎 is an index permutation. The logarithmic term is common for all codewords in the
alphabet, since they are permutations of the same elements. Therefore, it can be removed
from the minimization problem, leaving

𝐱̂ML = argmin
𝜎∈Σ𝐾

𝐾
∑
𝑘=1

𝑢𝑘𝑣𝜎(𝑘) ≡ argmin
𝜎∈Σ𝐾

𝐾
∑
𝑘=1

𝑢𝜎(𝑘)𝑣𝑘 , (5.9)

where 𝑢𝑘 = ‖𝐫𝑘‖2 ≡ ‖𝐲𝑘‖2 and 𝑣𝑘 = (|𝑥𝑘 |2 + 𝑃𝗓)−1. This means that ML detection simplifies to
finding the permutation 𝜎 ∈ Σ𝐾 that minimizes the sum ∑𝐾

𝑘=1 𝑢𝜎(𝑘)𝑣𝑘 .

This problem can be solved via the rearrangement inequality [163, Proposition 6.A.3]. Con-
sider {𝑣𝑘} are arranged in decreasing order, i.e. 𝑣1 > 𝑣2 > ⋯ > 𝑣𝐾 . Then, the minimum sum is
obtained with the permutation that yields the terms {𝑢𝑘} in increasing order. This implies
ML detection is equivalent to pairing the most energetic symbols with the most energetic
received signal per band. More formally, it is expressed as

𝜍 = arg sort
𝜎∈Σ𝐾

{‖𝐲𝑘‖2}, (5.10)

where arg sort is a function that sorts the values of {‖𝐲𝑘‖2} and returns 𝜍 , the permutation
that achieves such order. The ML decision is then obtained as

{ ‖𝐲𝜍(1)‖2 < ‖𝐲𝜍(2)‖2 <…< ‖𝐲𝜍(𝐾)‖2 }
⇕ ⇕ ⇕

𝐱̂TML = ( 𝑥𝜍−1(1) , 𝑥𝜍−1(2) , … , 𝑥𝜍−1(𝐾) ).
(5.11)

An analogous outcome was observed in [158] for the coherent detection of PM over the AWGN
channel. The results in this section (namely, (5.10) and (5.11)) extend it to the noncoherent
setting under isotropic fading. Using standard sorting algorithms, this procedure involves
𝑂(𝐾𝑁) + 𝑂(𝐾 ln𝐾) operations, which is a significant reduction compared to the complexity
of the general ML implementation.
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It is worth noting that ML detection with (5.10) and (5.11) yields an additional benefit: it
can assess decision reliability at almost no extra cost. Such information can be quantified
by comparing the likelihood of the most likely decision, 𝐱̂ML, and the second most probable
one, 𝐱̂2, whose permutation is 𝜍2:

LLR = ln
P(𝘅 = 𝐱̂ML|𝐘)
P(𝘅 = 𝐱̂2|𝐘)

=
𝐾
∑
𝑘=1

(𝑢𝜍2(𝑘) − 𝑢𝜍(𝑘))𝑣𝑘 . (5.12)

These two codewords only differ in a single permutation of two symbols of consecutive
power. This allows a very simple computation of (5.12):

LLR = min
𝑚∈ℳ

(𝑢𝜍(𝑚+1) − 𝑢𝜍(𝑚))(𝑣𝑚 − 𝑣𝑚+1), (5.13)

where ℳ = {∑𝑗
𝑖=1 𝐾𝑖, 𝑗 = 1, … ,𝑀 − 1}.

5.2.4 Detection at high SNR
The previous low-complexity ML detector is only applicable under isotropic fading, which is
an unlikely scenario when using large arrays [52]. In the general case (5.7), ML detection
does not admit a simplified implementation based on sorting. A notable exception arises
when the SNR grows without bounds, defining

SNR =
∑𝑘 E[|x𝑘 |2]E[‖𝗵𝑘‖2]

∑𝑘 E[‖𝘇𝑘‖2]
, (5.14)

which is a generalization of (4.2) to the multicarrier scenario.

Assuming the receiver is aware of the indices of inactive subcarriers (i.e. the ones with
transmit power 𝜀1 = 0), which form set 𝒦1, we can study the limit of (5.7) when noise power
vanishes:

lim
𝑃𝗓→0

𝐱̂ML = argmin
𝐱∈𝒜

∑
𝑘∉𝒦1

1
|𝑥𝑘 |2

𝐫H𝑘 𝚪
−1
𝑘 𝐫𝑘 + ln||𝑥𝑘 |2𝚪𝑘 |. (5.15)

Once again, the logarithmic terms are removed from the minimization since they are common
to all codewords. We are left with a problem similar to the one encountered in section 5.2.3.
Following the same rationale, ML detection now consists in pairing the most energetic
symbols with the highest values of metrics {𝐫H𝑘 𝚪

−1
𝑘 𝐫𝑘}, which are quadratic statistics of data.

This simplification accounts for channel correlation but is only optimal in the high SNR
regime and assuming inactive subcarriers have been reliably detected. Nevertheless, such a
detector can be used suboptimally under any SNR and to detect every subcarrier, regardless
of whether they are active or not. This sets the basis for the family of detectors introduced
next.

5.2.5 General low-complexity detection
The previous analyses provide valuable insights about the ML detection problem (5.7). They
motivate the derivation of a low-complexity detector based on the ordering of some relevant
metrics { ̂𝛽𝑘(𝗿𝑘)} obtained from the received signal at each subcarrier 𝑘:

̃𝜍 = arg sort
𝜎∈Σ𝐾

{ ̂𝛽𝑘(𝗿𝑘)}. (5.16)



Chapter 5. Performance enhancement methods for one-shot communications 82

More precisely, we propose to use the framework developed in chapter 4, in which we devised
a family of energy estimators based on quadratic statistics of data. While suboptimal in
general, when properly designed, these methods can effectively leverage statistical CSI to
provide accurate estimations of the transmitted energy in each subcarrier. Particularized to
our setting, they take the form ̂𝛽𝑘(𝗿𝑘) = 𝗿H𝑘 𝐀𝑘𝗿𝑘 − tr(𝐀𝑘), which is the estimated energy level
from subcarrier 𝑘 and {𝐀𝑘} are diagonal matrices that satisfy tr(𝐀𝑘𝚪𝑘) = 1, so that estimation
is conditionally unbiased.

As expected, the choice of weighting matrices {𝐀𝑘} greatly impacts detection performance.
Within the context of this work, we consider three designs from chapter 4:

1. Energy detector (ED): widely used in the literature for its simplicity and because it
is optimal under the isotropic channel model from section 5.2.3 [121]. It is constructed
with 𝐀ED,𝑘 = 𝐈𝑁/tr(𝚪𝑘).

2. High SNR (HSNR): high SNR approximation of the ML detector for general fading
corresponding to the case studied in section 5.2.4. Its associated weighting matrix is
𝐀HSNR,𝑘 = 𝚪−1𝑘 /𝑁 .

3. Assisted best quadratic unbiased estimator (ABQUE): decision-directed implemen-
tation of the BQUE. The output {𝑥̂𝑘} of a first hard decision from ED is used to compute
the weighting matrices of ABQUE, defined as 𝐀ABQUE,𝑘 = 𝚪𝑘C−2

𝗿|𝑥̂ ,𝑘 / ‖𝚪𝑘C−1
𝗿|𝑥̂ ,𝑘‖

2
F
. Then,

a second detection round is performed on the received data with them.

The complexity of detecting a codeword with any of these schemes (without the pre-
processing) is 𝑂(𝐾𝑁) + 𝑂(𝐾 ln𝐾), which does not scale with |𝒜 |, contrary to ML detection.
This is especially relevant in the context of PM, whose alphabet size can grow as fast as
factorially. A summary of detection complexity is given in table 5.2. Although the ED is
less complex, its performance is several orders of magnitude worse than the other detectors,
up to the point of being unusable in practice. Moreover, the HSNR and ABQUE detectors
present the same complexity, but the latter’s performance is superior, as it is shown in the
following section.

Table 5.2: Summary of detection schemes complexity.

Detector Complexity

ML 𝑂(𝐾𝑁 2) + 𝑂(|𝒜 |𝐾𝑁)

ED 𝑂(𝐾𝑁) + 𝑂(𝐾 ln𝐾)

HSNR & ABQUE 𝑂(𝐾𝑁 2) + 𝑂(𝐾𝑁) + 𝑂(𝐾 ln𝐾)

5.2.6 Numerical results
In this section the performance of the proposed low-complexity schemes against ML detection
is assessed. A PIM with𝐾 = 32 and𝑀 = 4 under uniform policy is employed: 𝐾𝑚 = 𝐾/𝑀 = 8,
unless stated otherwise.5 This configuration yields a SE of R32({8}) ≈ 1.765 bpcu, which

5These values are limited by the maximum ML complexity that can be simulated in a reasonably sized
computation server. For instance, the number of trellis states required for the Viterbi algorithm for 𝐾 = 64
surpasses 8 ⋅ 105.
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amounts to a code rate of 0.8825 (the uncoded SE is 2 bpcu). Symbols are drawn from a uniform
unipolar 4-ASK constellation with unit average power. While a tailored constellation and
nonuniform partition are expected to yield better performance, using a standard constellation
and uniform partition allows to focus the discussion on the detector design. Fading is assumed
identically distributed across frequency bands (i.e. C𝗵𝑘 ≡ C𝗵) under exponential correlation:
[C𝗵]𝑚,𝑛 = 𝜌|𝑛−𝑚|, being 0 ≤ 𝜌 < 1 the correlation factor. The ML detector used as a
benchmark is implemented with the Viterbi algorithm on a trellis with a total of 6561 states.
Since bit coding is outside the scope, the metric considered herein is the average SER, i.e. the
probability of incorrectly detecting each 𝑥𝑘 .

In figure 5.8, the performance of all detectors is displayed in terms of SNR. A first examination
reveals the fundamental error floor at high SNR discussed in chapter 4, for all four detectors.
ED shows a higher error floor than the rest due to it being used under non-isotropic fading and
not fully exploiting the channel correlation structures. HSNR suffers a severe performance
degradation at low and moderate SNR (<12 dB), but reaches ML levels of SER otherwise,
when the approximation upon which it is built becomes valid. The most noteworthy aspect
of figure 5.8 is that ABQUE displays near-ML performance across all SNR levels in spite
of its reduced complexity. It only suffers a slight penalty at very low SNR due to the poor
performance of its first ED round.

0 10 20 30
10−5

10−4

10−3

10−2

10−1

SNR [dB]

SE
R

ED
HSNR
BQUE

ABQUE
ML

Figure 5.8: SER in terms of SNR for 𝑁 = 64 and 𝜌 = 0.7.

In figure 5.9, the minimum SNR required by each detector to achieve SER = 10−3 is rep-
resented, for various numbers of antennas. The existence of the error floor previously
discussed (which lowers for higher 𝑁 values) prevents detectors from reaching the objective
SER when 𝑁 is below a certain threshold. Unsurprisingly, ED demands the largest 𝑁 of the
four. ABQUE detection reaches ML performance for 𝑁 ≤ 64, but requires a slightly higher
SNR when employing more antennas. Similar performance gaps have been observed and
discussed in chapter 4. Finally, the HSNR detector involves the highest SNR levels for large
values of 𝑁 .

Figure 5.10 depicts the impact of antenna correlation onto each detector. As expected, ED
suffers a severe performance penalty with a small increase in 𝜌, becoming inoperative as
soon as 𝜌 > 0.7. The other three detectors perform similarly for 𝜌 ≤ 0.99, with graceful
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Figure 5.9: Required SNR to achieve SER = 10−3 in terms of 𝑁 , for 𝜌 = 0.7.
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Figure 5.10: SER in terms of fading correlation for 𝑁 = 64 and SNR = 30 dB.

degradation through this wide range of correlation regimes. When 𝜌 > 0.99, the SER of
HSNR starts to rapidly deteriorate. The performance loss for ML and ABQUE is slower and
their associated SER values only diverge noticeably at extreme correlation values. Once
again, a poor first ED round negatively impacts ABQUE.
Finally, in figure 5.11, we illustrate the trade-off between SE and robustness of the proposed
PIM scheme in terms of 𝐾 and partition policy. The SER corresponding to the ED is not
provided since it is consistently outperformed by the other detectors. The one corresponding
to the ML detector is omitted as well due to computational limitations, and instead the
performance of the genie-aided BQUE detector is used as its benchmark (see section 4.5.2).
As stated in section 5.2.1, SE increases with the number of subcarriers, at the cost of increased
SER. Such trend is displayed with a dashed teal line for 𝑀 = 4 and uniform policy. Ultimately,
for 𝐾 → ∞, this modulation approaches the performance of the uncoded scheme.

In order to illustrate the potential advantages of using a nonuniform policy, in figure 5.11 we
provide the SER/SE of an ad hoc code with 𝑀 = 4 and 𝐾 = 30, constructed from partition
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Figure 5.11: SER for various 𝐾 and partitioning policies with 𝑁 = 64, SNR = 15 dB and 𝜌 = 0.7.

sizes {𝐾𝑚} = {12, 9, 6, 3}. This simple code outperforms the uncoded scheme for 𝑀 = 3 (both
in terms of SER and of SE), and also the uniform partition schemes for 𝑀 = 4, confirming the
benefits of using the PIM scheme as a way of obtaining a coding gain [139]. Furthermore, if
CSI is available at the transmitter, significant gains can be achieved by taking it into account
in the constellation and partition design processes.

5.3 Conclusions
This chapter has investigated two strategies to enhance the robustness of one-shot commu-
nication systems based on energy detection.

The first strategy addressed the design of tailored constellations for low-complexity detection
in massive SIMO systems. Assuming full statistical CSIT, we proposed minimizing the
asymptotic average SER derived in the previous chapter for three quadratic receivers: the ED,
the HSNR, and the BQUE. This approach successfully eliminates the fundamental error floor
at high SNR. However, it requires statistical CSIT and different constellation sets optimized
for each SNR regime, which increases feedback and computational overhead.

The second strategy exploited PM to introduce coding gain and robustness in multicarrier
systems. Specifically, we proposed a near-ML low-complexity detector for noncoherent
OFDM-PIM, built upon the ABQUE framework presented in section 4.6.3. This approach
does not incur significant additional complexity, but the reduction in SER is modest.

In summary, constellation design offers superior performance in terms of SER, at the expense
of higher feedback and computational demands, whereas permutation-based schemes provide
a more lightweight alternative with moderate robustness gains. Importantly, both strategies
are not mutually exclusive. For instance, in section 5.2 we considered standard ASK energy
levels for each subcarrier, but replacing them with optimized constellations could further
reduce the overall error probability.





CHAPTER6
Symbol detection analysis with

model-based receivers

As discussed in chapter 2, coherent communication systems require channel estimation
through pilot training before data transmission. Similarly, noncoherent systems leveraging
statistical CSI also rely on channel estimation, but with the advantage that the acquired
information remains valid for a longer period of time.

In state-of-the-art high-frequency MIMO systems, a common approach is to employ model-
based strategies for acquiring CSI, both in coherent and noncoherent settings [23], [24], [117],
[164], [165]. For example, consider a BS in a high-frequency mMIMO system communicating
with a single-antenna UE. Since the number of antennas is large compared to the number of
paths and physical parameters [8], [52], [166], the BS can adopt the parametric model in (2.42)
and estimate only the parameters 𝛼𝑙 , 𝑟𝑙 , 𝜃𝑙 , and 𝜙𝑙 , instead of the full channel vector. The
overall system performance then depends on both the accuracy of the parameter estimation
and the suitability of the chosen propagation model.

Model-based methods involving the estimation of environment parameters with physical
sense usually lead to better estimation quality, specially in the low SNR regime. Nonetheless,
an important question remains as to whether such precise modeling is always necessary, or if
relaxing the model assumptions could yield simpler yet sufficiently effective receiver designs.
For instance, adopting a far-field array response for a near-field system or ignoring the effects
of mutual coupling in a dense array is expected to result in performance degradation, so the
model cannot be overly simplified.

In this chapter, we analyze the symbol detection performance of receivers that employ
parametric models under mismatched assumptions. We consider two scenarios: first, a BS
with densely deployed antennas affected by mutual coupling but unaware of it; and second,
an energy-based multiuser noncoherent system operating in the near field. In the latter, by
adopting a near-field propagation model, we show that such systems can in fact exploit the
curvature of spherical wavefronts, even at distances beyond the classical Fraunhofer limit,
revealing that the classical far-field approximation may significantly underestimate system
performance. Furthermore, we show that large antenna arrays facilitate the multiplexing of
multiple users even under noncoherent processing, while enabling near-optimal detection
with low computational complexity.
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6.1 Impact of mutual coupling on detection performance

In this first section, we leverage multiport communication theory to explore the implica-
tions of mutual coupling in MIMO systems with closely spaced antennas. Unlike previous
works [77], [78], [83], we do not focus on the impact of coupling on SNR or SE but rather on
symbol detection performance.

Furthermore, we consider not only coherent detection but also a noncoherent approach, as,
to the best of the authors’ knowledge, the impact of coupling on the latter has not been
investigated. In both cases, we assess the robustness of detection against mismatched channel
models. Specifically, we focus on a single-user uplink scenario where the receiver is unaware
of mutual coupling.

Through numerical simulations, we evidence that while the noncoherent detector generally
exhibits a higher error probability, it remains robust to coupling model mismatches due to
its inability to exploit phase information. Furthermore, this robustness is analytically proven
in the particular case of high SNR. In contrast, the coherent detector, though more accurate
under ideal conditions, becomes unreliable when antenna spacing is too small, highlighting
a fundamental trade-off in system design [167, Sec. 5.2.10].

6.1.1 System model
We consider the uplink of a communication system in NLoS propagation conditions, with a
single-antenna transmitter and a receiver with 𝑁 half-wavelength dipole antennas1 arranged
in a side-by-side configuration as a ULA deployed in the 𝑥 axis. The size of the array is
𝐷, whereas the separation between antennas is 𝑑 = 𝐷/(𝑁 − 1) and the wavelength is 𝜆.
Hence, the position in polar coordinates of the 𝑛-th antenna with respect to the origin is
u𝑛 = (𝑛𝑑, 0)T, with 0 ≤ 𝑛 ≤ 𝑁 − 1. The discrete baseband representation of the received
signal is:

𝘆 = 𝗵x + 𝘇, 𝘆, 𝗵, 𝘇 ∈ ℂ𝑁 , (6.1)

where 𝗵 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵) denotes the channel, 𝘇 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝘇) is additive Gaussian noise and
x is the transmitted symbol. Since the noncoherent detector cannot decode phase information,
symbols belong to a unipolar PAM constellation 𝒳 = {0, 𝑥2, … , 𝑥𝑀 }.

The inter-element separation 𝑑 = 𝐷/(𝑁 − 1) inevitably leads to mutual coupling when the
number of antennas is large. Given that the system under study is SIMO we can assume
that the unilateral approximation holds (see section 3.3). Accordingly, the system can be
represented by the circuit in figure 6.1. The corresponding voltage input–output relation is
given by

𝘃L = 𝗱vG + 𝗻, (6.2)

where 𝗱 denotes the channel and 𝗻 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗻) is additive Gaussian noise with its
covariance given by (3.35) as

C𝗻 = Q(CREN + 𝜎2𝑖 𝑅2N𝐈𝑁R + 𝜎2𝑖 𝐙R𝐙HR − 2𝜎2𝑖 𝑅Nℜ(𝜌∗N𝐙R))QH, (6.3)

1Most communication theory works on mutual coupling consider isotropic radiators [79], [80], [98] or
Hertzian dipoles [19], but a more accurate model can be obtained with half-wavelength dipoles [83].
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Figure 6.1: Circuit model of a SIMO communication system with power matching at the transmitter.

with Q = 𝑍L(𝑍L𝐈𝑁 +𝐙R)−1 and CREN = 4𝑘B𝑇A𝐵Wℜ(𝐙R), as defined in (3.12) and (3.24). Since
the array elements are half-wavelength dipoles, 𝐙R is given by (3.61) and (3.62).

On the other hand, the channel vector is a particular case of (3.23) with 𝑁T = 1. Taking into
account that the transmitter is a single-antenna device, its matching network can be the
optimal one given in (3.36), yielding

𝑍T = [𝐙MT]1,1 −
[𝐙MT]21,2

𝑍AT + [𝐙MT]2,2
= 𝑅G − j𝑋G, (6.4)

𝘇RT =
[𝐙MT]2,1

𝑍AT + [𝐙MT]2,2
𝘇ART = −j(

𝑅G
𝑅r

)
1
2
𝘇ART. (6.5)

Therefore,
𝗱 = 1

𝑍G + 𝑍T
Q𝘇RT =

−j

2√𝑅G𝑅r
Q𝘇ART, (6.6)

with 𝑍AT = 73.1+42.5jΩ and 𝑅r = ℜ(𝑍AT) = 73.1 Ω. Assuming that the number of scatterers
is sufficiently large, it is fair to assume that 𝘇ART ∼ 𝒞𝒩 (𝟎𝑁 ,CART), with

CART = 𝑅2r
𝐿
∑
𝑙=1

𝛽𝑙a𝑙aH𝑙 , (6.7)

which follows from (3.69).

Finally, recall from section 3.4 that, by setting 𝑐 = 1V2, we can identify

𝘆 = 𝘃L, 𝗵 =
√
𝑅G
𝑏

𝗱, x =
√

𝑏
𝑅G

vG, 𝘇 = 𝗻. (6.8)

Moreover, since the transmitter implements an optimal power matching network, 𝑏 = 1/4.
Assuming that the available transmit power is 𝑃A, it follows that

E[|x|2] = 𝑃A, (6.9)
C𝘇 = C𝗻, (6.10)

C𝗵 = 1
𝑅r

QCARTQH. (6.11)
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Recall that, in the absence of mutual coupling, 𝐙R = (𝑅r + j𝑋A)𝐈𝑁 . Consequently, both Q and
C𝘇 are proportional to the identity matrix, and C𝗵 is proportional to the spatial correlation
matrix CART.

6.1.2 Receiver structure
The main goal of this section is to characterize the impact of ignoring antenna coupling
in the detection stage. Both coherent and noncoherent approaches are considered herein.
As stated in the chapter introduction, the BS implements a model-based acquisition of the
channel realization and correlation. This means that, instead of estimating them directly,
the receiver estimates their parameters and constructs h and C𝗵 from them, employing the
models (6.6) and (6.11).

We define the SER consistently with the definition employed in the previous chapters:

𝑃𝜖 =
1
𝑀

∑
𝑥∈𝒳

P(𝑥̂(𝘆) ≠ 𝑥 | 𝗑 = 𝑥), (6.12)

with 𝑥̂(𝘆) the output of a symbol detector applied to 𝘆.

In section 6.1.3, we evaluate the performance of the optimal coherent and optimal one-shot
noncoherent detectors in three different scenarios: a matched detector that employs the
correct signal model, a mismatched detector that accounts for the scatterers model and
location but ignores mutual coupling (i.e. 𝐙R = (𝑅r + j𝑋A)𝐈𝑁 ), and a detector designed
for an artificial uncoupled scenario where the signal is generated and detected with 𝐙R =
(𝑅r + j𝑋A)𝐈𝑁 .

Noncoherent detector

For a one-shot receiver unknowing of instantaneous channel realizations but only its statistics,
the optimal symbol decision is given by the unconditional ML detector [20]:

𝑥̂NC = argmin
𝑥∈𝒳

yHC−1
𝘆|𝑥y + ln |C𝘆|𝑥 |, (6.13)

where
C𝘆|𝑥 = |𝑥|2C𝗵 + C𝘇, (6.14)

with C𝗵 and C𝘇 given by (6.10) and (6.11). The average SNR at the receiver is:

SNR =
E[|x|2𝗵H𝗵]
E[𝘇H𝘇]

=
𝑃Atr(C𝗵)
tr(C𝘇)

. (6.15)

If the detector is designed disregarding mutual coupling, the correlation matrix employed by
the detector is not (6.14) but:

Ĉ𝘆|𝑥 = 𝛾1|𝑥|2CART + 𝛾2𝐈𝑁 , (6.16)

with 𝛾1 and 𝛾2 power scaling factors that can be obtained from the multiport model setting
𝐙R = (𝑅r + j𝑋A)𝐈𝑁 . Since 𝛾1 and 𝛾2 can be absorbed into the SNR, their explicit values are
omitted.
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At high SNR, and assuming 𝑥 ≠ 0, it follows from (6.1), (6.6) and (6.8) that the received signal
can be written as

𝘆|𝑥 = Q
−j

√ℜ(𝑍AT)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛼

𝑥𝘇ART = Q 𝛼𝑥𝘇ART⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝗿|𝑥

= Q𝗿|𝑥, (6.17)

where 𝗿|𝑥 denotes the “uncoupled” signal.

From the HSNR detector derived in section 4.4 we know that when SNR → ∞, the logarithmic
term in (6.13) can be neglected, so the Hermitian form is the only relevant statistic for ML
detection. In terms of 𝗿|𝑥 it may be written as

yHC−1
𝘆|𝑥y =

𝗿HQH(QCARTQH)
−1
Q𝗿

|𝑥|2𝛽
=

𝗿HC−1
ART𝗿

|𝑥|2𝛽
= rHC−1

𝗿|𝑥r, 𝛽 = |𝛼|2. (6.18)

In other words, the optimal detectors of 𝘆|𝑥 and 𝗿|𝑥 are equivalent.

The conclusion is that, at the high SNR regime, mutual coupling does not have any impact
on the performance of the energy detector. This result is illustrated through Monte Carlo
experiments in section 6.1.3, together with the behavior at lower SNR levels.

Coherent detector

If full knowledge of every single channel realization is available at the receiver, the optimal
decision is obtained with the maximal ratio combiner [46, Ch. 3]:

𝑥̂C = argmin
𝑥∈𝒳

|
ℜ[hHC−1

𝘇 y]
hHC−1

𝘇 h
− 𝑥|. (6.19)

Like in the noncoherent case, if it is assumed that the BS ignores mutual coupling, the
detector operates in a mismatched mode with the channel and noise correlation given by:

ĥ = √𝛾1zART, (6.20)

Ĉ𝘇 = 𝛾2𝐈𝑁 , (6.21)

where 𝛾1 and 𝛾2 are the same scaling factors as before.

6.1.3 Numerical results
In order to assess the performance degradation of a receiver unaware of antenna mutual
coupling, we consider a scenario with a single user located at r = (𝑟, 𝜙)T = (25m, −30°)T,
surrounded by 𝐿 = 20 scatterers uniformly sampled from a circle centered at the user, with
radius 𝑟c = 3m, unless stated otherwise. Symbols are transmitted from a 4-PAM unipolar2

constellation and the average SNR is 5 dB. The remaining parameters are summarized
in table 6.1, with values from [83], [105] and references therein.

In general, the noncoherent detector exhibits a higher error probability but greater robustness
to coupling mismatches, illustrating the classic trade-off between robustness and optimality.
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Table 6.1: Mismatched coupling detection simulation parameters.

Parameter Value Parameter Value

Carrier frequency 𝑓 = 30GHz Variance of the current noise source 𝜎 2
𝑖 = 2𝑘B𝐵W𝑇A/𝑅N

Bandwidth 𝐵W = 20MHz Antenna impedance 𝑍A = 73 + j42.5 Ω

Amplifier and load impedance 𝑍G = 𝑍L = 186 − j31.6 Ω Complex correlation coefficient 𝜌N = 0.2730+j0.1793

Noise temperature of antennas 𝑇A = 290K LNA resistance 𝑅N = 5Ω
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Figure 6.2: Error probability of the matched (M) and mismatched (MM), coherent (C) and noncoherent
(NC), and uncoupled (U) detectors as a function of element separation for 𝑁 = 128.

As shown in figure 6.2, the coherent mismatched detector SER mirrors the coupling function
from section 3.2.1, whereas the energy detector remains nearly unaffected by the mismatch.

A similar behavior is illustrated in figure 6.3. When the array aperture is fixed but the
number of antennas increases, the inter-element distance decreases and the coupling also
increases. In this situation, the coherent mismatched receiver performance rapidly decays
and becomes unusable. On the contrary, the noncoherent detector error probability is robust
to the mismatch, and it even improves with 𝑁 . In the simulated example, the noncoherent
detector outperforms the coherent for 𝑁 ≥ 128.

It should also be remarked that the SER of a receiver that perfectly knows the effect of
mutual coupling is practically equal to that of an uncoupled scenario, as can be observed by
comparing the solid blue and dotted green lines in figure 6.2 and figure 6.3.

Although the previous results are valid in general, the exact performance is not independent
of the user location [83]. In figure 6.4 it can be seen that, at end-fire, the coherent detector SER
is lower than the noncoherent one, even for 𝑁 = 128. Of course, if the number of antennas
keeps increasing, the performance of the former will reduce whereas the latter’s will improve,
as discussed previously. Furthermore, the figure suggests that coupling primarily affects the
response phase while leaving the power almost unchanged. Since the noncoherent detector
relies solely on power, its performance remains unaffected by the mismatch.

2Although a coherent detector could employ a bipolar constellation with equal performance and lower power
consumption, the system proposed herein allows for simultaneous coherent and noncoherent transmission.
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Figure 6.3: Error probability of the matched (M) and mismatched (MM), coherent (C) and noncoherent
(NC), and uncoupled (U) detectors in terms of 𝑁 for a fixed aperture 𝐷 = 0.5m.
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Figure 6.4: Error probability of the matched (M) and mismatched (MM), coherent (C) and noncoherent
(NC), and uncoupled (U) detectors at azimuth angles from 0° to 90°. The array is 𝐷 = 0.5m and
𝑁 = 128.

6.2 Leveraging wavefront curvature with noncoherent
detection

In section 2.1 we showed that, at the Fraunhofer distance, the total phase error at an antenna
due to the wavefront curvature is 𝜋/8 rad. From an antenna theory perspective, angles
smaller than this value are usually neglected [30, Sec. 4.4.1], which is why the Fraunhofer
distance has traditionally been considered the practical boundary separating the near and
far field. This convention has been widely adopted in wireless system analysis, as it provides
a convenient rule of thumb. But, what if the spherical wavefront is assumed even beyond
the Fraunhofer distance?
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Indeed, the authors in [164] showed that the classical far-field approximation underestimates
SE in coherent multiuser MIMO, indicating that wavefront curvature can be exploited beyond
the Fraunhofer distance. However, does this also hold for noncoherent communication
systems?

The main goal of this section is demonstrating that the Fraunhofer distance neither is the ap-
propriate boundary for the near and far fields in noncoherent communications. Furthermore,
we show that multiuser noncoherent systems can leverage large arrays to multiplex different
users and achieve near-optimal detection with lower complexity using a single-user detector.
This suggests that simple constellations as those explored in [21] can be used in multiuser
scenarios with minimal penalty if the number of antennas is sufficiently large [10].

6.2.1 System model
We consider a MIMO system with𝐾 active single-antenna UEs operating in NLoS propagation
conditions. The BS is equipped with a UPA located in the 𝑦𝑧 plane, and consisting of 𝑁
independent radio frequency chains, arranged into 𝑁V rows, each with 𝑁H antennas: 𝑁 =
𝑁H𝑁V, as depicted in figure 2.4b. Following the notation in section 2.2.1, the inter-element
spacing across horizontal and vertical directions is 𝑑 . The location in Cartesian coordinates
of the 𝑛-th antenna, with 0 ≤ 𝑛 ≤ 𝑁 − 1, with respect to the origin is u𝑛 = (0, 𝑖𝑛𝑑, 𝑗𝑛𝑑)T. We
call 𝗵𝑘 ∈ ℂ𝑁 the channel response between the 𝑘-th UE and the BS [37].

Since we are interested in the impact of wavefront curvature on noncoherent communications,
we adopt the channel model in (2.61) with 𝑁T = 1 and 𝑁R = 𝑁 . The array response vector is
that given in (2.36). That is, 𝗵𝑘 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝗵𝑘), with covariance matrix

C𝗵𝑘 = E[𝗵𝑘𝗵H𝑘 ] =
𝐿
∑
𝑙=1

𝛽𝑘𝑙a𝑘𝑙aH𝑘𝑙 . (6.22)

If the 𝑘-th UE is located in the far field of the array, then the channel can be approximated as
𝗵FF𝑘 ∼ 𝒞𝒩 (𝟎𝑁 ,CFF

𝗵𝑘
), with CFF

𝗵𝑘
given by

CFF
𝗵𝑘

=
𝐿
∑
𝑙=1

𝛽𝑘𝑙c𝑘𝑙cH𝑘𝑙 , (6.23)

where c𝑘𝑙 is the plane-wave approximation array response defined in (2.38).

Signal model

In this section, we extend the analysis from chapter 4 to a multiuser scenario. Specifically,
we focus on the uplink of a one-shot communication system in which each user transmits
symbols drawn from an equiprobable 𝑀-PAM constellation 𝒳 = {𝑥1, … , 𝑥𝑀 } with 𝑀 ≥ 2,
subject to an average power constraint E[|x|2] = 1. The complex baseband signal 𝘆 ∈ ℂ𝑁

received at the BS is then given by:

𝘆 =
𝐾
∑
𝑘=1

𝗵𝑘√𝑝𝑘x𝑘 + 𝘇, (6.24)
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where 𝘇 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝘇) is additive Gaussian noise, x𝑘 is the PAM symbol transmitted by
the 𝑘-th UE and 𝑝𝑘 is a power control factor such that at the BS all signals have the same
signal-to-interference-plus-noise ratio (SINR),

SINR =
𝑝𝑘tr(C𝗵𝑘)

tr(C𝘇) + ∑𝑗≠𝑘 𝑝𝑗tr(C𝗵𝑗)
. (6.25)

As with any noncoherent communication system, the BS is unaware of the realizations of
{𝗵𝑘}𝐾𝑘=1. On the other hand, it may rely on their statistical properties.

Letting 𝒳𝐾 be the 𝐾 -ary Cartesian product of 𝒳 , the joint SER is:

𝑃𝜖 =
1

𝑀𝐾 ∑
x∈𝒳𝐾

Pr(x̂(𝘆) ≠ x|𝘅 = x), (6.26)

where x̂(y) is the output of a multiuser symbol detector applied to the received signal 𝘆. In
particular, the optimal x̂(y) (i.e. the one that minimizes 𝑃𝜖 ) is the ML detector [67, Sec. 4.1-1].
This yields

x̂(𝘆) = x̂ML = argmin
x∈𝒳𝐾

yHC−1
𝘆|xy + ln |C𝘆|x|, (6.27)

where
C𝘆|x = (xT ⊗ 𝐈𝑁 )Cvec(𝗛P)(x∗ ⊗ 𝐈𝑁 ) + C𝘇, (6.28)

with x = (𝑥1, … , 𝑥𝐾 )T, 𝗛 ∈ ℂ𝑁×𝐾 = (𝗵1, … , 𝗵𝐾 ) and P = diag(𝑝1, … , 𝑝𝐾 ) the diagonal power
control matrix.

The optimal decision rule (6.27) has a major drawback which is its complexity. Since it
increases exponentially with 𝐾 , its practical application is restricted to systems with a small
number of UEs [67, Sec. 16.3–2]. A suboptimal receiver is the single-user detector that
ignores the presence of other users. For the 𝑘-th UE, it takes the form:

𝑥̂𝑘 = argmin
𝑥∈𝒳

yHC−1
𝘆|𝑥,𝑘y + ln |C𝘆|𝑥,𝑘 |, (6.29)

where
C𝘆|𝑥,𝑘 = |𝑥|2𝑝𝑘C𝗵𝑘 + C𝘇. (6.30)

Observe that this detector does not model the remaining users as noise, but rather ignores
them completely.

In general, the performance gap between (6.27) and (6.29) is large. This is not, however, the
case for systems with a large number of antennas (compared to the number of users) where
the single-user detector achieves near-optimal performance with linear complexity, as we
shall demonstrate in the sequel.

As outlined at the beginning of this chapter, our primary objective is to quantify the impact
of mismatched receivers. In particular, we are interested in assessing whether the Fraunhofer
distance provides a valid criterion for distinguishing between the near and far field. To
this end, we evaluate the detection performance when the following covariance matrix is
employed instead of (6.30):

CFF
𝘆|𝑥,𝑘 = |𝑥|2𝑝𝑘CFF

𝗵𝑘
+ C𝘇. (6.31)
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Single-user asymptotic regime

Independently of the receiver considered, a necessary condition for an arbitrarily low 𝑃𝜖
in a noncoherent system is to have a uniquely identifiable constellation (see theorems 4.1
and 4.2). In the single-user scenario3 it is defined by:

|𝑥𝑎 |2 ≠ |𝑥𝑏 |2 ⟺ 𝑥𝑎 ≠ 𝑥𝑏 , ∀𝑥𝑎, 𝑥𝑏 ∈ 𝒳.

Recall that, under this hypothesis, the error probability exhibits the following properties:

lim
𝑁→∞

𝑃𝜖 = 0 ⟺ lim
𝑁→∞

tr(C2
𝗵) = ∞, (6.32)

lim
𝑝→∞

𝑃𝜖 = 0 ⟺ 𝑀 = 2. (6.33)

Although employing large arrays enables lower-complexity detection, the channel rank is
still determined by the number of scatterers: rank(C𝗵) = 𝐿, and it does not increase with 𝑁 .
Therefore, (6.32) is not fulfilled and the system must exhibit an error floor. Regarding (6.33),
the interpretation is that, for a PAM of order 𝑀 = 2, the zero symbol and the non-zero
symbol span different subspaces and can be detected with arbitrarily low error probability.
On the other hand, for 𝑀 > 2 all the non-zero symbols share the same subspace and the only
vanishing pairwise error probabilities are those between 𝑥1 = 0 and any other symbol.

6.2.2 Orthogonality of channel correlation column spaces
A known result in the large-array literature is that near-field beamfocusing vectors are
orthogonal when the number of antennas 𝑁 → ∞ and consequently the aperture 𝐷 → ∞
(see, for instance, [168], [169]). To the best of the authors’ knowledge, such orthogonality has
only been exploited in coherent communication systems. However, it can also be leveraged
in noncoherent systems to multiplex different UEs, as we show in section 6.2.4.

In the following, we assume that the UE and the scatterers are located in a region delimited
by 𝑟 ∈ (𝑟1, 𝑟2), 𝜃 ∈ (𝜃1, 𝜃2) and 𝜙 ∈ (𝜙1, 𝜙2), where max(𝑑r, 𝑑UP) < 𝑟1 < 𝑟2, 0 < 𝜃1 < 𝜃2 < 𝜋
and 0 < 𝜙1 < 𝜙2 < 𝜋 .

Theorem 6.1. Let AULA,1,AULA,2 ∈ ℂ𝑁×𝑁 be the rank-𝐿 spatial correlation matrices given
by (2.44) with the USW array response vector in (2.27), for two different scattering environ-
ments. Then, col(AULA,1) ⟂ col(AULA,2) when 𝑁 → ∞.

Proof. Let A1 = ∑𝐿
𝑙=1 𝛽1,𝑙a1,𝑙a

H
1,𝑙 and A2 = ∑𝐿

𝑙=1 𝛽2,𝑙a2,𝑙a
H
2,𝑙 be the ULA near-field channel

correlation matrices of two different scattering environments. The “ULA” subscript has been
omitted for simplicity of notation.

To find a basis for col(A1), observe that any y ∈ col(A1) can be written as:

y = A1x =
𝐿
∑
𝑙=1

𝛽1,𝑙a1,𝑙aH1,𝑙x =
𝐿
∑
𝑙=1

𝛾𝑙a1,𝑙 , x ∈ ℂ𝑁 , (6.34)

3Note that if the condition is necessary for a single user it must also be necessary in the multiuser scenario.
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and as by hypothesis rank(A1) = 𝐿, a basis for col(A1) is {a1,𝑙}𝐿𝑙=1. Similarly, a basis for
col(A2) is {a2,𝑙′}𝐿𝑙′=1. Then,

col(A1) ⟂ col(A2) ⟺
aH1,𝑙a2,𝑙′

‖a1,𝑙‖‖a2,𝑙′‖
= 0, ∀𝑙, 𝑙′. (6.35)

Observe that ‖a1,𝑙‖ = ‖a2,𝑙′‖ = √𝑁 . Hence,

aH1,𝑙a2,𝑙′

𝑁
= 1

𝑁

𝑁−1
∑
𝑛=0

exp(j2𝜋
𝜆
(
𝑛2𝑑2(𝑟2,𝑙′ − 𝑟1,𝑙)

2𝑟2,𝑙′𝑟1,𝑙
− 𝑛𝑑(sin 𝜙1,𝑙 − sin 𝜙2,𝑙′))). (6.36)

Taking into account that 𝑑 is a constant, 𝑟2,𝑙′ − 𝑟1,𝑙 ≠ 0 and sin 𝜙1,𝑙 − sin 𝜙2,𝑙′ ≠ 0, then the
exponential is different than one and aH1,𝑙a2,𝑙′/𝑁 → 0.

The previous theorem requires the scattering environments to be different for orthogonality
to arise. Indeed, having different distances is sufficient, even if the angles are equal. This
results in the following corollary for the near-field and far-field correlation matrices.

Corollary 6.1. Let AULA,CULA ∈ ℂ𝑁×𝑁 be the rank-𝐿 spatial correlation matrices given
by (2.44) with the USW and UPW array response vectors in (2.27) and (2.29), respectively.
Then, col(AULA) ⟂ col(CULA) when 𝑁 → ∞.

Proof. Without loss of generality we can assume A1 = AULA and A2 = CULA. Then, letting
𝑟2,𝑙′ → ∞ in (6.36) and constraining 𝑟1,𝑙 < 𝑑F ensures that the argument of the exponential is
different than zero even if sin 𝜙1,𝑙 − sin 𝜙2,𝑙′ = 0. Therefore, col(AULA) ⟂ col(CULA) when
𝑁 → ∞.

Under the parabolic wavefront approximation, the ULA and UPA response vectors are
related through the Kronecker product (see equations (2.39) and (2.40)). This allows to
generalize theorem 6.1 and corollary 6.1 to UPAs, assuming that the parabolic approximation
holds.

Theorem 6.2. Let BUPA,1,BUPA,2 ∈ ℂ𝑁×𝑁 be the rank-𝐿 channel correlation matrices given
by (2.44) with the uniform parabolic wave array response vector in (2.37), for two different
scattering environments. Then, col(BUPA,1) ⟂ col(BUPA,2) when 𝑁 → ∞.

Proof. The proof for a UPA follows from the Kronecker product property of the channel
response. Note that the subscript “ULA” is dropped throughout the proof for simplicity.
Proceeding as before, {b1,𝑦 ,𝑙 ⊗ b1,𝑧,𝑙}𝐿𝑙=1 and {b2,𝑦 ,𝑙′ ⊗ b2,𝑧,𝑙′}𝐿𝑙′=1 are basis of col(BUPA,1)
and col(BUPA,2), with b1,𝑦 ,𝑙 , b2,𝑦 ,𝑙′ ∈ ℂ𝑁H and b1,𝑧,𝑙 , b2,𝑧,𝑙′ ∈ ℂ𝑁V . Therefore, to show that
col(BUPA,1) ⟂ col(BUPA,2) asymptotically, we shall prove:

(b1,𝑦 ,𝑙 ⊗ b1,𝑧,𝑙)H(b2,𝑦 ,𝑙′ ⊗ b2,𝑧,𝑙′)
𝑁

→ 0 (6.37)
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when 𝑁 → ∞. Writing the limit explicitly and rearraging terms we can express it as the sum
of two ULAs:

lim
𝑁→∞

(b1,𝑦 ,𝑙 ⊗ b1,𝑧,𝑙)H(b2,𝑦 ,𝑙′ ⊗ b2,𝑧,𝑙′)
𝑁

= lim
𝑁→∞

(b
H
1,𝑦 ,𝑙b2,𝑦 ,𝑙′) ⊗ (b

H
1,𝑧,𝑙b2,𝑧,𝑙′)

𝑁

= lim
𝑁H→∞

b
H
1,𝑦 ,𝑙b2,𝑦 ,𝑙′

𝑁H
⋅ lim
𝑁V→∞

b
H
1,𝑧,𝑙b2,𝑧,𝑙′
𝑁V

.

(6.38)

Applying theorem 6.1, the last two limits in (6.38) are zero. Therefore, (6.37) is satisfied and
col(BUPA,1) ⟂ col(BUPA,2).

Corollary 6.2. Let BUPA,CUPA ∈ ℂ𝑁×𝑁 be the rank-𝐿 spatial correlation matrices given
by (2.44) with the uniform parabolic wave and the UPW array response vectors in (2.37)
and (2.38), respectively. Then, col(BUPA) ⟂ col(CUPA) when 𝑁 → ∞.

Proof. It follows immediately from corollary 6.1 and theorem 6.2.

In the previous propositions we have assumed that the array aperture goes to infinity when
the number of antennas does as well. It should be remarked, however, that for an array
with fixed aperture and variable inter-element spacing, the column spaces associated to the
near-field and far-field correlation matrices are not orthogonal. For instance, in a ULA with
fixed aperture 𝐷, inter-element spacing is given by 𝑑 = 𝐷/(𝑁 − 1). Substituting in (6.36)
yields

1
𝑁

𝑁−1
∑
𝑛=0

exp(j2𝜋
𝜆
( 𝐷2𝑛2

2(𝑁 − 1)2
𝑟2,𝑙′ − 𝑟1,𝑙
𝑟2,𝑙′𝑟1,𝑙

− 𝐷𝑛
𝑁 − 1

(sin 𝜙1,𝑙 − sin 𝜙2,𝑙′))), (6.39)

which can be interpreted as a Riemann sum for the integral of a continuous function (see,
for instance, [170, Sec. 7.5]):

∫
1

0
exp(j2𝜋

𝜆
(
𝐷2(𝑟2,𝑙′− 𝑟1,𝑙)

2𝑟2,𝑙′𝑟1,𝑙
𝑥2 − 𝐷(sin 𝜙1,𝑙 − sin 𝜙2,𝑙′)𝑥)) d𝑥. (6.40)

Therefore, the limit of aH1,𝑙a2,𝑙′/𝑁 when 𝑁 → ∞ coincides with this integral. In general, (6.40)
is not zero, thus the column spaces are not orthogonal when the array size is fixed.

6.2.3 Channel statistics discussion
Performance of energy-based noncoherent systems strongly depends on the channel correla-
tion matrix. For this reason, we analyze the main properties of the near-field and far-field
models (6.22) and (6.23). In doing so, we assume that scattering is local to each UE, with
the 𝑘-th UE located at r𝑘 = (𝑟𝑘 , 𝜃𝑘 , 𝜑𝑘)T, and is uniformly sampled from a sphere centered at
the user. Throughout the simulations presented in this section, we assume the radius of the
sphere is 𝑟s = 3m and the number of scatterers is 𝐿 = 10. Antennas at the BS are arranged as
a UPA with, except where noted, 𝑁 = 16 × 16 and 𝑑 = 𝜆. The system operates at 𝑓 = 30GHz
such that 𝑑r = 0.67m and 𝑑F = 10m.
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Spatial correlation spectrum

We consider two UEs in the near field: r1 = (5, 120°, −10°) and r2 = (5, 110°, 0°), and a UE in
the far field, r3 = (25, 100°, 10°). Figure 6.5 reports the eigenvalues of C𝗵1 , C𝗵2 and C𝗵3 , as
obtained with (6.22), and those of their respective far-field matrices, obtained through (6.23).
For all UEs, the eigenvalues of the near-field correlation matrix (rectangular markers) coincide
with those of the far-field matrix (circular markers). This shows that both models exhibit the
same correlation spectrum. Similar results have been previously observed in [37] and [39].
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Figure 6.5: Eigenvalues of the near- and far-field channel correlation matrices for 𝐿 = 10 and 𝐿 = 15.

Regarding the eigenvalues of different users, we should recall that (6.22) and (6.23) only
depend on the position of the scatterers, but not the user. Thus, if two users are in the same
scattering cluster the eigenvalues of their channel correlation matrices coincide, even if
scatterers realizations differ. Indeed, for 𝑟s = 3m and two users located at r1 and r2, their
scatterers overlap and the correlation matrices spectra are very close (see the dashed orange
and solid blue lines in figure 6.5).

Distance between column spaces

The results in figure 6.5 evidence that the near-field and far-field correlation matrices
from (6.22) and (6.23) exhibit identical spectra, even at short communication distances.
Therefore, the primary difference between the two models must lie in their eigenvectors, i.e.
C𝗵𝑘 and CFF

𝗵𝑘
span different subspaces. However, as discussed in section 6.2.1, a noncoherent

system such as the one here considered spans only two subspaces: the zero-symbol subspace
and the non-zero-symbol subspace. Thus, measuring the distance between col(C𝗵𝑘) and
col(CFF

𝗵𝑘
)—which asymptotically must be zero—provides valuable insights into communica-

tion performance.

There are various methods to measure the distance between subspaces, but the most com-
monly used in the design of Grassmannian constellations is the chordal distance,4 as it has a

4This is also referred to as projection F-distance, e.g. [171].
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direct impact on the error probability [10], [172]. The chordal distance is defined by:

𝑑ch(X,Y) = (
𝐿
∑
𝑙=1

sin2 𝛼𝑙)

1
2

= tr(𝐈 − YHXXHY)
1
2 , (6.41)

where X and Y are two 𝐿-rank matrices and 𝛼𝑙 are the principal angles [173], [174] between
the subspaces spanned by X and Y. Observe that 𝑑ch(X,Y) = 0 if and only if col(X) = col(Y)
and 𝑑ch(X,Y) = √𝐿 if and only if col(X) ⟂ col(Y).

Now consider a single UE moving in a straight line from (1, 120°, −10°)T to (200, 90.15°, −10°)T,
so that it remains at a constant height 𝑧 = −0.5m with respect to the array, under three
array configurations: 𝑁 = 16 × 16, 𝑁 = 24 × 24 and 𝑁 = 32 × 32. In figure 6.6, we represent
𝑑ch(U𝗵,UFF

𝗵 )/√𝐿, where U𝗵,UFF
𝗵 ∈ ℂ𝑁×𝐿 are the matrices containing the 𝐿 eigenvectors

associated to the non-zero eigenvalues of C𝗵 and CFF
𝗵 (the UE subindex has been omitted

for simplicity). Differently from the eigenvalues, which were already equal at 𝑟 < 𝑑F, the
normalized chordal distance starts being one, that is, the subspaces spanned by C𝗵 and CFF

𝗵
are orthogonal. Although 𝑑ch(U𝗵,UFF

𝗵 )/√𝐿 decreases with the distance between transmitter
and receiver, at the Fraunhofer distance it still is a 30% of its maximum value, and keeps
decreasing at the same rate, suggesting that it is far from converging. In practice, this means
that employing the far-field model makes the receiver operate in an appreciably mismatched
mode, degrading the performance as it will be shown later.

On the other hand, incrementing the number of antennas (and hence the array aperture)
also increases the chordal distance. Indeed, as 𝑁 → ∞, we have that 𝑑ch(U𝗵,UFF

𝗵 ) → √𝐿.
Consequently, col(C𝗵) ⟂ col(CFF

𝗵 ) asymptotically, which is consistent with the theoretical
subspaces orthogonality announced at the beginning of this section.
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Figure 6.6: Chordal distance between col(C𝗵) and col(CFF
𝗵 ) for 𝑁 = 16 × 16, 𝑁 = 24 × 24 and

𝑁 = 32 × 32, in terms of the distance between transmitter and receiver. The Fraunhofer distances for
each case are indicated as 𝑑F1 , 𝑑F2 and 𝑑F3 .
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6.2.4 Numerical results
In order to verify the impact down to detection of a receiver employing the mismatched
model (6.31) as well as the performance of the suboptimal single-user detector (6.29), we
evaluate the error probability of a system employing the 4-PAM constellation that minimizes
the SER of the optimal quadratic detector (see section 5.1 for further details).5 Specifically,
to assess the mismatched mode, we consider a single UE moving away from the BS. On the
other hand, the performance of the suboptimal detector is analyzed in a scenario involving
five static UEs simultaneously communicating with the same BS.

Single-user mismatched mode

Let us start by considering the same scenario as before: a single UE that moves along a
straight line trajectory, beginning at (1, 120°, −10°)T and ending at (200, 90.15°, −10°)T. In
this case, the BS implements the receiver from (6.29), which for 𝐾 = 1 corresponds to the
ML detector that is then used to decide the transmitted symbol.

To show the impact of operating in a mismatched mode, in figure 6.7 we illustrate the SER
of the proposed setup both for a receiver employing the exact correlation model and the
mismatched one, for 𝐿 = 10 and 𝐿 = 15 scatterers. Besides the severe difference between
error probabilities until 10𝑑F, using the far-field model may result in unexpected performance
behaviors due to the mismatch. Regarding the increase of error probability with distance,
even when employing the exact model, it is caused by the loss of resolution between scatterers
in the local scattering model. That is, when the distance increases, all signal paths tend to
come from the same angle and the rank of the channel correlation matrix goes to one.

The conclusions of this analysis are twofold: first, a receiver should always utilize the exact
model, even beyond the Fraunhofer distance; second, noncoherent communication systems
can take advantage from near field propagation conditions.

Multiuser detection

Consider five UEs arbitrarily located at positions: r1 = (5, 120°, −20°)T, r2 = (10, 115°, −10°)T,
r3 = (15, 110°, 0°)T, r4 = (20, 105°, 10°)T and r5 = (25, 100°, 20°)T. To multiplex them, scatter-
ing clusters must be separated, so throughout this section we consider 𝑟s = 1m to avoid
overlapping. The receiver implements the detector in (6.29), and its performance with dif-
ferent number of antennas is compared with the scenario where only the UE of interest is
present. For completeness, we also consider the mismatched case, where the wavefront is
assumed to be planar rather than spherical.

The results of the aforementioned experiment for the fourth UE are shown in figure 6.8
(other UEs are omitted due to the symmetry of the problem). As expected, the SER of the
single-user detector tends to that of the optimal detector when the number of antennas
increases. In particular, for 𝑁 ≥ 1500 both receivers exhibit almost the same performance.
On the other hand, the SER of the mismatched receiver is always high, independently of the
number of antennas.

5To focus on receiver design, the constellation has been optimized for each 𝑁 and each realization of
scatterers location. The design is the same for near-field and far-field models since they share the same
eigenvalues.
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Figure 6.7: Error probability of a ML detector employing the exact or mismatched model at different
distances. The simulation is performed for SNR = 20 dB.
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Figure 6.8: Error probability of the single-user detector in a multiuser environment for increasing
number of antennas. The single-user ML and the mismatched receivers are depicted for comparison
and completeness. The SINR is 20 dB.

6.3 Conclusions
In this chapter, we studied the problem of symbol detection employing model-based receivers.
First, we examined the problem of inaccurate modeling of mutual coupling in a receiver with
closely spaced antennas; and second, we analyzed the uplink of a NLoS one-shot noncoherent
communication system, with arbitrarily located single-antenna UEs, and a BS equipped with
a large antenna array operating at the mmWave band.

More specifically, in the former, we analyzed the uplink of a communication system where
the BS ignores mutual coupling, and compared the resulting error probability with that
obtained using the correct model. Our analysis employed both coherent and noncoherent
decoding schemes, revealing that noncoherent decoding is more robust to coupling mismatch,
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since it relies only on power and not on phase. This suggests that, in situations where mutual
coupling cannot be accurately modeled, it may be beneficial to ignore phase information
and instead rely on instantaneous channel energy detection [49]. In general, this approach
provides a performance between that of the coherent detector and the average channel
energy detector considered in this thesis.

In the latter, instead, we examined both exact and far-field models of the channel correlation
matrix, as the performance of energy-based systems is tightly linked to them. Concretely,
we showed that the subspaces spanned by these models differ significantly, even when the
distance between the considered UE and the BS is greater than the Fraunhofer distance. More
importantly, we illustrated that the aforementioned discrepancy clearly translates as well to
a significant SER degradation at the receiver side. Furthermore, we proved that by exploiting
large arrays it is possible to multiplex different UEs, even without instantaneous CSI, and
achieve near-optimal performance with linear complexity (in the number of users) using a
single-user detector. This result suggests that single-user constellations can be effectively
used in a multiuser setting, provided that the BS has a sufficiently large number of antennas.





CHAPTER7
Conclusions

This thesis has addressed the design and performance analysis of one-shot communication
systems under physically consistent channel models, with a particular focus on error proba-
bility. By physically consistent, we refer to models that faithfully capture the physics of the
underlying propagation mechanisms, as opposed to purely mathematical abstractions with
no clear physical interpretation.

After establishing that near-field channels can still be modeled according to Rayleigh fading—
even in the presence of intra-array coupling—we investigated one-shot energy detection sys-
tems under arbitrarily correlated Rayleigh fading and proposed near-optimal, low-complexity
decision rules together with a constellation design method that minimizes their asymptotic
error probability.

Furthermore, we examined the impact of employing mismatched models, both in terms of
spatial correlation and mutual coupling. Remarkably, the results show that noncoherent
systems are more robust to coupling mismatch compared to their coherent counterparts,
and that they can also exploit wavefront curvature even beyond the classical Fraunhofer
boundary separating the near and far field.

In particular, chapter 2 reviewed the basic concepts of wireless propagation, with special
emphasis on large array systems and near-field channel modeling, their implications, and
the resulting spatial correlations.

In chapter 3 we focused on the problem of mutual coupling in communication systems.
Among the several alternatives to analyze it, we chose multiport communication theory,
so the communication system can be represented through a circuit model. Although a
large part of the chapter provides a detailed review of the state of the art and the multiport
framework—with some extensions—two novel contributions were presented:

1. We first proved that there is no coupling from the receiver to the transmitter in massive
SIMO and massive MISO systems, even when the number of antennas is asymptotically
large and the operation takes place in the near field.

2. Building on this result, we proved that a NLoS communication channel in the near field
and under the effects of mutual coupling can be modeled as Rayleigh fading, provided
that the number of scatterers is sufficiently large.



Chapter 7. Conclusions 106

Next, in chapters 4 and 5, we investigated one-shot noncoherent communication systems
operating under correlated Rayleigh fading. We began by analyzing single-carrier systems
in the absence of CSIT, and subsequently extended the study to account for scenarios with
statistical CSIT and to multicarrier transmission. The key contributions of these two chapters
can be summarized as follows:

3. Two fundamental results regarding the asymptotic performance of energy detection
schemes under arbitrarily correlated Rayleigh fading:

• When the transmitted symbols are uniquely identifiable, the error probability
vanishes asymptotically with 𝑁 , provided that the channel spectrum does not
decay too fast when 𝑁 → ∞.

• For a finite number of receiving antennas, the error probability of a fixed PAM
constellation vanishes if and only if the constellation contains two symbols, one
of which is zero.

4. The proposal of a quadratic detection framework that generalizes the conventional
ED schemes in the literature. Within this quadratic structure, we derived an analytic
approximation of the error probability—expressed as a sum of Q-functions—that applies
to any detector in the framework.

5. The design of a scheme, which we called ABQUE, based on the combination of quadratic
detectors, achieving near-optimal performance with significantly reduced complexity.

6. The introduction of two approaches to further improve the performance of energy
detection systems:

• A constellation design method that minimizes the asymptotic SER expression
and outperforms all previously available methods in the literature, assuming
statistical CSIT.

• A near-ML, low-complexity detector for noncoherent OFDM-PIM, built upon the
ABQUE detector introduced in chapter 4.

Finally, in chapter 6, we considered state-of-the-art receivers that, instead of directly esti-
mating the channel or its covariance, construct them based on accurate physical models,
where parameters such as users or scatterers distances and angles are estimated. Under these
assumptions, we analyzed the importance of such physically consistent models for system
performance. The main contributions of chapter 6 can be summarized as follows:

7. One-shot noncoherent communication systems are shown to be robust against mis-
matched modeling of mutual coupling, whereas coherent systems are not. Remarkably,
in the latter case, the error probability follows the same trend as the antenna coupling
function.

8. The Fraunhofer distance is not an adequate metric for delimiting the boundary between
the near and far field in communication systems. In particular, noncoherent systems
can exploit wavefront curvature effects well beyond the Fraunhofer distance.

9. The beamvector orthogonality property of large arrays extends to noncoherent systems.
This property can be exploited to multiplex multiple users efficiently, achieving near-
optimal performance with complexity that scales linearly in the number of users.
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7.1 Future work
Following the conclusion of this thesis, several potential directions for future research and
possible extensions of the studied problems have been identified. We begin with chapter 3:

• In section 3.3, we analyzed the coupling effects produced by the receiver on the
transmitter within the multiport communication theory framework, evaluating the
validity of the unilateral approximation for an asymptotic number of antennas in both
uplink and downlink. This analysis, however, was limited to LoS propagation and to a
single antenna at one of the ends. Therefore, two immediate extensions are:

– Generalize the analysis to mMIMO, with arbitrary number of antennas at both
transmitter and receiver.

– Extend the study to NLoS propagation, for instance considering Rayleigh fading.

Now, we focus on research lines that follow from chapters 4 and 5:

• The analysis of OFDM-IM in section 5.2 manifests the importance of the chosen
alphabet. Jointly optimizing partition sizes and energy levels and exploring alter-
native design criteria to trim the alphabet size could lead to improved SE/diversity
tradeoffs [139].

• The PIM structure introduced is specially suitable for hierarchical and multi-resolution
systems [175]. Combined coherent-noncoherent schemes based on PIM should be
explored further.

• Investigate the performance of noncoherent systems within Delay-Doppler communi-
cations. While [176] proposed a noncoherent orthogonal time frequency space (OTFS)
modulation based on differential detection, to the best of our knowledge energy-based
OTFS remains an open topic. In addition, the extension to noncoherent OTFS-IM [177]–
[179] also appears to be a promising direction.

Finally, the potential extensions that arise from chapter 6 are:

• Explore partially coherent systems with a known LoS component and multiple NLoS
paths (i.e. Rician fading). In practice, high-frequency channels contain only a limited
number of multipath components, which constrains the rank of the correlation matrix
and thus bounds the error probability. Introducing a known LoS path is expected to
mitigate this effect, making the performance closer to that of a coherent receiver.

• Analyze the beamfocusing capabilities of modular arrays that exploit both long-term
and short-term CSI. Instead of generating the focusing pattern solely from the estimated
user location (long-term CSI), the carrier phase per ULA module (short-term CSI) at the
receiver can also be incorporated. This joint use may lead to an enhanced robustness
by suppressing undesired grating lobes in the focusing region induced by the large
inter-module separation [180], [181].





APPENDIXA
Elements of network analysis

A significant part of this thesis is devoted to analyzing the impact of mutual coupling on
communication systems. Since the adopted models are grounded in circuit and network
theory, in this appendix we review the fundamental concepts of circuit and network theory
that will be used throughout the thesis.

The first concept required to develop the subsequent theory is that of a port. In circuit theory,
a port is defined as a pair of terminals through which electrical energy can be delivered to or
extracted from a circuit. For a pair of terminals to qualify as a port, they must satisfy the
port condition, namely that the currents entering the two terminals are equal in magnitude
and opposite in direction [182, Ch. 3].

A.1 Complex envelope of a bandpass signal
The complex envelope of a signal refers to the baseband complex-valued signal whose real,
modulated version corresponds to the actual physical signal at the ports of an antenna or
circuit.

For a real-valued signal 𝑠(𝑡), the complex envelope is derived from its analytic representation
𝑎𝑠(𝑡) = 𝑠(𝑡) + j ̂𝑠(𝑡), where ̂𝑠(𝑡) denotes the Hilbert transform of 𝑠(𝑡) [183, Ch. 3]. The complex
envelope associated with a carrier frequency 𝜔 is then defined as

𝑏𝑠(𝑡) = 𝑎𝑠(𝑡)e−j𝜔𝑡 . (A.1)

The original real-valued signal can be recovered by modulating the complex envelope back
to passband and taking the real part:

𝑠(𝑡) = ℜ(𝑏𝑠(𝑡)ej𝜔𝑡). (A.2)

If 𝑠(𝑡) = 𝐴 ⋅ cos(𝜔𝑡 + 𝜃), as usually assumed in alternating current (AC) circuits,1 then its
complex envelope is 𝑏𝑠(𝑡) = 𝐴ej𝜃 , which is constant in time and corresponds to the phasor
associated with the real signal 𝑠(𝑡).

1Multiple-frequency linear AC circuits, as well as circuits driven by arbitrary periodic waveforms, can be
analyzed by decomposing all signals into their sinusoidal Fourier components, each characterized by a specific
magnitude and phase. Because of the superposition theorem, each frequency component may then be analyzed
independently.
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A.2 Active power

Assume that 𝑣(𝑡) and 𝑖(𝑡) are the baseband complex envelopes of two narrowband real-valued
bandpass signals measuring the voltage and current at a given port. The average active
power that flows into the port is

𝑃 = 1
𝑇 ∫

𝑇

0
ℜ(𝑣(𝑡)𝑖(𝑡)∗) d𝑡 . (A.3)

If both signals are random and ergodic [184, Ch. 20], the active power can equivalently be
expressed as

𝑃 = E[ℜ(v ⋅ i∗)], (A.4)
where the temporal average has been replaced by the statistical expectation.

Since communication signals are inherently stochastic, the definition given in (A.4) is the
one adopted throughout this thesis.

A.2.1 Available power
In order to define the available power we first need to understand how much power can a
load extract from a source. To do so, consider a source-load interface as shown in figure A.1.
The source circuit is represented by its Thévenin equivalent circuit, with complex envelope
voltage vG and impedance 𝑍G = 𝑅G+j𝑋G. The load is represented by an equivalent impedance
𝑍L = 𝑅L + j𝑋L.

vG

+

𝑍G iL

𝑍L

LoadSource

Figure A.1: Equivalent circuit with a source and a load.

Maximum power transfer from the source to the load is obtained when 𝑍L = 𝑍∗
G [182, Sec. 8.6].

In this situation, the power dissipated at the load is

𝑃 = E[ℜ(vL ⋅ i∗L)] = E[ℜ(
𝑍L
2𝑅G

vG ⋅ (
vG
2𝑅G

)
∗
)] =

E[|vG|2]
4𝑅G

. (A.5)

Since there is maximum power transfer, we say that (A.5) is the source available power.

A.3 Multiport networks
From the port definition provided at the beginning of this appendix, it follows naturally that
a multiport is a circuit possessing an arbitrary number of ports [185, Sec. 10.1].
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A.3.1 Impedance parameters
The impedance parameters of a 𝐾 -port are obtained by expressing the port voltages 𝑣1, … , 𝑣𝐾
in terms of port currents 𝑖1, … , 𝑖𝐾 :

v = (
𝑣1
⋮
𝑣𝐾

) = (
𝑍1,1 … 𝑍1,𝐾
⋮ ⋱ ⋮

𝑍𝐾,1 … 𝑍𝐾,𝐾
)(

𝑖1
⋮
𝑖𝐾
) = Zi, (A.6)

where Z is the impedance matrix and its elements are the impedance parameters. By
definition, each parameter is obtained under open circuit conditions:

𝑍𝑗,𝑘 =
𝑣𝑗
𝑖𝑘
|𝑖𝑛=0, 𝑛≠𝑘 . (A.7)

Naturally, they are measured in ohms.

A network is said to be reciprocal if Z = ZT. In other words, the voltage appearing at port
𝑗 due to a current applied at port 𝑘 is the same as the voltage appearing at port 𝑘 when
the same current is applied to port 𝑗. Networks that consist of linear passive elements are
reciprocal.

On the other hand, we say that a network is lossless if it does not dissipate power. Formally,
this condition can be stated as

ℜ(Z) = 𝟎, (A.8)

which implies that the network contains no resistive or dissipative elements [81, Sec. 4.2].

Impedance relations

Consider now the circuit in figure A.2. In this scenario, the impedance matrix can be
partitioned into four blocks, analogous to the structure of a two-port network:

(vTvL
) = (𝐙11 𝐙12

𝐙21 𝐙22
) (iTiL

), (A.9)

where vT, iT ∈ ℂ𝑀 , vL, iL ∈ ℂ𝑁 , 𝐙11 ∈ ℂ𝑀×𝑀 , 𝐙22 ∈ ℂ𝑁×𝑁 , 𝐙12 ∈ ℂ𝑀×𝑁 , 𝐙21 ∈ ℂ𝑁×𝑀 and
𝑀 + 𝑁 = 𝐾 .

The input impedance of a multiport network must satisfy

vT = 𝐙iniT. (A.10)

On the other hand, Ohm’s law tells us that

vL = −𝐙LiL, (A.11)

where 𝐙L is a diagonal matrix with elements 𝑍L,n, for 1 ≤ 𝑛 ≤ 𝑁 . Substituted into (A.9)
yields

𝐙iniT = 𝐙11iT + 𝐙12iL,
−𝐙LiL = 𝐙21iT + 𝐙22iL.

(A.12)
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Figure A.2: Multiport network with 𝑀 source ports and 𝑁 load ports.

After some manipulation, the input impedance can be obtained as

𝐙in = 𝐙11 − 𝐙12(𝐙L + 𝐙22)−1𝐙21. (A.13)

Following a similar approach, the output impedance is given by

𝐙out = 𝐙22 − 𝐙21(𝐙G + 𝐙11)−1𝐙12, (A.14)

with 𝐙G a diagonal matrix with elements 𝑍G,n, for 1 ≤ 𝑛 ≤ 𝑀 .

If 𝐙in = 𝐙out, we say that the network is symmetrical. Any symmetrical network is also
reciprocal, with the added constraint that the main diagonal is constant [82, Sec. 5.4].

A.3.2 Scattering parameters
At high frequencies it becomes difficult to realize the short- and open-circuit terminations
needed for the impedance representation of the multiport. Instead, multiports are more
commonly described by their scattering parameters [81, Ch. 4], [82, Ch. 5].

At the 𝑛-th port, we define 𝑎𝑛 and 𝑏𝑛 representing the forward-propagating (incident) nor-
malized power wave and the backward-propagating (reflected) normalized power wave,
respectively. Letting 𝑣𝑛 and 𝑖𝑛 be the voltage and current at port 𝑛, the normalized power
waves are given by

𝑎𝑛 =
𝑣𝑛 + 𝑍𝑛𝑖𝑛
2√ℜ(𝑍𝑛)

, 𝑏𝑛 =
𝑣𝑛 − 𝑍∗

𝑛 𝑖𝑛
2√ℜ(𝑍𝑛)

, (A.15)

where 𝑍𝑛 is the port reference impedance [83]. Since 𝑎𝑛 is related to the incident power and
𝑏𝑛 to the reflected power, we can compute

|𝑎𝑛|2 − |𝑏𝑛|2 =
|𝑣𝑛 + 𝑍𝑛𝑖𝑛|2 − |𝑣𝑛 − 𝑍∗

𝑛 𝑖𝑛|2

4ℜ(𝑍𝑛)
= ℜ(𝑣𝑛𝑖∗𝑛), (A.16)
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which corresponds to the total power accepted at the 𝑛-th port [82, Sec. 5.3], [83].

Analogously to voltages and currents, power waves are related by a linear system:

b = (
𝑏1
⋮
𝑏𝐾

) = (
𝑆1,1 … 𝑆1,𝐾
⋮ ⋱ ⋮

𝑆𝐾,1 … 𝑆𝐾,𝐾
)(

𝑎1
⋮
𝑎𝐾

) = Sa, (A.17)

where S is the scattering matrix. The diagonal entries 𝑆𝑖,𝑖 are known as reflection coefficients,
while the off-diagonal terms 𝑆𝑖,𝑗 , 𝑖 ≠ 𝑗, are called transmission coefficients.

The scattering matrix can be obtained from the impedance matrix. First, observe that the
power waves vectors can be written as

a = F(v + Gi),
b = F(v − G∗i),

(A.18)

where F is a diagonal matrix with elements 1
2√ℜ(𝑍𝑛)

and G is also a diagonal matrix with

elements 𝑍𝑛, for 1 ≤ 𝑛 ≤ 𝐾 . By the impedance matrix relation in (A.6), we can write

a = F(Z + G)i,
b = F(Z − G∗)i = F(Z − G∗)(Z + G)−1F−1a.

(A.19)

Recall from (A.17) that the scattering matrix relates a and b, so:

S = F(Z − G∗)(Z + G)−1F−1. (A.20)

From this relation, it follows that the scattering matrix must also exhibit special properties
when the network is reciprocal, symmetric or lossless. For reciprocal networks, S is symmetric
(i.e. ST = S). If the network is additionally symmetrical, then all diagonal elements of S are
equal. Finally, if the network is lossless, the scattering matrix satisfies SHS = 𝐈, that is, S is a
unitary matrix [81, Sec. 4.3].

As a final remark, for CMS antennas, the impedance description is often more convenient, as
it can be obtained directly from the isolated radiation pattern with a pairwise treatment [83].

A.3.3 Noisy multiports
In some situations, such as the analysis of amplifiers, it is necessary to account for multiports
that introduce noise into the system. The noise generated by a multiport is originated
internally, preventing the use of a purely black-box approach. Nevertheless, by exploiting
linearity, the system can be equivalently represented as a noiseless multiport with additive
noise sources at each port. Mathematically, both representations are equivalent and can be
expressed as

𝘃 = Zi + 𝘃̃N, (A.21)

where 𝘃̃N denotes the vector of noise sources [80], [186]. The equivalent circuit representa-
tions with two-port networks are shown in figures A.3a and A.3b.

Focusing on a single input-output pair, an alternative formulation can be adopted. Specif-
ically, the model in figure A.3b can be reformulated into the equivalent representation
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Noisy
two-port

𝗂1
+
𝗏1
−

𝗂2
+
𝗏2
−

(a) A noisy two-port.

Noiseless
two-port

−+

𝗏̃N,1

𝗂1

+
𝗏1
−

− +

𝗏̃N,2

𝗂2

+
𝗏2
−

(b) A noiseless two-port with a noise source at each port.

Figure A.3: Equivalent circuits for a noisy two-port network.

Noiseless
two-port𝗂N

−+

𝗏N

𝗂1

+
𝗏1
−

𝗂2
+
𝗏2
−

Figure A.4: A noiseless two-port with two noise sources at the same port.

in figure A.4. Although both models involve two noise sources, in the latter they are placed
at the same port [80], [186], [187]. This latter representation is the one adopted in the
multiport communication framework presented in section 3.1.
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connection

In the absence of noise, the system in figure 3.1 can be simplified to that in figure 3.2, where
the multiport is characterized by equation (3.15):

(𝘃T𝘃R
) = ( 𝗭T 𝗭TR

𝗭RT 𝗭R
)(𝗶T𝗶R

). (B.1)

Since 𝘃T = 𝗭T𝗶T + 𝗭TR𝗶R, both blocks may be obtained by finding the relation between 𝘃T
and the currents 𝗶T and 𝗶R, as a function of 𝐙MT, 𝗭A and 𝐙MR.

Based on equation (3.5), the transmitter matching network impedance relations are:

𝘃T = 𝐙MT,11𝗶T − 𝐙MT,12𝗶AT, (B.2)
𝘃AT = 𝐙MT,21𝗶T − 𝐙MT,22𝗶AT. (B.3)

Similarly, the receiver matching network equations are obtained from (3.6) as:

𝘃R = −𝐙MR,12𝗶AR + 𝐙MR,11𝗶R, (B.4)
𝘃AR = −𝐙MR,22𝗶AR + 𝐙MR,21𝗶R. (B.5)

Finally, the antenna multiport voltages are given by:

𝘃AT = 𝐙AT𝗶AT + 𝗭ATR𝗶AR, (B.6)
𝘃AR = 𝗭ART𝗶AT − 𝐙AR𝗶AR. (B.7)

Substituting (B.5) into (B.7) and isolating 𝗶AR yields

𝗶AR = −(𝐙MR,22 + 𝐙AR)−1𝗭ART𝗶AT + (𝐙MR,22 + 𝐙AR)−1𝐙MR,21𝗶R, (B.8)

which substituted in (B.6) results in

𝘃AT = (𝐙AT − 𝗭ATR(𝐙MR,22 + 𝐙AR)−1𝗭ART)𝗶AT + 𝗭ATR(𝐙MR,22 + 𝐙AR)−1𝐙MR,21𝗶R. (B.9)
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Equaling (B.9) with (B.3) allows to write 𝗶AT as

𝗶AT = (AT − 𝗭ATRA−1
R 𝗭ART)−1𝐙MT,21𝗶T

− (AT − 𝗭ATRA−1
R 𝗭ART)−1𝗭ATRA−1

R 𝐙MR,21𝗶R,
(B.10)

where AT = 𝐙AT + 𝐙MT,22+ and AR = 𝐙AR + 𝐙MR,22. Finally, 𝗭T is obtained by substitut-
ing (B.10) in (B.2) with 𝗶R = 𝟎:

𝗭T = 𝐙MT,11 − 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)−1𝐙MT,21. (B.11)

The inter-array matrix, on the other hand, follows from setting 𝗶T = 𝟎 instead of 𝗶R:

𝗭TR = 𝐙MT,12(AT − 𝗭ATRA−1
R 𝗭ART)−1𝗭ATRA−1

R 𝐙MR,21. (B.12)

The remaining blocks, 𝗭R and 𝗭RT, can be obtained by following an analogous procedure at
the receiver. However, a more straightforward approach is to exploit the symmetry of the
problem, simply replacing all subscripts “T” with “R” and vice versa in (B.11) and (B.12):

𝗭R = 𝐙MR,11 − 𝐙MR,12(AR − 𝗭ARTA−1
T 𝗭ATR)−1𝐙MR,21, (B.13)

𝗭RT = 𝐙MR,12(AR − 𝗭ARTA−1
T 𝗭ATR)−1𝗭ARTA−1

T 𝐙MT,21. (B.14)

Furthermore, since reciprocity enforces 𝗭RT = 𝗭T
TR, (B.14) can also be expressed as

𝗭RT = 𝐙MR,12A−1
R 𝗭ART(AT − 𝗭ATRA−1

R 𝗭ART)−1𝐙MT,21. (B.15)

The equivalence between both expressions follows directly from the Woodbury matrix
identity [19], [92, Sec. 0.7].



APPENDIXC
Proofs of chapter 4

C.1 Proof of theorem 4.1

The PEP can be upper bounded making use of Cantelli’s inequality [188]:

𝑃𝑎→𝑏 ≤ (1 + Δ𝑎,𝑏)
−1, (C.1)

where

Δ𝑎,𝑏 =
E𝗿|𝑥𝑎[L𝑎,𝑏(𝗿|𝑥𝑎)]

2

var𝗿|𝑥𝑎(L𝑎,𝑏(𝗿|𝑥𝑎))
. (C.2)

We must check whether this term grows without bounds, so that the PEP vanishes. This is
intimately related to the channel hardening phenomenon exhibited by large arrays; notice
how (C.2) is analogous to [70, Eq. (10)].

The elements involved in the computation of (C.2) are:

E𝗿|𝑥𝑎[L𝑎,𝑏(𝗿|𝑥𝑎)] =
𝑁
∑
𝑛=1

(𝜆𝑛 − 1 − ln 𝜆𝑛),

var𝗿|𝑥𝑎(L𝑎,𝑏(𝗿|𝑥𝑎)) =
𝑁
∑
𝑛=1

(𝜆𝑛 − 1)2,
(C.3)

where

𝜆𝑛 =
|𝑥𝑎 |2𝛾𝑛 + 1
|𝑥𝑏 |2𝛾𝑛 + 1

. (C.4)

Thus, we are left with

Δ𝑎,𝑏 =
(∑𝑁

𝑛=1(𝜆𝑛 − 1 − ln 𝜆𝑛))
2

∑𝑁
𝑛=1(𝜆𝑛 − 1)2

=
𝑢𝑁
𝑑𝑁

. (C.5)

Next, we distinguish two cases: 𝜆𝑛 ↛ 1 and 𝜆𝑛 → 1. Note that the first case implies that
|𝑥𝑎 |2 ≠ |𝑥𝑏 |2 and 𝛾𝑛 ↛ 0, so tr(𝚪2) → ∞ is automatically satisfied.
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C.1.1 Non-convergence to unity
By hypothesis, 𝜆𝑛 ↛ 1 and 𝜆𝑛 ↛ ∞. Hence, the denominator in (C.5) is a sum of positive
terms satisfying

𝑐′ ≤ (𝜆𝑛 − 1)2 ≤ 𝐶′ ⟹ 𝑐′𝑁 ≤ 𝑑𝑁 ≤ 𝐶′𝑁 , (C.6)

for some positive constants 𝑐′ and 𝐶′.

Therefore, the denominator grows linearly with 𝑁 .

On the other hand, the terms 𝜆𝑛 − 1 − ln 𝜆𝑛 appearing in the numerator are strictly positive
for 𝜆𝑛 ≠ 1, which holds by hypothesis. Thus, each term can be bounded by positive constants
𝑐 and 𝐶 as

𝑐 ≤ 𝜆𝑛 − 1 − ln 𝜆𝑛 ≤ 𝐶. (C.7)

Since the numerator is the square of the sum of these terms, it follows that

𝑐2𝑁 2 ≤ 𝑢𝑁 ≤ 𝐶2𝑁 2, (C.8)

so the numerator grows quadratically with 𝑁 .

Therefore, since the numerator scales as 𝑁 2 while the denominator scales as 𝑁 , we conclude
that Δ𝑎,𝑏 grows linearly with 𝑁 .

C.1.2 Convergence to unity
As previously stated, the condition 𝜆𝑛 → 1 may arise either because 𝛾𝑛 → 0 or because
|𝑥𝑎 |2 = |𝑥𝑏 |2. Indeed, the latter case yields 𝜆𝑛 = 1 for all 𝑛, which has no physical meaning,
since the two hypotheses in the test become identical and therefore cannot be distinguished.

It is thus clear that, under the premise of the spectrum {𝛾𝑛}𝑛≥1 being nonnegative and
bounded,

|𝑥𝑎 |2 ≠ |𝑥𝑏 |2 ⟺ 𝑥𝑎 ≠ 𝑥𝑏 , ∀𝑥𝑎, 𝑥𝑏 ∈ 𝒳, (C.9)

which is consistent with the loss of phase information observed in the ML detector (4.6).

Property (C.9) is a specific instance of a broader concept known as unique identification. It
has been recognized throughout the literature under various forms [109], [189], [190],1 but
we abide by the one presented in [194, Proposition 1]. In general terms, a constellation is
uniquely identifiable if there is a one-to-one correspondence between each of its symbols
and a distinct second-order statistical structure at the receiver. Indeed, particularized for our
model (4.1) amounts to

𝑥𝑎C𝗵𝑥∗𝑎 ≠ 𝑥𝑏C𝗵𝑥∗𝑏 ⟺ 𝑥𝑎 ≠ 𝑥𝑏 , 𝑥𝑎, 𝑥𝑏 ∈ 𝒳, (C.10)

which is equivalent to (C.9). Not fulfilling it would collapse the LLR in (4.12) and thus
positively lower bound the PEP: it is a necessary condition for (asymptotically) error-free
ML detection.

1These works use terms like unique factorization, unique identification or unique determination to define
similar ideas, while others employ them to refer to different concepts [191]–[193].
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Focusing on the case 𝛾𝑛 → 0, instead of directly studying the divergence of Δ𝑎,𝑏 , we analyze
whether √Δ𝑎,𝑏 , given by

√Δ𝑎,𝑏 =
∑𝑁

𝑛=1(𝛿𝑛 − ln(1 + 𝛿𝑛))

√∑
𝑁
𝑛=1 𝛿2𝑛

, (C.11)

diverges, since Δ𝑎,𝑏 → ∞ ⟺ √Δ𝑎,𝑏 → ∞. In (C.11), we have defined

𝛿𝑛 = 𝜆𝑛 − 1, (C.12)

so 𝛿𝑛 → 0 when 𝜆𝑛 → 1. Note that 𝛿𝑛 is bounded but can be negative.

The numerator in (C.11) has a well-known Taylor expansion [31, Ch. 20]:

𝛿𝑛 − ln(1 + 𝛿𝑛) = 𝛿𝑛 − (𝛿𝑛 − 𝑅2(𝛿𝑛)) = 𝑅2(𝛿𝑛) =
𝛿2𝑛

2(1 + 𝜉𝑛)2
, (C.13)

where 𝑅2(𝛿𝑛) is the Lagrange remainder and |𝜉𝑛| < |𝛿𝑛|, for all 𝑛.

Therefore, we can rewrite (C.11) as

√Δ𝑎,𝑏 =
∑𝑁

𝑛=1
𝛿2𝑛

(1+𝜉𝑛)2

2√∑
𝑁
𝑛=1 𝛿2𝑛

. (C.14)

Since 𝜉𝑛 is bounded, it follows that 𝑘 ≤ (1 + 𝜉𝑛)2 ≤ 𝐾 for all 𝑛, given some positive constants
𝑘 and 𝐾 . Thus, (C.14) admits a global two-sided bound:

1
2𝐾√

𝑁
∑
𝑛=1

𝛿2𝑛 ≤ √Δ𝑎,𝑏 ≤
1
2𝑘√

𝑁
∑
𝑛=1

𝛿2𝑛 (C.15)

From the definition of ℓ2-summable sequences [195, Sec. 12.1], the sum converges as 𝑁 → ∞
if and only if {𝛿𝑛}𝑛≥1 ∈ ℓ2. Furthermore, the divergence rate of Δ𝑎,𝑏 is asymptotically equal
to that of 𝑑𝑁 .

We are left to determine the implications of {𝛿𝑛}𝑛≥1 ∈ ℓ2 on the spectrum sequence {𝛾𝑛}𝑛≥1.
In terms of 𝛾𝑛, we have

|𝛿𝑛| = |
|𝑥𝑎 |2𝛾𝑛 + 1
|𝑥𝑏 |2𝛾𝑛 + 1

− 1| =
||𝑥𝑎 |2 − |𝑥𝑏 |2|𝛾𝑛
|𝑥𝑏 |2𝛾𝑛 + 1

≤ ||𝑥𝑎 |2 − |𝑥𝑏 |2|𝛾𝑛. (C.16)

Hence, {𝛾𝑛}𝑛≥1 ∈ ℓ2 ⟹ {𝛿𝑛}𝑛≥1 ∈ ℓ2.

To establish the converse implication, we leverage that 𝛾𝑛 ≤ 𝐿 for all 𝑛, which yields

|𝛿𝑛| ≥
||𝑥𝑎 |2 − |𝑥𝑏 |2|𝛾𝑛
|𝑥𝑏 |2𝐿 + 1

⟹ 𝛾𝑛 ≤
|𝛿𝑛|(|𝑥𝑏 |2𝐿 + 1)

||𝑥𝑎 |2 − |𝑥𝑏 |2|
. (C.17)

It immediately follows that {𝛿𝑛}𝑛≥1 ∈ ℓ2 ⟹ {𝛾𝑛}𝑛≥1 ∈ ℓ2.

Consequently, when 𝛾𝑛 → 0 and |𝑥𝑎 |2 ≠ |𝑥𝑏 |2, Δ𝑎,𝑏 diverges if and only if {𝛾𝑛}𝑛≥1 ∉ ℓ2. Written
in terms of the spectral matrix, Δ𝑎,𝑏 diverges if and only if tr(𝚪2) → ∞.
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C.2 Proof of theorem 4.2
Referring to (4.11), the PEP can be expressed as [122, Sec. 2.4]

𝑃𝑎→𝑏 = ∫
𝒟
𝑓𝗿|𝑥𝑎(𝐫) d𝐫, (C.18)

where 𝒟 = {𝐫 ∈ ℂ𝑁 ∶ 𝑓𝗿|𝑥𝑏(𝐫) ≥ 𝑓𝗿|𝑥𝑎(𝐫)}. With some simple manipulations, we can see that
the boundary of this region defines an (𝑁 − 1)-dimensional complex ellipsoid:

𝜕𝒟 = {𝐫 ∈ ℂ𝑁 ∶ 𝐫H𝐊𝐫 = 1}, 𝐊 =
C−1
𝗿|𝑥𝑏

− C−1
𝗿|𝑥𝑎

ln|C𝗿|𝑥𝑎C
−1
𝗿|𝑥𝑏 |

. (C.19)

Without loss of generality,2 we assume the channel is full-rank (i.e. 𝛾𝑛 > 0 for 𝑛 = 1, … , 𝑁 ).
If condition (4.15) is fulfilled, 𝐊 is always positive definite, ensuring the ellipsoid exists.

When |𝑥𝑎 |2 > |𝑥𝑏 |2, 𝒟 is the closure of the set of points inside ellipsoid (C.19). With a change
of variable 𝐫 = |𝐊|

1
2𝑁 𝐊− 1

2 𝐬, we can map it to a 𝑁 -dimensional closed ball with the same
volume:

𝒟 ↦ 𝒰 = {𝐬 ∈ ℂ𝑁 ∶ ‖𝐬‖2 ≤ |𝐊|−
1
𝑁 }. (C.20)

Then, the PEP becomes:

𝑃𝑎→𝑏 = ∫
𝒰

exp(−𝐬H𝛀−1𝐬)
𝜋𝑁 |C𝗿|𝑥𝑎 |

d𝐬, 𝛀 =
C𝗿|𝑥𝑎𝐊

|𝐊|
1
𝑁

, (C.21)

which is the integral of a multivariate complex Gaussian function. We can lower bound it
with the integral in 𝒰 of a narrower Gaussian function that is tangent to it along the direction
with the lowest eigenvalue of 𝛀, named 𝜔. It is proportional to the PDF of 𝘁 ∼ 𝒞𝒩 (𝟎𝑁 , 𝜔𝐈𝑁 ):

𝑃𝑎→𝑏 ≥ ∫
𝒰

exp(−‖𝐭‖2/𝜔)
𝜋𝑁 |C𝗿|𝑥𝑎 |

d𝐭. (C.22)

This lower bound can be expressed in terms of the cumulative distribution function of a
chi-squared random variable:

𝑃𝑎→𝑏 ≥ |C𝗿|𝑥𝑎 |
−1𝜔𝑁 ⋅ P(‖𝘁‖2 ≤ |𝐊|−

1
𝑁 ) = |C𝗿|𝑥𝑎 |

−1𝜔𝑁 ⋅ F𝜒 2(2𝜔−1|𝐊|−
1
𝑁 ; 2𝑁). (C.23)

If neither 𝑥𝑎 nor 𝑥𝑏 correspond to the null symbol, the previous bound in the limit 𝛼 → ∞ is:

lim
𝛼→∞

𝑃𝑎→𝑏 ≥ F𝜒 2(
2𝑁 ln |𝑥𝑎|2

|𝑥𝑏 |2

|𝑥𝑎|2
|𝑥𝑏 |2

− 1
; 2𝑁), (C.24)

which does not vanish for finite 𝑁 or |𝑥𝑎|2

|𝑥𝑏 |2
. The existence of this lower bound on any PEP is

sufficient to prove systems with 𝑀 ≥ 3 will display a fundamental error floor at high SNR.
2If the channel is rank deficient, an analogous analysis can be performed on a lower dimensional subspace.
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The case for 𝑀 = 2 bears some comment. In such scenario, the two possible PEPs depend on
the null symbol. Setting 𝑥𝑏 = 0, we can upper bound 𝑃𝑎→𝑏 in an analogous manner as (C.22).
In this case, we use a wider Gaussian function proportional to the PDF of 𝘁′ ∼ 𝒞𝒩 (𝟎𝑁 , 𝜔𝐈𝑁 ),
with 𝜔 being the maximum eigenvalue of 𝛀:

𝑃𝑎→𝑏 ≤ |C𝗿|𝑥𝑎 |
−1𝜔𝑁 ⋅ F𝜒 2(2𝜔−1|𝐊|−

1
𝑁 ; 2𝑁). (C.25)

Notice how the upper bound does now vanish as 𝛼 → ∞:

lim
𝛼→∞

𝑃𝑎→𝑏 ≤ lim
𝛼→∞

𝛾𝑁MAX|𝚪|
−1 ⋅ F𝜒 2(

2 ln |C𝗿|𝑥𝑎 |

|𝑥𝑎 |2𝛾MAX
; 2𝑁)

= lim
𝛼→∞

𝛾𝑁MAX|𝚪|
−1 ⋅ F𝜒 2(0; 2𝑁 ) = 0.

(C.26)

For the opposite case, in which 𝑥𝑎 = 0, the PEP is obtained as (C.18) but now the integration is
performed through the region outside of the ellipsoid 𝜕𝒟 . With the same change of variable
as in (C.20), we map 𝒟 to the outside of a ball:

𝒟 ↦ 𝒱 = ℂ𝑁 ∖ 𝒰 = {𝐬 ∈ ℂ𝑁 ∶ ‖𝐬‖2 > |𝐊|−
1
𝑁 }. (C.27)

The procedure to upper bound this PEP is the same as the one used previously, with the
highest eigenvalue of 𝛀:

𝑃𝑎→𝑏 ≤ ∫
𝒱

exp(−‖𝐭‖2/𝜔)
𝜋𝑁

d𝐭 = 𝜔𝑁 ⋅ P(‖𝘁‖2 > |𝐊|−
1
𝑁 )

= 𝜔𝑁 ⋅ (1 − F𝜒 2(2𝜔−1|𝐊|−
1
𝑁 ; 2𝑁)).

(C.28)

Once again, this upper bound does vanish for increasing SNR:

lim
𝛼→∞

𝑃𝑎→𝑏 ≤ 1 − lim
𝛼→∞

F𝜒 2(2 ln|C𝗿|𝑥𝑏 |; 2𝑁 ) = 0. (C.29)

Therefore, we conclude that systems with 𝑀 = 2 will asymptotically be error-free for
increasing SNR.

C.3 Lyapunov central limit theorem

Lyapunov CLT is a generalization of Lindeberg–Lévy CLT. It states that a sum of a sequence
of independent random variables {v1, … , v𝑁 } with mean 𝜇𝑛 and variance 𝜎2𝑛 converges in
distribution to a normal random variable if the following condition is fulfilled (i.e. Lyapunov’s
condition [196, Ch. 5]):

lim
𝑁→∞

1
𝑠𝛿𝑁

𝑁
∑
𝑛=1

Ev𝑛[|v𝑛 − 𝜇𝑛|𝛿] = 0, for some 𝛿 > 2, (C.30)

where 𝑠2𝑁 = ∑𝑁
𝑛=1 𝜎2𝑛 .
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In our case, v𝑛 = 𝑎𝑛|r𝑛|
2 + 𝑐𝑛 are the summands in (4.49) and 𝑁 is the number of antennas at

the receiver. Since r𝑛 ∼ 𝒞𝒩 (0, 𝜀𝛾𝑛 + 1), each v𝑛 follows a shifted exponential distribution
with density

𝑓v𝑛(𝑣) =
1

𝑎𝑛(𝜀𝛾𝑛 + 1)
exp(−

𝑣 − 𝑐𝑛
𝑎𝑛(𝜀𝛾𝑛 + 1)

), (C.31)

defined for 𝑣 ∈ [𝑐𝑛, ∞). Its mean is 𝜇𝑛 = 𝑎𝑛(𝜀𝛾𝑛 + 1) + 𝑐𝑛 and its variance is 𝜎2𝑛 = 𝑎2𝑛(𝜀𝛾𝑛 + 1)2.

We proceed to verify Lyapunov’s condition for 𝛿 = 4. Letting w𝑛 = v𝑛 − 𝜇𝑛, the fourth
moment can be easily computed:

Ew𝑛[w
4
𝑛] = ∫

+∞

−𝜎𝑛

𝑤4e−1

𝜎𝑛
exp(−𝑤

𝜎𝑛
) d𝑤 = 9𝜎4𝑛 . (C.32)

Substituting into (C.30) and taking into account that 𝛾𝑛 ≥ 0:

lim
𝑁→∞

1
𝑠4𝑁

𝑁
∑
𝑛=1

9𝑎4𝑛(𝜀𝛾𝑛 + 1)4 ≤ lim
𝑁→∞

9
𝑁
(
𝑎M(𝜀𝛾M + 1)
𝑎m(𝜀𝛾m + 1)

)
4
= 0, (C.33)

where 𝑎M = max𝑛=1,…,𝑁 𝑎𝑛, 𝑎m = min𝑛=1,…,𝑁 𝑎𝑛, and analogously for 𝛾M and 𝛾m. Therefore,
condition (C.30) is satisfied and the CLT can be applied.



APPENDIXD
Mean and variance of random complex

normal quadratic forms

Let q = 𝘇H𝐀𝘇 + c, with 𝐀 = 𝐀H and circularly-symmetric 𝘇 ∼ 𝒞𝒩 (𝟎𝑁 ,C𝘇). Note that
by considering an arbitrary C𝘇, 𝐀 can be assumed to be diagonal and real without loss of
generality. The mean of q is given by:

𝜇q = E𝘇[𝘇H𝐀𝘇 + 𝑐] = tr(𝐀C𝘇) + 𝑐, (D.1)

which follows from the cyclic property of the trace.

Using that variance is shift invariant, we obtain:

var𝘇(q) = var𝘇(𝘇H𝐀𝘇). (D.2)

Defining 𝘇 = 𝘇R + j𝘇I, where 𝘇R = ℜ(𝘇) and 𝘇I = ℑ(𝘇), the quadratic form 𝘇H𝐀𝘇 can be
expressed as:

𝘇H𝐀𝘇 = (𝘇TR − j𝘇TI )𝐀(𝘇R + j𝘇I) = 𝘇TR𝐀𝘇R + 𝘇TI 𝐀𝘇I + j(𝘇TR𝐀𝘇I − 𝘇TI 𝐀𝘇R)

= 𝘇TR𝐀𝘇R + 𝘇TI 𝐀𝘇I.
(D.3)

Due to 𝘇 being circularly-symmetric, 𝘇R, 𝘇I ∼ 𝒩 (𝟎𝑁 ,C𝘇/2) are independent, and we can
compute var𝘇(𝘇H𝐀𝘇) as twice the variance of a quadratic form in real random variables [129,
Ch. 3]:

var𝘇(𝘇H𝐀𝘇) = 2 var𝘇R(𝘇
T
R𝐀𝘇R) = 4 tr(𝐀

C𝘇
2
𝐀
C𝘇
2
) = tr(𝐀C𝘇𝐀C𝘇). (D.4)

Substituting in (D.2):
var𝘇(q) = tr(𝐀C𝘇𝐀C𝘇). (D.5)

Finally, the second-order moment can be easily computed:

E𝘇[q2] = var𝘇(q) + 𝜇2q = tr(𝐀C𝘇𝐀C𝘇) + tr(𝐀C𝘇)
2 + 𝑐2 + 2𝑐 ⋅ tr(𝐀C𝘇). (D.6)





APPENDIXE
Energy statistic Cramér–Rao bound

Given any unbiased estimator ̂𝜀 of 𝜀, the CRB is given by the reciprocal of the Fisher infor-
mation [126, Sec. 3.4]:

var𝜀( ̂𝜀) ≥ 1
J(𝜀)

. (E.1)

Under mild conditions, it can be obtained from the log-likelihood function as

J(𝜀) = −E𝗿|𝜀[
𝜕2𝑙(𝜀)
𝜕𝜀2

]. (E.2)

In our case, the log-likelihood function is

𝑙(𝜀) = − ln(𝜋𝑁 |C𝗿|𝜀 |) − 𝐫HC−1
𝗿|𝜀 𝐫, C𝗿|𝜀 = 𝜀𝚪 + 𝐈𝑁 , (E.3)

with second derivative
𝜕2𝑙(𝜀)
𝜕𝜀2

=
𝑁
∑
𝑛=1

𝛾 2𝑛
𝜀𝛾𝑛 + 1 − 2|𝑟𝑛|

2

(𝜀𝛾𝑛 + 1)3
. (E.4)

The Fisher information is then

J(𝜀) = −
𝑁
∑
𝑛=1

𝛾 2𝑖
𝜀𝛾𝑛 + 1 − 2E𝗿|𝜀[|r𝑛|2]

(𝜀𝛾𝑛 + 1)3
=

𝑁
∑
𝑛=1

𝛾 2𝑛
(𝜀𝛾𝑛 + 1)2

. (E.5)

Finally, we can express the CRB in matrix form:

var𝜀( ̂𝜀) ≥ ‖𝚪(𝜀𝚪 + 𝐈𝑁 )
−1‖

−2
F = ‖𝚪C−1

𝗿|𝜀 ‖
−2
F
. (E.6)





APPENDIXF
Permutation modulation spectral

efficiency bounds

In order to prove lim𝐾→∞ R𝐾 ({𝐾𝑚}) = H({𝑝𝑚})− (i.e. from below) we leverage the following
bounds on the log-factorial function derived from the Stirling’s series [31, Ch. 27]:

𝑔low(𝛼)
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
log √2𝜋𝛼𝛼𝛼

e𝛼
+

log e
12𝛼 + 1

< log(𝛼!) <

𝑔up(𝛼)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
log √2𝜋𝛼𝛼𝛼

e𝛼
+
log e
12𝛼

(F.1)

which are asymptotically tight as 𝛼 → ∞. Moreover, the terms log e/12𝛼+1 and log e/12𝛼 vanish
asymptotically and the bounds coincide. Thus, an upper bound for the SE in (5.5) is

R𝐾 ({𝐾𝑚}) <
1
𝐾
(𝑔up(𝐾) −

𝑀
∑
𝑚=1

𝑔low(𝐾𝑚)). (F.2)

Substituting (F.1) onto it yields

R𝐾 ({𝐾𝑚}) < H({𝑝𝑚}) +
1
𝐾
(
log(2𝜋𝐾)

2
+
log e
12𝐾

−
𝑀
∑
𝑚=1

log(2𝜋𝐾𝑚)
2

+
log e

12𝐾𝑚 + 1
) (F.3)

which tends to H({𝑝𝑚}) for 𝐾 → ∞. In addition, ∃𝐿 > 0 such that ∀𝐾 > 𝐿,

log(2𝜋𝐾)
2

+
log e
12𝐾

−
𝑀
∑
𝑚=1

log(2𝜋𝐾𝑚)
2

+
log e

12𝐾𝑚 + 1
≤ 0, (F.4)

since log(𝑥) is subadditive for 𝑥 ≥ 1. Hence, R𝐾 ({𝐾𝑚}) ≤ H({𝑝𝑚}) and lim𝐾→∞ R𝐾 ({𝐾𝑚}) =
H({𝑝𝑚})−.

To maximize the SE (defined in (5.5)) in terms of {𝐾𝑚} in the non-asymptotic case, the
following optimization problem must be solved with Lagrange multipliers:

argmin
{𝐾𝑚}

𝑀
∑
𝑚=1

log (Γ(𝐾𝑚 + 1)) s.t.
𝑀
∑
𝑚=1

𝐾𝑚 = 𝐾, (F.5)

where Γ(⋅) is the gamma function [31, Ch. 19]. By the Bohr–Mollerup theorem [31, Ch. 19],
it is known that Γ(𝑥) is log-convex for 𝑥 > 0. Then, by [163, Proposition 3.C.1], the sum
of convex functions (F.5) is minimized by the uniform policy: 𝐾𝑚 = 𝐾/𝑀 for all 𝑚. The
resulting SE of such alphabet is R𝐾 (𝑀) = 1

𝐾 (log(𝐾!) − 𝑀 log(𝐾/𝑀!)).
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