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Figure 2. Gladyshev decomposition (harmonic series representation).
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Let {x(n) € C}, -, be a zero-mean, proper and second-
order random process with autocorrelation function

R, .(n,m) £ E[x(n + m)x*(n)].
Types of processes:

Wide-sense stationary (WSS): R, (n,m) = R,.(m).
Cyclostationary (CS): R,(n,m) =R, (n+1P,m) VI e Z.

KARHUNEN-LOEVE (KL) EXPANSION
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CRAMER-LOEVE (CL) EXPANSION Basis {¢(n, 1)} solves the following eigenequation:

D Rl k=Dl 2) = Sx(D)gp(k, ),
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where 8,(1)dA £ E[|d£,(1)|?] is the KL spectrum of {x(n)}.
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S x(m)e 2 £ CLEx(n)}(f).

n=—- THEOREM 1 — KL basis of CS processes

The Karhunen-Loeve eigenbasis of a P-periodic cyclosta-
tionary process is
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Spectral correlation:
Sx(at, f)dadf 2 E[dv (f)dvi(f — a)|.
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> WSS processes have orthogonal increments: ¢g;)(na 0) = Z[BX(O')]q peJ n(G+P)n- (3)
WSS q=0 |
SY V(. ) = Sx(f)8(a),
where Sx(f)df 2 E[|dv,(f)|?] is the power spectral density (PSD). -
> CS processes display spectral lines: A (T)
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Figure 1. Spectral domain segmentation: f £ o + k/p.
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Figure 3. Construction of the cyclic spectrum matrix (CSM).
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COROLLARY 1: KL-CL connection

The KL and CL spectral representations of a CS process are
related through the following inequality:

%(0) = Bx(0)X(0),

where %(0) £ [d£P(0), ..., deS (o)) .

(4)

Optimalities of the KL representation:

( Signal model:

({d(n)}: digital PAM signal.
{z(n)}: additive white Gaussian noise.

Y

x(n)=dn—c¢) + z(n)

& ~ U[0,A4): synchronization reliability.
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Figure 4. Optimal energy compaction of the KL representation.
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Figure 5. Minimum representation entropy of the KL representation.

CYCLIC WIENER FILTERING

Smoothing

THEOREM 2 — Cyclic Wiener filter in the KL domain

The (noncausal) cyclic Wiener filter is equivalent to the KL
Wiener filter.

> The FRESH implementation can be expressed as a multiplicative filter
in the KL domain: W,(o) = E[de(0)de(0)] / E[1deP(0)12]
> Minimum MSE:

1/P
MMSE . = f Tr|Sp(o)(Ip — CDX(U)CEX(J))]da, (5)
0

where Cpx (o) £ Sl_)l/ *(0) E[&(G))“(H(G)]S;/ *(0) is the coherence matrix.

SNR— 0

> High SNR regime: MMSE
A € |0, B).

> B/SNR, where § (1) is defined for

MMSE

MSE XSNR
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Filtering

> Derived using the Guo-Shamai-Verd( theorem:

MMSEC(SNR) = E[MMSEpc(I" ~ [0, SNR])]
l/P
1

H (6)
ST \ In|Ip — Cpx(0)Cpx(o)|do.

NR—oco  InSNR
> B

S
> High SNR regime: MMSE.(SNR) SNR

+ O(1/SNR).

Prediction
> MMSE of one-step prediction of {x(n)}:

1/P

MMSE, = exp/ln|SX(a)|dG.
0

. . SNR— o0 (1—B)
> High SNR regime: MMSE,(SNR) > A/SNR :
> Synchronous gain (x spectral flatness):

MMSE,,
Sp = MMSEwss p

(8)

1/P
= exp / In|Cx(0)|do,
0

where Cx(0) £ (Ip o S)_(l/z(O'))SX(O')(IP 0 SXH/Z(O')) is the spectral
coherence matrix.
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Figure 6. MMSE and synchronous gain illustrations.
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