ON THE ESTIMATION OF TSALLIS ENTROPY AND A NOVEL INFORMATION MEASURE BASED ON ITS PROPERTIES
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Motivation

Estimation of information measures in information-
theoretical learning problems is a fundamental, yet
very complex task [1]. Moreover, estimation meth-
ods usually require some kind of self-regularization
process that can potentially hinder the accuracy.
By assuming that this regularization is mandatory
for some estimators, this work tries to answer the
question of whether we can utilize the regulariza-
tion for the benefit of estimating information. In
short, we prove three relevant lemmas of the es-
timation of the second-order Tsallis entropy that
revolve around the regularization process. Finally,
we propose an information measure that leverages
the previous properties.

Baseline estimation

Let X be a continuous random variable with density
fx supported in D. The Tsallis entropy of order
g > 0 is defined as follows:

sq<x>—q11(1/ fi(w)da:), g#1. (1)
D

A special case is given for ¢ = 2:
S50=1- [ @ @
D

The previous entropy measure results in a very in-
teresting expression for the purpose of estimation
2], [3]. Given i.i.d. samples X = {x,z5,..., 2}
drawn from X, if a Gaussian kernel with bandwidth
/v is used to estimate fy, the estimator becomes:

SH(X) =1 L(L—1)
1 —(z; — ;)7 (3)
K];; = . €Xp ( 1n ) -

Lemma 1. Let N ~ N(0,1), v > 0. The
estimator in (3) is an unbiased estimator of

So(X 4+ +/UN):
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Monotonicity |

Following the monotonicity of Shannon’s entropy
under i.i.d. random variables addition, we prove
that Tsallis entropy is also weakly monotonic:

Lemma 2. Letq € [0,00)\{1}. Let X, Y be two

independent continuous random variables. Let
S5,(X), §,(Y) be the order-q Tsallis entropies of
X and Y, respectively. Then,

E(S,(X)) = Sy(X+ voN). (4)

S,(X) < S, (X+Y). (5)

Monotonicity ||

For the particular case where one of the random
variables in Lemma 2 is normally distributed, we can
determine a de Bruijn-like identity for the second-
order Tsallis entropy:

0 0”

5792(X + VuN) = —E (WfY(Y)) . (6)

where Y = X + y/uN. Thanks to the unbiased-
ness in Lemma 1, (6) also applies to the estimator
in (3). However, the lack of logarithm (compared
to Shannon's entropy) makes difficult to to develop
the right-side of (6). Instead, we present a novel

bound:

Lemma 3. Let N ~ N(0,1), X a random vari-
able with density fy and v > 0. Then,

0

0
502X+ VuN) < %Sz(\/@N)- (7)

Concavity

Finally, we also prove that the second-order Tsallis
entropy is concave with respect to the noise power:

Let N ~ N(0,1), X a random
T hen,

Lemma 4.
variable with density fy and v > 0.

S5 (X + +/vN) is concave in v.

A novel information measure

Consider N ~ N (0, 1), X a continuous random vari-
able, and v > 0. Using Lemmas 2, 3 and 4, for any
k > 1 there exists a unique v, such that

QSZ (X4 VUN) ey, = %%SZ(\/EN)UZW)‘ (8)

ov

The relevance of the previous expression is the link
between v and k. As the contamination becomes
stronger, v increases and k becomes closer to one.
This rationale is depicted in the following figure:
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However, to produce an estimate we need to start
from an estimator. Thus we join the the estimate
S,(X) with (8), and thanks to Lemma 1 and the
linearity of differentiation and expectation we ob-
tain the following expressions:

E (8%@2 <x>) = 5 (X VaN). (9)

Given -5, (v/oN) = (44/mv32?)7 and letting X ~
N (0, B) results in
1 1 1

A5+ ) 0

Y
k4ﬁvg/2
which after some manipulations we can obtain the

desired information measure:

a1)

V(X) =v,- (k¥3—1) =4
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GMM Cluster Variance

An application of (11) is to provide an upper bound
of the cluster variance of a Gaussian Mixture Model
(GMM) with the following density:

felw) = 3 P o (). (12

Then, the following lemma arises:

Lemma 5. Let X = \/aY + /AN’ be a random
variable with density fy given by (12). Then,

B < V(X). (13)
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