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ABSTRACT

We present a channel-aware spectral precoding framework
for multicarrier modulation minimizing weighted leakage
in prescribed frequency bands via a semi-unitary precoder.
Its right-unitary invariance is exploited to embed channel
state information at the transmitter without altering the power
spectral density (PSD). By right-unitary rotations through sin-
gular value and geometric mean decompositions, we respec-
tively derive low-complexity zero-forcing and successive-
interference cancellation based decoders. A closed-form
PSD characterization enables rigorous out-of-band radia-
tion analysis and comparison with former pre-equalized and
spectrally precoded OFDM (PSP-OFDM) and null-subcarrier
schemes. Simulations over block-fading multipath chan-
nels demonstrate substantially stronger sidelobe suppression
and improved error rates at medium/high SNR. The results
establish channel-aware spectral precoding as a principled,
efficient solution to joint spectrum and reliability control.

Index Terms— OFDM, spectral precoding, sidelobe sup-
pression, channel state information at transmitter

1. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is
widely adopted thanks to its robustness to multipath, flex-
ible spectrum aggregation, and seamless MIMO integration.
A well-known drawback is the slow f−2 sidelobe decay
of rectangularly pulsed OFDM, which produces significant
out-of-band radiation (OBR) and adjacent-channel interfer-
ence [1]. Naively deactivating edge subcarriers is inefficient
because sidelobes decay slowly and throughput is sacrificed.

OBR mitigation has been pursued via time-domain and
frequency-domain processing. Time-domain shaping, filter-
ing, windowing, and related variants [2–5] can reduce OBR
but often require longer guard intervals for a given chan-
nel delay spread (thus hurting rate), or expend extra power
not useful for data detection. Frequency-domain approaches
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manipulate symbols before the inverse fast Fourier trans-
form (IFFT), and include nonlinear mapping [6], cancellation
carriers [7, 8], and linear precoding [9–15], which provides
better OBR reduction levels. Three families dominate: (i)
spectral nulling (SN), which places notches at specific fre-
quencies outside the passband; (ii) N -continuous precoding,
enforcing signal smoothness at the symbol boundaries of
the time-domain signal; and (iii) band-specific power min-
imization (BSPM), which explicitly minimizes leakage in
protected bands. Because precoding spreads symbols across
subcarriers, all three can exploit frequency diversity and im-
prove error rates on selective channels [12,16,17], albeit with
higher receiver complexity than one-tap equalization. Re-
cent structured designs further integrate pilot protection and
low-complexity cancellation [15].

Channel-state information at the transmitter (CSIT) has
also been fused with spectral precoding in [18] to improve
the error rate at the receiver. The pre-equalized and spec-
trally precoded (PSP)-OFDM design from [18] cascades a
spectral kernel of the N -continuous family, a CSIT-driven
water-filling stage, and a unitary stage for PAPR reduction,
and applies linear minimum mean squared error (LMMSE)
decoding at the receiver.

Given the good performance in terms of OBR reduc-
tion demonstrated by linear precoding, we propose a novel
BSPM-based, CSIT-aware design for linear spectral precod-
ing with an orthogonal precoding matrix. This design ex-
ploits right-unitary precoder invariance to embed CSIT with-
out changing the power spectral density (PSD), and obtains
low-complexity zero-Forcing (ZF) or Successive Interfer-
ence Cancellation (SIC) receivers, respectively via a singular
value (SVD) or geometric mean decomposition (GMD) of
the effective channel. We provide rigorous OBR comparisons
against PSP-OFDM and null-subcarrier baselines. Simula-
tions over block-fading multipath channels show markedly
stronger edge-band suppression and improved mid/high-SNR
error rate, while avoiding PSP-OFDM’s water-filling stage.

Notation: a, a, and A represent scalar, vector and ma-
trix, resp.; AT, and AH resp. denote transpose and conjugate
transpose. A ⊂ C denotes the signal constellation. The trace
of a square matrix A is Tr(A). E[·] denotes statistical expec-
tation. The hard-decision operator DECA{·} maps a vector to
A componentwise.



2. SIGNAL MODEL

Consider a multicarrier communication system with an IFFT
of size N and a guard interval of lg samples. Let the set of
active subcarriers be K = {k1, . . . , kK} with |K| = K ≤ N ,
and define the block length L ≜ N + lg . At OFDM block
time m, collect D ≤ K information symbols into dm ≜[
d
(m)
1 , . . . , d

(m)
D

]T ∈ AD. A (memoryless) linear spectral
precoder G ∈ CK×D maps dm to the K active subcarriers:

xm = Gdm ∈ CK . (1)

We denote the coding rate and redundancy by λ = D/K ≤ 1

and R ≜ K − D ≥ 0, respectively. Let x(m)
k be the entry

of xm associated with subcarrier k ∈ K. The discrete-time
baseband signal is

s[n] =
∞∑

m=−∞

∑
k∈K

x
(m)
k hP[n−mL]eȷ

2π
N k(n−mL), (2)

where hP[n] is the shaping pulse, with discrete-time Fourier
transform (DTFT) HP(e

ȷω) =
∑∞

n=−∞ hP[n]e
−ȷωn. For

instance, for cyclic prefix (CP) based OFDM with a length-
L rectangular pulse, hP[n] = 1 for 0 ≤ n < L and 0
otherwise; the model captures other variants such as zero-
padded (ZP) OFDM, etc. [19]. After parallel-to-serial and
digital-to-analog conversion at fs = 1/Ts samples/s us-
ing an interpolation filter hI(t) with frequency response
HI(f) ≜

∫∞
−∞ hI(t) e

−ȷ2πft dt, the subcarrier spacing is
∆f ≜ 1/(NTs) (Hz), and the continuous-time waveform is

s(t) =

∞∑
n=−∞

s[n]hI(t− nTs). (3)

Assume that the data vector dm is zero-mean and tempo-
rally white/uncorrelated with covariance E

[
dmdH

m−ℓ

]
=

δ[ℓ]ID. Define spectral shape at the k-th subcarrier as
ϕk(f) ≜ H∗

P(e
ȷ2π(f−k∆f )Ts) and stack them as ϕ(f) ≜

[ϕk1
(f), . . . , ϕkK

(f)]T ∈ CK . Invoking [19, Th. 1], the
continuous-time process s(t) in (3) is wide-sense cyclosta-
tionary with period LTs, and has PSD given by

Ps(f) =
|HI(f)|2

LTs
ϕH(f)GGHϕ(f). (4)

3. PROBLEM STATEMENT

For a nonnegative weighting function W (f) ≥ 0, define the
weighted transmit power

PW ≜
∫ ∞

−∞
W (f)Ps(f)df = Tr

(
GHΦG

)
, (5)

where the positive semidefinite matrix Φ ∈ CK×K is

Φ ≜
1

LTs

∫ ∞

−∞
W (f)|HI(f)|2ϕ(f)ϕH(f)df. (6)

Our goal is to minimize OBR over a prescribed frequency
region B. This is achieved by selecting W (f) supported on
B; for uniform emphasis within B one may set W (f) = 1
for f ∈ B and zero elsewhere, whereas nonuniform choices
W (f) ≥ 0 can prioritize specific subbands within B. Notice
that some constraint has to be placed on the precoding matrix
G to avoid the trivial solution G = 0; a sensible approach
is to constrain G to be semi-unitary, i.e., to have orthonormal
columns [9, 17, 20]. Then the optimization problem reads as

min
G

PW = Tr
(
GHΦG

)
s. to GHG = ID. (7)

The optimal precoder G⋆ has columns spanning the eigenspace
associated with the D smallest eigenvalues of Φ [17], and it
is unique up to a right unitary rotation within any eigenspace
of repeated eigenvalues.

We now consider the case with CSIT and leverage it to
improve receiver error-rate performance. For brevity, we drop
the symbol index m and write d and x in lieu of dm and xm.
Assuming that the channel impulse response is no longer than
the guard interval and that it does not change substantially
over the duration of the OFDM symbol, the per-subcarrier
channel after CP removal and N -point FFT is diagonal:

H ≜ diag {Hc[k1], . . . ,Hc[kK ]} ∈ CK×K , (8)

where Hc[k] denotes the N -point DFT sample of the chan-
nel impulse response at bin k. Under ideal timing and carrier
synchronization, and with no equalization applied yet, the re-
ceived vector for a precoding matrix G (optimal or not) is

r = Hx+ n = HGd+ n, (9)

where the circularly-symmetric, zero-mean Gaussian noise
vector n ∈ CK has covariance E

[
nnH

]
= σ2IK . Note that,

for any unitary V ∈ CD×D, replacing G by GVH does not
alter the transmit signal PSD in (4) and thus the OBR (5).
This right-unitary invariance exposes a family of equivalent
precoders, among which one can choose to improve some sys-
tem feature while preserving the PSD achieved by G⋆, e.g.,
on-line complexity [21] or PAPR [18]. Differently, we shall
exploit this fact and the availability of CSIT, i.e., knowledge
of H at the transmitter, to design adequate matrices V de-
pending on the decoding strategy adopted at the receiver.

4. PROPOSED PRECODER DESIGNS

We now detail precoder/receiver designs compatible with the
spectrally optimal, semi-unitary precoder G⋆ from Sec. 3. All
schemes operate on the input-output relation in (9) and differ
only in how they exploit (or ignore) CSIT through a right-
unitary rotation of G⋆.

4.1. Zero-Forcing decoder without CSIT

This baseline employs the OBR-optimal semi-unitary pre-
coder from (7) at the transmitter, i.e., G = G⋆, without



exploiting CSIT. The received vector under the per-subcarrier
diagonal channel H is (9). Assuming H−1 exists, the ZF
equalizer applies per-subcarrier inversion followed by projec-
tion onto the precoder subspace:

GH
⋆H

−1r = d+w, (10)

where w = GH
⋆H

−1n ∈ CD is the post-decoding noise.
Note that the equalization step (multiplication by H−1) will
result in noise enhancement, particularly at subcarriers suf-
fering larger channel attenuation. A component-wise hard
decision then yields d̂ = DECA

{
GH

⋆H
−1r

}
to recover each

symbol by selecting the nearest constellation point. The post-
decoding noise w remains zero-mean Gaussian, but it is now
colored, with covariance E

[
wwH

]
= σ2GH

⋆ (H
HH)−1G⋆.

4.2. Zero-Forcing decoder with CSIT

With CSIT, we exploit the right-unitary invariance of G⋆ to
diagonalize the effective channel. Consider the compact SVD

HG⋆ = UcΓcV
H
c , (11)

where Uc ∈ CK×D has orthonormal columns, Γc =
diag {γ1, . . . , γD} ∈ RD×D, and Vc ∈ CD×D is unitary.
Then choose the transmit precoder as G = G⋆Vc, which
yields the received signal

r = HG⋆Vcd+ n = UcΓcd+ n. (12)

A ZF decoder removes the semi-unitary mixing and then in-
verts the diagonal gain:

Γ−1
c UH

c r = d+wc, (13)

with post-decoding noise wc = Γ−1
c UH

c n. A hard decision
produces the final estimate, d̂ = DECA

{
Γ−1
c UH

c r
}

. Now wc

is zero-mean Gaussian with covariance E
[
wcw

H
c

]
= σ2Γ−2

c .
In this case, small singular values γi (deep fades within the
span of HG⋆) will cause larger noise enhancement.

4.3. SIC decoder with CSIT

In this case, we leverage the GMD [22] of the effective chan-
nel to allow the receiver ’see’ a triangular structure that is
conducive to SIC decoding. The GMD is given by

HG⋆ = γQcRcP
H
c , (14)

where Qc ∈ CK×D is semi-unitary, Pc ∈ CD×D is unitary,
Rc ∈ CD×D is unit upper triangular (i.e., with ones on its
diagonal), and γ is the geometric mean of the singular values
of HG⋆: γ = D

√
γ1γ2 · · · γD. Then, the spectral precoder is

chosen as G⋆Pc, so that the received signal becomes

r = HG⋆Pcd+ n = γQcRcd+ n. (15)
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Fig. 1: Channel response |Hc[k]| vs. subcarrier index for four
Rayleigh block-fading realizations with δ ∈ {0.01, 0.10}.

Left-multiplying by QH
c and compensating the scaling yields

r̃ ≜ γ−1QH
c r = Rcd+ w̃c, (16)

where w̃c = γ−1QH
c n. Since Qc is semi-unitary and

E
[
nnH

]
= σ2IK , the covariance of the post-decoding noise

reduces to E
[
w̃cw̃

H
c

]
= σ2

γ2 ID. Thus, w̃ is white with con-
stant per-stream variance σ2/γ2. Note that, by virtue of the
harmonic mean-geometric mean inequality [23], one has

E
[
∥w̃c∥2

]
≤ E

[
∥wc∥2

]
. (17)

The triangular structure of Rc in (16) can now be exploited to
obtain the estimate of the data d based on r̃ via SIC. Specifi-
cally, let ρpq denote the (p, q) element of Rc, so that ρpp = 1
and ρpq = 0 for p > q. Then, SIC decoding proceeds as:

d̂D = DECA{r̃D} ,

d̂p = DECA

{
r̃p −

D∑
q=p+1

ρpqd̂q

}
, p = D − 1, . . . , 1.

5. NUMERICAL EXAMPLES

5.1. System configuration

We consider a CP-OFDM setup with rectangular pulses
(hP[n] = 1 for 0 ≤ n < L, and zero otherwise), IFFT size
N = 256 and CP length lg = N/8 = 32. The DAC interpola-
tion filter is ideal lowpass, i.e., |HI(f)| = 1 for |fTs| ≤ 1

2 and
0 otherwise. The number of active subcarriers is K = 129,
arranged symmetrically around the carrier frequency. OBR is
penalized over B ≜

{
f : 1

4Ts
+

∆f

2 ≤ |f | ≤ 1
2Ts

}
, using a

flat weight W (f) = 1 for f ∈ B, W (f) = 0 for f /∈ B.
We adopt a block-fading, finite-length multipath channel

model with exponential power-delay profile (PDP) [24]. The
discrete-time impulse response is given by

hc[n] = e
− n

2δlg h̃c[n], 0 ≤ n ≤ lg − 1 (18)
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Fig. 2: PSDs of proposed and PSP-OFDM precoders on a
multipath block-fading channel with N = 256, lg = N/8,
K = 129 and δ = 0.10; with (a) R = 6, and (b) R = 10.

where {h̃c[n]} are i.i.d. circularly symmetric complex Gaus-
sian variables, and δ > 0 is a dimensionless delay-spread
factor. Under (18), δlg equals both the mean delay and the
root-mean-square (RMS) delay spread (in samples) of the
exponential PDP. The per-subcarrier channel gains Hc[k]
are obtained via the N -point DFT of {hc[n]}, and are nor-
malized per realization to enforce a fixed total in-band gain,∑

k∈K |Hc[k]|2 = K. Fig. 1 shows several channel realiza-
tions for two different values δ ∈ {0.01, 0.1}. Clearly, as δ
increases the channel becomes more frequency selective.

5.2. Sidelobe suppression performance

Fig. 2 compares the power spectral densities of the proposed
BSPM-based precoders, the PSP-OFDM design from [18],
and a null-subcarrier baseline (obtained by disabling R/2
tones at each passband edge) under block-fading multipath
channels with significant delay spread (δ = 0.10), for redun-
dancies R ∈ {6, 10}. Note that, although the three designs
from Sec. 4 use different precoders G⋆, G⋆Vc, G⋆Pc, they
are all spectrally equivalent in that they provide the same
PSD, independently of the channel realization. On the other
hand, because PSP-OFDM’s precoder depends on the instan-
taneous channel, we report spectral results as ensemble av-
erages over 1000 independent block-fading realizations. For
a fixed R, the proposed designs yield substantially sharper
spectra than PSP-OFDM, and sidelobe suppression improves
as R increases. Quantitatively, for R = 6 PSP-OFDM re-
moves 2.07 dB of out-of-band energy, whereas the proposed
schemes achieve 14.95 dB; at R = 10 PSP-OFDM attains
4.43 dB vs. 32.19 dB for the proposed designs. Whereas
PSP-OFDM benefits from its asymptotic f−2R−2 roll-off,
the BSPM criterion concentrates suppression where it mat-
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Fig. 3: SER performance of proposed and PSP-OFDM pre-
coders on a multipath block-fading channel for 16-QAM
modulation (ZF and SIC), with δ = 0.10 and R = 6.

ters most, right at the passband edges, thereby delivering
markedly larger OBR reduction.

5.3. Error rate performance

All symbol error rate (SER) curves are ensemble averaged
over 1000 channel realizations. A 16-QAM constellation is
assumed without forward-error correction coding. As seen in
Fig. 3, all channel-aware schemes outperform the ZF without
CSIT baseline, highlighting the benefits of integrating CSIT,
if available, in the spectral precoder design.

At low SNR, PSP-OFDM with LMMSE detection (which
has knowledge of the noise variance) performs best, while
SIC suffers from error propagation. As SNR rises, decisions
stabilize and the SER of the proposed SIC-based receiver
drops fastest and becomes best from mid SNR upward, lever-
aging a semi-unitary front-end (no noise gain) and frequency-
diversity via the triangular structure. The curve for the ZF
with CSIT design sits higher because the ZF decoder am-
plifies noise on weak subcarriers. Overall, the proposed
SIC-based decoder yields the strongest reliability once the
SNR is sufficiently high.

6. CONCLUSION

The proposed band-specific spectral precoder designs allow
exploiting knowledge of the channel at the transmitter to
improve error rate performance at the receiver side, while
obtaining very sharp transmit power spectra independent of
the channel response. The GMD-based SIC-oriented de-
sign exhibits particularly good performance at medium and
high SNR, whereas in low SNR it is outperformed by the
SVD-based ZF-oriented design due to error propagation.
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