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Abstract

This work studies a point-to-point MIMO uplink in which user equipment transmits
data to a base station employing a massive array. Signal detection is noncoherent
and fading is assumed to follow the Weichselberger model. By exploiting the spatial
stationarity of fading at the base station, a cyclostationary structure emerges naturally
in the space-time representation, which suggests formulating the statistical proper-
ties of the received signal in the Karhunen-Loéve domain. This allows the derivation
of a low-complexity receiver that approximates maximum likelihood detection even
for a moderate array size. The spectral analysis of the problem provides valuable
insights on the design of space-time codewords.

Keywords: Noncoherent detection, Massive MIMO communications, Cyclostationary
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1 Introduction

The study of events that repeat periodically over time is ubiquitous within many areas
of natural and social sciences [1]. From climatology [2] to econometrics [3], through
radio astronomy [4] and genomics [5], the efforts to characterize random phenomena
with periodic structures have shaped a vast and rich literature over the decades. Most
of these processes emerge from the interaction between periodic and random circum-
stances. Therefore, although the resulting processes are not periodic themselves, their
statistical characterizations are [6]. Of particular interest are those stochastic processes
whose second-order moments (i.e. correlation structures) are periodic functions of time,
which are known as cyclostationary (CS) or periodically correlated [1]. This is the kind of
statistical periodicity which has been studied more extensively [1, 7, 8].

As one would expect, man-made signals (e.g the ones used in radar or sonar [9]) or
those related to human activities (such as rotating machinery [10]) are perfectly cap-
tured by the CS framework. Wireless communications are no exception: periodici-
ties occur due to the plethora of signal processing operations involved in modulation,
sampling, multiplexing or coding, among many others [1]. The pervasiveness of CS
processes in communication systems has motivated the design and development of
techniques that exploit their distinct nature [11]. They rely on the CS structure that
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arises on the oversampled (i.e. over the Nyquist rate) communications signals as a means
to achieve improved estimation and detection performance. As a byproduct, they also
offer improved robustness to perform these fundamental tasks in adverse scenarios. The
advantages come either by avoiding the use of higher order statistics, which become very
noisy at low signal-to-noise ratio (SNR) regimes, or by inducing improved richness on
the signal space dimensionality. For example, in [12, 13] cyclostationarity is exploited
for the estimation of fundamental synchronization parameters, such as timing, symbol
rate and carrier frequency, and in [14] it is used to perform blind second-order chan-
nel estimation without losing phase information. In [15], cyclostationarity is proposed
as an alternative to moment-based estimation of SNR, whereas works such as [16] har-
ness it to perform spectrum sensing in opportunistic communications based on feature
detection.

The work presented herein showcases a novel formulation of a well-known commu-
nication problem in which neither the transmitter nor the receiver is aware of instanta-
neous channel state information (CSI), referred to as noncoherent. Such schemes have
recently rekindled an interest in the scientific community due to the introduction of
potential applications that would benefit from circumventing the acquisition of instanta-
neous CSI [17]. The considered approach exploits periodicities in data for noncoherent
detection by harnessing the statistical knowledge of fading (i.e. statistical CSI) through
the channel hardening effected by a large array at the receiver [18]. This proposal dif-
fers from classical communications literature in the sense that cyclostationarity does not
arise in the time domain. Instead, we present a channel model that naturally yields a
repeating correlation function, by treating the spatial and temporal dimensions jointly.
This fading profile, referred to as spatially stationary Weichselberger model, is the result
of incorporating the spatial stationarity of the electromagnetic channel [19] into the
well-known correlation model from [20]. This combination of ideas allows the math-
ematical machinery developed in [21] for SIMO systems to be extended to a MIMO
scenario.

The main contributions in this work are the following. Beside unveiling the CS quali-
ties of the fading process, the signal at the receiver is also identified as periodically corre-
lated. Leveraging the massive number of antennas to obtain a large sample size, we apply
an extension of the Szegd theorem from [22, 23] and derive the asymptotic Cramér-
Loéve (CL) and Karhunen—Loéve (KL) expansions of the received signal. These represen-
tations broaden the frequency domain interpretations from classical signal processing
of stationary processes and allow the materialization of clear spectral correlation struc-
tures. It is in these domains in which the fundamental entities in codeword detection
(e.g. power spectra and signal subspaces) become conspicuous. In particular, we study
the asymptotic expression of the maximum likelihood (ML) detector, from which we
obtain insights onto the pairwise codeword detection problem and relate them to other
works in the literature. As a byproduct of this theoretical analysis, we propose a low-
complexity implementation of the ML receiver that approximates its asymptotic spectral
form for a finite number of antenna elements. By taking advantage of well-known algo-
rithms like the fast Fourier transform (FFT), the developed technique displays improved
computational complexity while retaining near-optimal performance, even for moder-

ately-sized systems.
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The paper is structured as follows. Section 2 introduces the communication prob-
lem and signal detection framework. The statistics of fading and how cyclostationarity
emerges from them are presented as well. Section 3 extends signal detection in the large
array regime and exploits statistical periodicities as the number of receiving antennas
grows unbounded. The limiting spectral expressions provide the foundation for a low-
complexity detector with negligible performance penalties, even for moderately sized
receivers. Finally, Sect. 4 provides a theoretical overview of this asymptotic formulation
through the lens of detection theory. Relevant mathematical structures discernible in the
spectral domain are linked to physical entities to unveil further insights on noncoherent
codeword detection.

The notation used throughout the text is defined next. Vectors and matrices: boldface
lowercase and uppercase. (r, c)-component of a matrix: [A],.. Transpose and conjugate
transpose: T .H Trace: Tr[-]. Identity matrix of size N: I. Column-wise vectorization:
vec (+). Kronecker product: ®. Matrix determinant: |A|. Euclidean norm: ||a|. Frobenius
norm: || X||g. Diagonal matrix constructed from the elements of a set: Diag (-). Dirac delta
distribution: §(-). Kronecker delta: §,. Random variables: sans serif font. Expectation:
E[-]. Circularly symmetric complex normal vector:a ~ CN (g, C).

2 Problem formulation
2.1 Signal model
Consider a MIMO point-to-point uplink, in which a user equipment (UE) with Nt
antennas communicates wirelessly with a base station (BS) employing a massive array
of NR antennas, such that Nr >> Nt (asymmetric massive MIMO). The channel dis-
plays frequency flat fading with a coherence time of K > Nrt. It is represented by a
matrix H € CNT*NR that remains constant during K channel uses (i.e. block flat fading).
We assume a power normalization of E[||H||12:] £ NtNg. During a coherence block, the
transmitter sends a codeword X € CK*NT selected equiprobably from a finite alphabet X
of size M.

The signal at the BS (i.e. the receiver) is represented by the following complex base-
band time-space matrix:

Y = XH +Z ¢ CK*Nr, (1)

where Z is an additive white Gaussian noise component with i.i.d. entries, such that
[Z],. ~ CN(0,Pz). Fading is assumed correlated Rayleigh with arbitrary covariance.
To properly characterize its second-order statistics, it is convenient to vectorize H

column-wise:
h £ vec(H) ~ CN'(Onyag, C), - Ci, 2 E[hAH]. ©)

Similarly, noise is distributed as Z £ vec(Z) ~ CN (OxNg> PzIkaR ). Unless stated other-
wise, these distributions are known at the receiver but not at the transmitter, which is
referred to as statistical CSI at the receiver.

The previous vectorization approach can be applied onto the received signal Y as well.
Moreover, it will prove useful when defining the maximum likelihood detector in the
sequel. Therefore,
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¥ 2 vec(Y) = Xh + 2 € CKM, 3)

where X 2 In; ® X

2.2 Unconditional maximum likelihood detection

Given an equiprobable alphabet, the receiver that minimizes the error probability
of codeword detection is known to be the maximum likelihood (ML) detector [24,
Thm. 21.3.3]. It is derived from the distribution of the received signal conditioned to
a transmitted codeword X; € X, and a channel realization H:

fypx, 1 (¥) = exp(—p; Iy — X:hlP?). (4)

1
(7 P2)KNx
In a noncoherent communication setting, the channel realization is unknown at both
ends of the link and treated as random (i.e. unconditional model [25]). It is removed
from conditioning by marginalizing (4). The resulting distribution of Y|X; becomes

- - 1 ]~
fyix,(¥) = En[fyx,n¥)] = KR (G| exp(—y"C;'y), (5)
1
where
C = Xz’Cﬁf(iH + PzIxng (6)

is the covariance matrix of the received signal. With the likelihood function (5), we
finally define the normalized ML detector as

)ZML £ arg max fY\X/ (y) = arg min — ﬁ In fy|x1, ) £ arg min £;(y)

XjEX X}EX X]‘EX
1 cHe-lg 1 (7)
= argmin 7=y Gy + oy In|Cj|.
XjEX
It is composed of a data-dependent quadratic term and a logarithmic term:
N A 1 cH~—1cH A 1
QW =z GV . 4= gy InlGl (8)

such that £;(y) = Q;(y) + ¢;.

From a theoretical perspective, (7) entails some analysis issues. If C; is an unstruc-
tured, arbitrary covariance matrix, the set of ML metrics {£;(y)} does not provide
any recognizable insights onto the detection problem nor onto the design of X’ based
on {Q;(y)} and {£;}. Therefore, the next section is devoted to defining a more specific
correlation model for H. Its statistical properties, paired with the use of a large array
at the BS, will allow us to represent the received signal through its Karhunen—Loéve
and Cramér-Loéve expansions in Sect. 3. It is in such spectral domains in which the
detection-relevant structures emerge. They are properly discussed in Sect. 4, where
we relate them to the idea of singular detection [26]. As a byproduct of this explora-
tion, a low-complexity implementation of (7) will arise and be assessed in Sect. 3.2.
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2.3 Channel model and spatial stationarity

The model that will be assumed for the channel throughout the rest of this work is
known as Weichselberger model [20], which is a particularization of correlated Ray-
leigh fading:

H 2 UrHUY, 9)

where Ut € CNTXNT gnd Ug € CNRXNR gre fixed unitary bases that represent the UE and
BS array geometries, respectively. The only stochastic parameters in this model are con-
tained in H CNt*Nr which are independent and distributed as [I:I]r,c ~ CN(0, ¥r,c).
It generalizes various classical nongeometrical stochastic models of fading [27], such as
i.i.d. Rayleig, keyhole and virtual channel (beam-domain) (28, Sec. 3.6.1]. By relaxing the
structural constraints of the Kronecker model and allowing correlations between trans-
mitter and receiver, it solves some of its shortcomings without fully sacrificing signal
structure.

To simplify subsequent analyses, we will make further assumptions on the statisti-
cal properties of H. It is common in the literature to consider channel fading behaves
as a spatially stationary process, i.e. its second-order moments are invariant to spatial
shifts [29]. This idea can be effectively harnessed when using a massive array (such
as in the BS of the studied system), in the same manner as how it is done in the time
domain when a large data set is available [30], thus giving rise to the classical fre-
quency analysis toolkit grounded on the core property that Fourier coefficients at dif-
ferent frequencies become uncorrelated [31]. Therefore, we only need stationarity to
manifest at the BS side of the wireless link, which translates into the rows of H being
jointly WSS:

E[[H],.[H]},.]| = E[[H],c[H]} ], VIEZ (10)
To expand on how the previous notion can be exploited, we define the correlation matrix
Rgs 2 E[H"H] = URE[A"HIUY = UrDiag ({375 ! 70}, )UR € C¥0Me, - (11)

in which we have used the Weichselberger model from (9). The channel being spatially
stationary at the BS implies that [Rgs],,c = [RBs],+1,+: for any [, by (10). Therefore, Rps is
constant along its diagonals which is known as a Toeplitz matrix (see Fig. 2a). This type
of matrices have the special property of asymptotically diagonalizing onto the Fourier
basis [Fag Ir.¢ £ gj2mre/Ng /~/NR as Nr — oo [29]. The interest behind this structure is
that it can be exploited with well-known precoding implementations, such as the phase-
shifter architectures used for beamspace techniques [32].

Under the premise of using a massive array in the BS, and to simplify upcoming
mathematical derivations, we will assume that Ug 2 F]]:I[R, even for finite NR. As the
number of receiving antennas grows without bound, the previously described Fourier
basis will asymptotically become the true eigenbasis of H. With this, (9) becomes the
spatially stationary Weichselberger model (SSW-model):

H 2 UrHFy,. (12)
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Returning to the formulation from Sect. 2.1, we may want to express it in vector form:

h = (Fx, ® Ur) vec (H). (13)
Its covariance matrix is

C; = (Fx ® UDT(FR, ® UD), (14)

where T £ E[vec(Fl)vec(Fl)H] € RNTNRXNTNR jg o diagonal matrix which contains its
eigenvalues. By (9), we know they are nonnegative and [T 1, +-cNy r+eNp = Vi

The following result sheds light onto the statistical structure of h. A graphical intuition
behind it can be found in Fig. 1.

1 Proposition 1

Under the SSW-model, fading behaves as a CS process of period Nt.

1 Proof

Recall (10). Expressing this relationship in terms of the vectorized form h yields
E ([N ryene N1 oy ] = E [Vt e [0 g (152)
[Cilr+enrreNt = [Crlr+eNp)+INg, (r+¢/Np)+INT - (15b)

By setting p £ r 4+ cNtand g £ r’ 4 ¢/Nt, we have that
[Crlpg = [Cqlpring.gring (16)

which is a defining property of Nt-periodic CS processes. O

CS processes have been widely studied in the literature [1], since they display sec-
ond order statistics that are invariant to shifts of length equal to their period. For h, this

B
Ny = 3
WSS W Nr

<l

vectorization

M

=h e CNtMn

CNT XNR

Fig. 1 Graphical representation of column-wise vectorization of H under the SSW-model
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(a) Toeplitz matrix. (b) Np-Toeplitz matrix.

Fig. 2 Graphical representation of the covariance matrix of a WSS process and a CS process of period 2

translates into a covariance matrix that is periodic along its diagonals with period Nr,
known as Nt-Toeplitz. These matrices are also referred to as block-Toeplitz, since they
have constant blocks of size Nt diagonally (see Fig. 2b). They play an important role in
signal processing, and have been thoroughly studied in the literature [22, 33].

2.3.1 Fading statistics in the large array regime

To conclude this section, we will present the fading correlation in the large array regime,
ie. as Ng — co. We define the autocorrelation function (ACF) of {h(n) £ [h],}, for
ne (-NNe o NINR 1y agl

Ch(n, m) £ E[h(n + m)h(n)] = [C; lntmn- (17)

Under model (12), it takes the form

MRy
CH(mm) = Y [UrCH® — UL lnsm—pNri—qn (18)

Nj
pg=—-3

where Cy(m) € CNT*NT js a diagonal matrix whose kth entry is the ACF of
{ﬁk(n) e [IZIFNR]/(,,}, which is a wide-sense stationary (WSS) process. Indeed, its cor-
relation is shift-invariant:

Nr—1
o o rm L
E[hx(n+mhpm] =8 a0 Y gvaae’ & 2 [Cr(m) - (19)
=0

Finally, the next result states the limit of (18) in the large array regime.

1 Proposition 2

As NR grows without bound, the fading ACF (18) approaches

! We assume Ng € 2N without loss of generality.
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1
: H 27 (p—q)A 19
Nilinoo CH(n,m) = Z /0 [UTSH(A)UT]}’l—)—m—pNT,rl—qNTeJ (P q)Ad/b; (20)
PqEL
where
SH(A) £ ) Cr(m)e 7 (21)

mez

is a diagonal matrix whose kth entry, Sﬁ( ) (4), contains the power spectral density (PSD) of
().

1 Proof
See Appendix A. O

3 ML detection in the large array regime
This section deals with the received signal at the BS and how to exploit its massive array
to obtain various insights on the detection of {X; € X'} and their design.

The received signal from (3), {y;(n) = [y|X;],}, for n € {—%, ey % — 1}, can be
expressed as
My
yiom) = > [XiHl_ixcs + [2]- (22)
__ M
- 2
Its ACF is defined as
Ci(n,m) £ Ely;(n + m)y} (n)]. (23)

1 Proposition 3

Under the SSW-model, the received signal at the BS is a CS process of period K, i.e.
Ci(n,m) = Ci(n + rK, m).

1 Proof
See Appendix B. 0

This result can be easily understood by considering the transformation between hand
y;, which has been illustrated in Fig. 3. By multiplying h by X;, we transform a CS process
into one with period K. Then, by adding the noise term Z, which is WSS, the CS prop-
erties of X;h are preserved and Y, is a K-periodic CS process. Its K-Toeplitz covariance

matrix is
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Fig. 3 Visual illustration of the change of period between hand X;h

Ci(0) Ci(-1) .-+ C(=Nr+1)
c C:(D Ci(0) -+ Ci(—Nr+2)

CNe 1) CiNe —2) - C(0)
with blocks C;(n) € CK*K forn € {—~Nr + 1, ..., Ngr — 1}. Note that
Ci(n) = Ci'(=n). (25)
Under the SSW-model, C;(n, m) from (23) (see (B6)) may be developed as
My
Cilnym) =Pz8+ > [X;UrCu(l — HYULX Ny ik i (26)

Nj
Lr=—"x

by applying (19). The obtained ACF can be asymptotically expressed as

x A
Ci(ny,m) = lim C;(n,m)
NR—00

1 .
=Pzé + E : / X UrSHAOUY X, i e 042,
0
Liez

where we have used (A1).

3.1 Spectral ML detector

Knowing the statistical properties of the received signal allows us to represent the ML
metrics from (7) in the spectral domain asymptotically. The following formulation
reaches the Cramér—Loéve (CL) domain by first obtaining the Karhunen—Loéve (KL)
expansion of the involved signals and then applying a unitary transformation onto
it [23]. The data-dependent and logarithmic terms from (8) will be studied separately.
While being structurally similar to their original expressions, the spectral counter-
parts of (8) will feature the interplay between signal properties much more visibly and
allude to the formulation of a low-complexity receiver.
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3.1.1 Data-dependent term

The received signal {y;(n)},cz is a second-order random process and, as such, admits an
asymptotic spectral representation (as Nr — 00) known as KL expansion [34, Sec. 9.1]. It
is defined as

1
yi(n) /0 61 (n, A1), (28)

for n € Z and 1 € [0, 1), where {dy;(4)} are uncorrelated increments in the KL spectral
domain and {¢;(n, 1)} is a set of eigenfunctions that satisfy the following orthonormality
and completeness relations [35, Ch. 2]:

/ G, )™ (W, VA = 8y > P, )™ (m, 2y = 80— 1), (29)

nez

Each class of random processes has a different eigenbasis, obtained by solving the fol-
lowing eigenequation:

S Gl k — Dith, 7) = Siigitk, D, (30)

=y

where S;(1)d/ £ E[|dy;(1)|?]is the KL spectrum of {y;(n)}. Since we are dealing with a
CS process of period K, its KL basis is

K-1

. o 1
¢ m,0) 2 gi(mo + &) =Y [Bi(o)]gue M tH) (31)
q=0

foro € [0,1/K)and k € {0,...,K — 1}, as established in [22, 23]. These are linear com-
binations of complex exponentials separated by multiples of the cyclic period. They
generalize the KL basis of WSS processes, which is known to be the set of Fourier eigen-
functions [34, Ch. 9]. The weights that dictate (31) are elements from B;(c) € CK*K,
whose columns are the eigenvectors of the cyclic spectrum matrix (CSM) of the received
signal, constructed as

(r=¢
[Si(0)]re £ Si £ (U + %); (32)
where
&) K—1 © N
S E gD Y Cilmmye PTkEm) (33)
n=0 meZ

is the cyclic spectrum of {y;(n)} [34, Ch. 10]. Its eigendecomposition is then
Si(0) £ Bi(0)8i(0)Bj'(0) € CK, (34)

from which we also obtain the KL spectrum contained in S;(0) € RX*X, a diagonal
matrix constructed from the eigenvalues of S;(o):
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[Si(@)kx = Si(0 +£) 255 (o). (35)

Recall the data-dependent quadratic term of the ML detector (8):
I(I;IR 1

QUyimh =@ D YiMIC eyile). (36)

KN
re=—=R%

The following result states its limit in the large array regime using the KL spectral
representation.

1 Proposition 4

When Nr — oo, the quadratic term from (8) can be expressed in the KL spectral domain
as

Qyitmh £ Jdim Qtyim) = /0 " Ay @Bl @B @), (37)

where dy;(0) € CK is a vector constructed by stacking K samples of {dy;(0')} spaced %, ie.

4Y;(0) 2 [dYi(0), d¥i(0 + £),...,dYi(o + K1)] ™. (38)
1 Proof
See Appendix C. O

Notice the structural resemblances between the original quadratic form (8) and the
one in the KL spectral domain (37). We can now use results from [23] to obtain it as a
more compact expression. The CL representation of {y;(n)} is defined as

KNR 1

dy;(2) £ 11m e Z yi(m)e 127, (39)
_ KN
-7 2

which we can stack in a K-dimensional vector [dY;(c)], = dY;(o + %) By [23, Corol-
lary 1], we know that dy;(c) = B;(0)dy; (o). Therefore, (37) reduces to

Qlyim)) = /0 * ayio)8; (@) (o), (40)

which is the integral of a quadratic form in the CL (Fourier) spectral domain.
It is clear that, in order to analyze (40), we need to obtain {S;(c')}, which is stated next.

1 Proposition 5

The CSM of {y;(n)} from (22) under SSW-model is



Vila-Insa and Riba Journal on Advances in Signal Processing ~ (2026) 2026:17 Page 12 of 26

Sj(0) = FE®"(0)X;UrSH(Ko)UYX['®(0)Fx + Pzlx, (41)
where ® (o) £ Diag(1,e?7, ..., e2mo (K=1)y
1 Proof
See Appendix D. O

Let Gj(o) € CK*Kbe the signal contribution in (41), i.e. Gj(o) £ i(0) — PzIk. Notice
that its rank is < Nt. A similar idea was encountered in [15], where it was shown that
linearly modulated pulse-amplitude modulation (PAM) signals exhibit a rank-1 struc-
ture in the CL domain, leaving margin for noise power estimation in the null space in the
case of oversampling. Hence, a clear duality manifests between the time and combined
time-space domains. For instance, in a SIMO scheme (see [21]) rank (Gj(c)) = 1, imply-
ing that {y;(n)} in (3) would adopt a structure in combined time-space equivalent to a
PAM in the time domain. For a general MIMO case with Nt > 1, the signal received
with the Ny antennas is being treated herein as a linear combination of PAM signals, and
this is what leads to an upper bound of Nt for the rank of G;(o).

3.1.2 Logarithmic term

We have successfully expressed the data-dependent part of the ML detector in the CL
spectral domain. To do so with the remaining logarithmic term, we will use some results
on the asymptotic log-determinant of K-Toeplitz matrices [36]. It is known that

o0 1 .
e Nllziinoo 4= Nllzigoo ﬁ In|Cj| = % /0 In |C;(2)|d4, (42)
where
Cj(i) £ ch(n)efﬂnn). (43)
nez

is the discrete-time Fourier transform of the K x K blocks defined in (24). For the
purposes of this work, it will be referred to as Rihaczek spectrum matrix (RSM) [37,
Sec. 1.4.1.3]. We next state how it can be obtained from a unitary transformation of the
CSM of {y;(n)}.

1 Proposition 6

The RSM and CSM of a CS process {Y;(n)} of period K are related by

S;(7) = FEe" ()¢ (KHO(A)Fk. (44)

1 Proof
By the definition of the CSM (32), we know that
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K-1

[Si(Dlre = < Z Z ELy; )y} ()] O+ R0+ D) (45)
n=0 leZ

With some algebraic manipulations, we can express it in terms of the RSM:

K-1

[Si(D]ye = % Z ej2n(n(2+%)—p(ﬂ%))ZE[yj(p + l[()y;k(n)]e—jZHIK(/l—&-%)
n,p=0 leZ
k-1 (46)
Z% e IR C (K 7)1 ne P04 ),
n,p=0
We have used the fact that, by definition, the RSM is periodic in 4 with period 1.
O

Applying Proposition 6 onto (42), we can represent the asymptotic logarithmic term as
a function of the CSM:

oo 1 4
{ =4 [ mers (£)rte (#)|a:

1 1
%/0 lnys,-(’v)ydzz/oK In[Sj(0)|do.

=

3.1.3 ML metrics in the spectral domain
Using the results derived in the previous sections, we now display the total form of the
asymptotic ML metrics in the spectral domain:

£i(tyim = i £;y1X0) = /0 " 4y 0)8710)dY,(0) +In[Sj(0)ldo.  (48)

Notice the structural similarities between this expression and the one from (7).

In detection theory, the Kullback—Leibler divergence (KL-Div.) between two hypoth-
eses X; and Xj plays a fundamental role in assessing their discrimination. It dictates the
fastest error probability decay rate that can be achieved by any statistical test based on
observations of {[Y|X;],} as Ng — 00 [38, Sec. 10.4]. To obtain it, we first define the nor-
malized log-likelihood ratio (LLR) between the distributions of Y|X; and Y|X as

Lg(NR) G 2 L fyix, (V)

KNR frix ) (49)
Then, the normalized KL-Div is
Diew(illj) 2 E[LE™ (§1X0)] = E[£;(§1X0) — Li(¥IX)], (50)

i.e. the expectation of their LLR when X; has been transmitted. It yields the value toward

which Lg-(NR)(VIX,‘) converges asymptotically (in the mean-square sense), so larger val-

ues of Dy, (i]|j) are usually linked to improved separation of the two hypotheses.
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Having derived (48), we can state the normalized KL-Div asymptotically in the CL
spectral domain:

o0 i A . . o0 oo oo oo
D) 2 lim Dicil) = E[Qtyitmh — Qity: 0D | + ¢ — £
R—> 00
1
= / [dyl (0)(S _1(0') i_l(a))df(i(o)] +In|Sj(0)| — In|S;(0)|do.
0
(51)
The first term is obtained by using the cyclic property and linearity of the trace, as well
as some identities from [23]:

1

o0 X S;
Dl = | da(Tr[sﬂ(a)si(a)—IK] In :Sg:) (52)

As expected, this expression is reminiscent of the KL-Div between two zero-mean mul-
tivariate normal distributions, as noted by the structure of its integrand [38, Sec. 3.2].
Representing {S;(0),S;(0)} in terms of their eigendecompositions (through the use of
Proposition 5), will prove useful in Sect. 4 to examine the fundamental aspects of the
codeword detection problem.

3.2 Low-complexity implementation of ML detection

The main advantage of using the spectral representation of the ML detector derived pre-
viously is that it can be approximated efficiently for finite Nr. Throughout this section,
we assume the receiver is aware of {C;} for all X; € X'. The acquisition of this second-
order statistical CSI is a topic of active research and outside the scope of this work [39].
Nevertheless, it being available at the BS is a reasonable premise due to its slow-varying
nature” [28, Sec. 4.5] and the fact it can be estimated in the presence of data [40].

3.2.1 Received data
To implement the ML detector in the spectral domain, the receiver must first obtain the

CL expansion of the received signal, {dy;(c)}. It can be approximated by
[4Y; (7)1« £ 7 FF Tane [Yi 01 + kNR), (53)

where FF Ty [+] is the fast Fourier transform (FFT) of KNR points. Therefore, the set
of {d?i(ﬁ)}le{o,...,NR—l} can be computed with O(KNR In(KNR)) operations. Then, the
quadratic form in (48) is approximated as

Nr—1
Qyimh) = > (7g) S () i (=) (54)
=0

with O(NRK?) operations, where S; ( KNg ) is an estimation of S; ( KNR)

% This long-term CSI includes those parameters related to the channel geometry.
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3.2.2 Statistics
Beside processing the received data with (53) and (54), approximating the ML metrics in
spectral form requires the computation of various statistical structures from {C;}. While
direct implementation of the ML detector (7) demands {Cj_l}, with a cost of O(K 3Nl*:’)
operations for each X; € X, the spectral ML approximation uses inverse CSMs.

The set of {gj_l(ﬁ)} can be obtained as follows. Recall the RSM is computed as

-1

Cj(}v) — ch(n)efﬂrrn/l + Z Cj(nl)esznn’).' (55)

n=0 n'=—o0

With some simple algebraic manipulations and considering (25), it may be obtained as

00 00 H
G =) Cime ™ + <ZCj(n/)ej2””/)”> - Gj(0). (56)
n'=0

n=0

Therefore, it is straightforward to see it can be approximated as

Ci(5k) £ FFTa [Ci(m]() + FETag [C(m)]7 (1) — C;(0), (57)

R

with which the CSM is estimated as

S (rm) £ FRO" (1) € (57) © () s (58)

based on Proposition 6. Notice that this expression yields a hermitian matrix but does
not guarantee it to be positive semi-definite® in general for finite Nr. Therefore, follow-
ing the same idea behind the Blackman-Tukey spectral estimator [41, Sec. 4.5], we weight
the correlation blocks in (57) with a triangular window:

COD (L) = FRTN [(1 = )G () + FRIng [(1 = 1) Gm] 1) — G ().
(59)

In summary, computing {/S\j_l(ﬁ)}le{o,...,]\ﬁ{_l} involves O(K2Ng In NR) operations for
the RSM, plus O(K 3NR) additional for (58) and the matrix inversions. Fortunately, these
statistics can be pre-calculated at the receiver before data transmission and are valid for
the detection of a certain number T of consecutive codewords, in which the channel
statistics remain stable [28, Sec. 4.5]. The same can be said for the logarithmic terms,
whose direct computation involves O(K 3Nf?) operations each, whereas their spectral

approximations
b= i nlSi ()| (60)
=0

are computed with just O(K2Ng).

3 We know from [23] that Sj(0) is a covariance matrix and thus, positive semi-definite.
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Table 1 Computational complexity of ML detection

Once every T codewords

Direct ML Spectral ML approx
G HHS (o)) O(MK>NR) O(MK2Ng(In Ng + K))
{4} OMK3NZ) OMK3NR)
Once for each codeword detection

Direct ML Spectral ML approx
{Q} OMK2N}) O(KNR(IN(KNR) + MK))
ML detection oMm) OoM)

3.2.3 Approximation validity

Table 1 contains a summary of the computational complexity associated with each
implementation. The advantages of using the spectral approximation are clear when
employing large arrays at the BS, since the number of operations to compute both
data statistics and ML metrics scale slower with Ng. Nevertheless, this approach is
based on an asymptotic representation of the ML detector as Nr — 00, and its valid-
ity for finite NR remains to be seen.

The performance of the spectral ML approximation described in the previous sec-
tion will be assessed next against the regular ML detector from Sect. 2.2. We consider
a channel under SSW-model, whose ACF is constructed from (18), by setting

[CHMk £ Fsinc® (&), k=0,...,Ny—1. (61)

This yields a set of spectra {Sﬁ ) (4)} with triangular shape of widths {ﬁ}. This fading
profile has been adopted motivated by two main reasons. On the one hand, it represents
a simple model constructed from piece-wise linear functions of compact support. On
the other hand, it characterizes a sufficiently well-behaved, worst-case scenario. Since
triangular functions belong to differentiability class C?, the correlation drop-off between
adjacent antennas is assumed to decay quadratically, much slower than one correspond-
ing to smooth spectra [42, Sec. 4.4.5]. Note, however, that {Sﬁ)(}v) € C% avoids the
occurrence of disturbing artifacts such as Gibbs phenomenon.

The channel correlation matrix is then

CH(0) CH(@M) - CH(NR— 1)
Cu(1) CH(O) - CH(NR —2) H
Ci=n-(In, ®Ur) : : . : (Inz ® Up),
CH(NR — 1) CH(NgR —2) ---  CH(0)

(62)

where 1 is a power normalization parameter that ensures that Tr[C] £ NpNg, as stated
in the signal model from Sect. 2.1. The transmitter basis Ur is selected randomly from
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Fig. 4 Error probability in terms of Ng, for various Kand Ny at SNR = —10dB and SNR = —5dB
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Fig. 5 Error probability in terms of SNR, for various K and Nt, with Ng = 32and Ng = 128

the set of unitary Nt x Nt matrices [43]. Noise power is %E[HZH%] = Pz NR. SNR at the

receiver is defined as

E[|Z|2] PzKNR

Setting K > 2N, the pair of tested codewords is constructed as follows. An element
U e CK*K s selected randomly from the set of unitary K x K matrices. Its first N1 col-
umns are named U; € CK*Nt and the following Nt ones are named U; € CK*Nt Then,
codewords are X; £ ,/ NLTUi and X £ ﬁUj, thus differing both in power (1 and 1/2,
respectively) and spanned subspace (they are orthogonal), as to illustrate the effects
caused by both discrepancies. Under this transmission scheme, (63) simplifies to
SNR = 3
Pz
Figure 4 and Fig. 5 assess the performance of detectors from Sect. 2.2 (Regular
ML) and Sect. 3.2 (Spectral ML) for different configurations of K and N, at various

Page 17 of 26
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regimes of Nr and SNR. The metric of choice is the average error probability in the
binary detection problem involving X; and Xj, computed as
Pr(detect X;|transmit X;) + Pr(detect X;|transmit X;)

Pr(error) = 2 . (64)

It has been averaged over 2 x 107 Monte Carlo simulations.

On the one hand, Fig. 4 contains the detection error probability for increasing val-
ues of N, at SNR = —10dB and SNR = —5dB. All six curves display similar decreas-
ing trends, with overall better results for higher K and Nt. Remarkably, the difference
between regular and spectral ML detectors is diminutive, even for moderate receiver
arrays. It is most noticeable for Ng < 2° in the higher SNR regime. On the other hand,
Fig. 5 shows the same metric in terms of SNR, for Ng = 32 and Nr = 128. The perfor-
mance loss incurred from using the spectral approximation is only noticeable for the
smaller array at lower error probability values (higher SNR). Based on these results, we
can state the low-complexity detector developed through Sect. 3.2 can be used instead
of (7) in a wide range of configurations (particularly with large arrays) with negligible
performance degradation.

4 Codeword structure analysis
In this section, we will get some final insights on the problem considered in this work, as
well as connect it to various ideas from the literature on detection theory. The figure of
merit will be the asymptotic normalized KL-Div, whose relevance in evaluating hypoth-
esis testing has been discussed in Sect. 3.1.3. More precisely, it will be linked to vari-
ous results on singular (i.e. error-free) detection: understanding if two codewords can be
detected unmistakably allows to characterize the existence of error floors under various
asymptotic regimes. This is of particular interest when assessing the gains achievable by
pouring more resources into a system.

We study the transmission of structured codewords within the presented spectral
domain. Each transmitted codeword, taken from M-ary alphabet X, can be constructed

1
from its singular value decomposition as X; £ <I>iWi2 \Ilf[, where:

o ®; € CK*Kis 3 unitary matrix.

. Wl% € REXNT js a power-loading diagonal matrix with nonnegative real entries
{[Wi% Ipp £ (W?))%}pzop_,,NT_l. The first N; < Nt ones are non-null (active), while
the rest are 0 (inactive).

+ W; € CNT*NT g 3 unitary precoding matrix.

1 1
The rank of X; is Nj, as stated by the definition of Wf. Therefore, <I>i\Wi2 spans a N;
-dimensional subspace V;. This formulation allows us to straightforwardly get the CSM
basis B;(0) in some relevant scenarios that will be explored next.

4.1 Statistical CSl at the transmitter

When the transmitter is aware of Ut in (9) (i.e. the channel geometry), it can imple-
ment a precoding suitable to the fading correlation geometry: ¥; £ Ur, which is to
be understood as transmitting along the channel basis. This reduces the difficulty of
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eigendecomposing S;(0') immensely. We can clearly see from (41) that its eigenbasis and
KL spectrum are

1 1
Bi(0) = F{@"(0)®;, Si(0) = W2Su(Ko)(W2)" + Pzlx. (65)
The normalized KL-Div resulting from using this configuration onto (52) is

1

%KL(iHj) = /K do (Tr[<b,sj1(o)<1>}‘q>isi(a)q>? —Ix] —1In
0

|Si(0)|>

66
1Sj (o) (66

In the case in which ®; = ®;, i.e. both codewords use the same signal basis, information
is purely modulated on the transmitted energy through W; and W;. The asymptotic nor-
malized KL-Div simplifies into

1

o K 1 18:0)] » = k)
Dxw(illj) Z/o do <Tr[5/ (0)Si(0) —Ix] —In ) = Z Dis’ (SillS)),
k=0

ISj(0)]
(67)
where
DO sy [ (WSH Ko +Pz | wSY(Ko) + Pz
Is (SillSp) = GG h (k) (k) ’ (68)
, whs P Ko) + Py SN (ko) + Pz

This is the [takura-Saito divergence (IS-Div.) [38, Sec. 10.4.2] between S(k)(o) and
S ® (0) in the kth KL sub-band. This measure of dissimilarity is nonnegative and only
null when §; ) (o) = S k )(O') (except in a support of measure 0). Moreover, (67) is the IS-
Div between the full I(L spectra corresponding to {y;(n)} and {y;(n)}:

Dis(Si11S) 2 / (58 1—1n3,8). (69)
v ]

It is of interest to study the tendency of (68) in the high SNR regime, i.e. as Pz — 0
(see (63)), since it reveals the properties of X; and X that are relevant for their detec-
tion asymptotically. Given N; > Nj, the corresponding IS-Div in the kth KL sub-band for
N, <k < Njis

1

K PZ
lim D(k)(S»HS«) >_1 —/ da< lim In > = 400,
L Pz—0 W;k)sﬁ()(Ko) + Pz 70

where we have applied Fatou’s Lemma [44, Lemma B.2.4] in order to swap the order of
limit and integration. The same divergence is observed when N; > N; for N; < k < N;.
On the contrary, when N; = N},

(k) (k)

W w;
im DKL(zn/) e Z o —1-In— (71)
k=0 Wj w;

by Lebesgue’s Dominated Convergence Theorem (LDCT) [44, Th. 11.3.13]. These results
are consistent with [26], which states that singular detection is achievable in the high
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SNR regime if and only if X; and X span different column spaces. Within our framework,
this property translates into (70) diverging, since X; and X; belong to different subspaces,
whereas (71) is bounded due to both codewords spanning the same column space.

A similar analysis can be performed for the low SNR regime, i.e. Pz — oo (see (63)).
Using LDCT once again, we obtain the following second-order Taylor approximation:

Nt—1 1
x IS
Do bo ke (@l Pyabo P2 ;) (w; Wi )32 ; Sy (Ko))do (72)

By [45, Prop. 6.A.3.], sorting {wfk) } in descending order and {wj(k)} in ascending order
(or vice-versa) yields the maximum value of (72) asymptotically. Remarkably, this strat-
egy is also optimal in (71) for the high SNR regime: since it is a Schur-convex function
of {wi(k) /wj(k)} [45, Prop. 3.C.1.], it is maximized when {wgk)} and {wj(k)} are arranged in
opposite orders [45, Prop. 6.A.1.]. This idea suggests a design approach on the power
profiles of X based on the joint majorization properties of { { wgp ) L W}(p/) } }, for every pair
Xl',Xj e X.

4.2 No CSl at the transmitter

We now consider the case in which the UE is not aware of the channel basis nor spec-
trum. When the transmitter is not aware of the channel statistics, it is reasonable to set
an agnostic precoding (¥; = In;) and no energy modulation in the power-loading matrix
({(wfp))% = 1}p—o,....N;—1), so that no radiated direction is favored. For a clearer exposition,
we set N; £ Nrfor all X; € X. This yields X to be a set of semi-unitary matrices:

xxtap, xUX; =1, (73)

where P; € CK*K is the projection matrix onto V. If every codeword in X’ spans a dis-
tinct subspace, this alphabet is known as a Grassmannian constellation, since each V;
corresponds to a different point on the Grassmann manifold G(Nt, CX) [46].

Under these premises, the eigendecomposition of the CSM of {y;(n)} is

Bi(0) = F{®"(0)[U;, Uj], 8i(0) = Diag(Su(Ko),0x ;) + Pzlk, (74)
where U; £ ®;W,;Ur and U; e CK*(K—=Nr) spans the orthogonal complement to V; (its
corresponding projector is P; e ULTU;!'[). It is clear that §;(0) is common for all X;, so the
logarithmic term in (52) is null. By applying (74) onto (52), the resulting KL-Div is

1
Der Gilly = [ 5 -1 UHTU UAS () TUs U U U — 75
Dilill) = [ doTr[S8;1(0)[U), UM, UilSi(0)[U;, U MU, Ul — Ik, (75)
0

With simple algebraic manipulations, this is developed as

00 1
DL (ll) = + /0 Tr[2~ (AU UZ (W)U} 'Uj1dA + %IIU}.{UZH% -1 (76a)

1
+ 4 / dA(PZTr[U = (DU]'P;] + %Tr[U}*Uiz(A)U}‘UJ]) (76b)
0
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where (1) £ SH(1) + PzIn,. The first term in (76a) compares the signal subspaces
between hypotheses i and j, whereas the second term compares the noise subspaces. The
two terms in (76b) compare the crossed subspaces.
This new expression allows to analyze the behavior of the KL-Div in the high and low
SNR regimes as in Sect. 4.1. When Pz — 0, the previous KL-Div becomes

00 1

lim Dy (illj) = + / Tr[Sy' (WU UiSH(AH U UjldA + % [UF U1} — 1

Pz—0 0 J (77)
. 1 H 1 H

+ Plzlglo 7 1[0 Ui (o Sn(HdA) U U5

Therefore, it will diverge as long as V; # V; which is consistent with singular detec-
tion conditions in the high SNR regime [26]. On the contrary, when Pz — oo, the
second-order Taylor approximation of the KL-Div is a function of correlations of spec-
tra, similarly to what was observed in Sect. 4.1 (see (72)). This implies high spectral
correlation generally benefits detection when noise obscures the signal of interest,
which is a fairly common behavior displayed at low SNR by classical techniques like the
estimator-correlator [47].

5 Concluding remarks

This work has presented a novel approach to analyze a noncoherent uplink massive
MIMO system, by exploiting the cyclostationarity emerging in the joint treatment of the
time and space domains. The use of large arrays has allowed the derivation of asymptotic
representations of the received signals, from which relevant attributes for codeword
detection become manifest. As a result of this theoretical study, a low-complexity imple-
mentation of the ML detector has been inspired, which benefits from the low dimen-
sional spectral correlation structures.

A straightforward extension of the presented work may involve examining the down-
link scenario using similar techniques as the ones described herein. Although the signal
received by the UE does not display a CS nature, a representation in terms of the channel
spectrum would be accessible (due to the massive array at the BS) and provide insights
on the problem, as well as potentially lead to simplified precoding strategies based on
the FFT in the space domain. Another clear line of research may employ the asymp-
totic framework developed in this paper to design alphabets tailored to specific fading
profiles. The limit expressions obtained in the high and low SNR regimes provide par-
ticularly useful design criteria. Additionally, the study of the spectral interplay between
users in a multiple access setting may provide deep and novel perspectives on challeng-
ing problems.

Appendix A Proof of Proposition 2
From (19), recall the expression for the kth diagonal entry of CH (), which is a Darboux
sum. It converges to an integral by defining Sﬁ()(NLR) £y and setting NLR — Ae[0,1)

1 ).
andN—R — di:
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1
lim [CHOMkx = / sﬁ)(z)eﬂ”'mdi. (A1)
NR—00 0

Since {hx(n)} is a WSS process, by the Wiener-Khinchin theorem [34, Sec. 9.2.2], we

.....

in (21), the resulting ACF from (18) can be expressed in the limit as

1 a
NlimOO CH(n,m) = g / [UrSH ()v)U¥]n+mprT,n*qNTeJ2n(piq)ﬂdj" (A2)
R 0
pqgeL

Appendix B Proof of Proposition 3
From (23), the ACF of {y;(n)} is

MR_1 Np-1
Citmm) = > > [Xilysmiic kXl kB [[Hli[HIE] + Pz8m. (B3)
Li=—"R je k=0

We have used the fact that H and Z are independent and the ACF of {[Z],;} from its covar-
iance matrix in Sect. 2.1. Forr € Z,

Ci(n+rK,m) = > [Xilysm—-r ik Xilh_ i #E[(HliHIE ] + P28 (B4)
LUKk

Then, by setting s =/ — rand s'= I'— r, such that s, s’ € {—% —r,...,% —1-r}

Ciln+rKmy =3 3 Xilwtm-sic kXl i B [Hlesr Mgy, ] + P2dm ey
s,s" kk!

Finally, by the spatial stationarity of H (refer to (10)), we can see that

Mr_g
2
Cintrk,m) = > > [ Xilupmsic kXl o E[[Hlis[HIE ] + P28
—_NR /
s,8=—=" kk

= C;(n, m).

Appendix C Proof of Proposition 4
Let 2;(n, m) £ limNR_>oo[Cj_1],,+m,,, be the precision function of {y;(n)}. By definition,
we know that [CjCl-_l],,c = [Cj_ICj],,C £ §,_.. Therefore, in the limit of Nz — 09,

lim [C;C;1] —Zoé)'(k — Qi k—c) 26
Nirool e = LT T RGBT e (C7)

must hold. From (29) and (30) we know that
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. 1
Ci(c,r—c¢) = /0 @;(r, )L)Sj(/l)q);"(c, A)dA. (C8)

It can then be verified that

1
Qi(c,r—¢) = / (7, ,1)3,—1(/1)¢; (c, ))dA (C9)
0
does indeed fulfill (C7).
We may express the quadratic form (36) in the limit as
x %
Qlyimh = Y yi(NQ(e,r = 0)Yi(o)do, (C10)
r,cEL

where ﬁ — do. Using (C9) and the KL expansion of {y;(n)} (28), the previous expres-
sion can be represented in the KL spectral domain:

0 1 o 2] i ’ )v i Pi }U o
Q;(lyi(m}) = do // dy; (a) i 9) (@ 1)@, i) ﬁ)dyi(ﬁ)di, (C11)
0 Sj(4)
where
(Gar @) (@, ) £ D 5 (m, )y (1, ) (C12)

nez

is the inner product between two basis components. Since {y;(#)} and {y;(n)} are both
CS processes, it can particularized as

(6P, 68 (0,6 2 (G ) (0 + £,0'+ X)) = 8(0 — o) [BE(0)By(0) ks  (C13)

This yields
3,<{y,-(n>}> => /0 ?[B?<a>5;1(o)B,-(ank,md?:‘ (0 + £)dyi(o + 2), (C14)
k,m

where we have used (34) and the sifting property of the Dirac delta distribution.

Appendix D Proof of Proposition 5
Recall the cyclic spectrum from (33). We compute it for {y;(#)} by using (27):

K-1 K—1
(%) _ 1 —j2r ('K +mo) 1 —j2nk —j2rmo
Sj (o) _EMZ_:OMZE:ZPﬁm/e K + Eﬂz_:oe K Ze

1 meZ (D15)
X Z/ [XiUTSH(’1)U¥X}{]n+m_u<,,,ej2”“d,1,
leZ 0

Notice we have set /=0 since ne{0,...,K —1}. With p=n+m—IK, for
p €1{0,...,K — 1}, we have
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K-1
) o'k
(0) =D e+

n'=0

K-1 .1

. . k .

% Z A e—)27‘[p0' [XjUTSH(/q.)U?X]}'{]p,nejznn(a_?) Z e}ZJTl(;.—KO')d/’L.
leZ

(
5

N

n,p=0
(D16)

We may represent the previous expression more compactly by defining the steering vec-
tor0(c) £ [1,e270, ..., 2o E=D1T which yields

s

1
< (o) = %/O 0" (0)X;UrSH(HULX]'0 (0 — X)8(1— Ko)di+Pzé.  (D17)

We have also converted the sum of exponentials with respect to »’ into a Kronecker
delta [34, Sec. 10.4.3]. Similarly, the sum with respect to [ has been treated as a Dirac
delta distribution [35, Sec. 2.11]. Using its sifting property we are left with

() 1

$;% (0) = 0" (0)X;UrSu(Ko)UYX['0 (0 — £) + Pzéy. (D18)

]

With the cyclic spectrum, we are able to construct the CSM using (32):
[Sj(@)]re = 50" (0 + ) X;UTSHK o)UY X160 (0 + &) + P25/, (D19)

forr,c € {0,...,K — 1}. We have used the fact that SH(/) is periodic in 4 with period 1,
as seen in (21), so that Sy(Ko + r) = SH(Ko).
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