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Abstract—Many emerging wireless applications require the
simultaneous execution of multiple functions, such as information
transmission and reception, or communication and sensing. This
has driven the study of different means to optimize perfor-
mance tradeoffs. Among these, the design of multi-functional
beamformers often involves nonconvex quadratically constrained
quadratic programs (QCQPs), which are commonly approached
via semidefinite relaxation (SDR). Two well-known issues affect-
ing the SDR approach are its tightness and the ability to extract
a QCQP-feasible solution from the SDR solution. In this context,
we identify a sufficient condition for strong duality of a class of
nonconvex QCQPs, in which case the exact optimal solution can
be readily obtained. The applicability of the proposed framework
to the design of multi-functional beamformers is illustrated.

Index Terms—Multi-functional beamforming, integrated sens-
ing and communication, in-band full-duplex communications,
self-interference cancellation.

I. INTRODUCTION

ULTI-FUNCTIONAL beamforming has arisen as a

key enabler for a range of applications envisioned for
next-generation wireless networks involving the coexistence
of several subsystems [1-3]. In essence, a beamformer is
designed to either maximize a quality-of-service (QoS) metric
for one subsystem, or to minimize the interference induced
on one or several subsystems, while guaranteeing certain
performance requirements for the remaining ones.

An application example is the underlay paradigm in cog-
nitive radio networks: a secondary transmitter adjusts its
beampattern to maximize the secondary network rate while
limiting its interference to primary users [4], [5]. Another
example is in-band full-duplex (IBFD) communication [6],
where transmission and reception occur simultaneously and
on the same frequency. This results in self-interference (SI)
caused by leakage of transmitted signals on the co-located
receiver. Transmit beamforming has emerged as an effective
means to manage SI, either by imposing maximum SI con-
straints [7-9] while maximizing QoS, or by minimizing SI
impact [10-12] under a minimum QoS requirement.
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In the area of integrated sensing and communication (ISAC)
[13], conventional approaches to enable both functionalities
include convex combinations of sensing- and communication-
optimal beamformers [14], which need not yield globally op-
timal solutions; or mixing radar and communication signaling
[15], which requires interference cancellation at receivers.
Multi-functional beamforming provides global solutions that
may improve the communication-sensing tradeoff [16—19], and
can also mitigate SI in monostatic ISAC systems [20-23].

Many multi-functional beamforming problems fall under
the class of nonconvex quadratically constrained quadratic
problems (QCQPs). These are typically transformed into rank-
constrained semidefinite programs (SDPs) and approached via
the semidefinite relaxation (SDR) method [24], which may not
be tight, meaning that SDR only provides an approximate so-
lution to the original nonconvex QCQP. Even in situations for
which the SDR is tight, this only guarantees that the solution to
the original QCQP is in the solution set of the relaxed problem;
the SDR solution obtained by a convex solver may not be
QCQP-feasible [25], and additional procedures may be needed
to extract a feasible (and in general suboptimal) component
from the SDR solution, making this approach computationally
onerous. In this vein, [26] shows that any QCQP with at most
three quadratic constraints admits a tight SDR. In such cases,
the optimal QCQP-feasible solution can be recovered directly
via [26, Algorithm 1]. However, this fundamental condition
can be overly restrictive for some practical problems. In this
context, we investigate a class of nonconvex, homogeneous
QCQPs with an arbitrary number of inequality constraints.
For these, we identify in Sec. II a sufficient condition on
the solution of the corresponding dual problem for strong
duality, in which case it also provides the optimal solution
to the original QCQP. Thus, checking this condition before
attempting to solve the corresponding SDR becomes appealing
for problems in which the number of variables is much larger
than the number of constraints. Examples in the context of
IBFD and ISAC beamforming design are provided in Sec. III.

II. MAIN RESULT

Let A be an n x n Hermitian (possibly non-definite)
matrix, and {B,}_, {C,}%_, be positive semidefinite n x n
matrices. Consider the following homogeneous QCQP:

i H A 1
Join FTASf (1a)
s.t. fUB,f>72, p=1,...,P, (1b)

FACf <6, q=1,...,Q, (Ic)
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where 77 > 0, 67 > 0 for all p,q. Note that (1) is not
convex unless A > 0 and P = 0. Typically, f is the
beamforming vector, (1b) are related to beamforming gain in
certain directions, and (1c) include interference and/or transmit

power constraints. The following assumption will be adopted:

Assumption 1. If C,v = 0 simultaneously holds for all g =
1,...,Q, then v =0.

Assumption 1 makes sense in practice, because without it
there would exist some subspace in which the transmit power
remained unconstrained. Our main result is as follows:

Theorem 1. Assume (1) is feasible and Assumption 1 holds.
Let {pts p}, {nx,q} be a solution to the convex problem (SDP)

Q
max 2
Hiseesppp 20 Z,Up an (2a)
N150-,MQ 20
5. t. (2b)

A— Z tpByp
p=1

If the zero eigenvalue of the positive semidefinite matrix

+ anCq > 0.
qg=1

P Q
H,=A- Z fxpBp + Z 1x,qCq 3)
p=1 q=1

is unique, i.e., it has multiplicity one, then the solution to
(1) is given by f, = vy, where vy is the unit-norm least
eigenvector of H,, and

P Q
o = Zp:l :“*4775 - Zq:l 77*453 . @)

vH Av,

Proof: Let p=[p1 -+ pp T, m=[m --- ng]* comprise the
(nonnegative) Lagrange multipliers for problem (1), and let

P Q
)2 A= 1B, + Y 1,y ©)
p=1 q=1

Then, the Lagrangian for problem (1) can be written as

P Q
= fTH@pnf+) =Y 02, (6)

L(f,p.m)
p=1 q=1
and the corresponding dual function is
g(pm) = mf L(f, p,m) ()
— Ep 1 :LLPT Zq 1 77q q7 H(IJ/>,’7) t 07 (8)
—00, otherwise.

For all p > 0, n > 0, the dual function lower bounds the
objective of the primal problem over the feasible set [27, Ch.

5]; the largest such bound is the solution to the dual problem,

which is (2). Letting §(p,n) = 25:1 [pTy — Zq 1 102, the
dual problem (which is convex) can be rewritten as

Amin (H (pt,m)) > 0. )

max

q .t
nax g(p,m) s

Note that Assumption 1 implies that 22221 14Cq is positive
definite if 1, > 0 for all ¢. This, in turn, implies that (9)
is strictly feasible: if we take u = 1 (the all-ones vector)
and n = f1, then H(1,51) will be positive definite for
B> p(A =32, Bp)/Amin(3, Cq), where p(-) denotes the
spectral radius. Hence, Slater’s constraint qualification holds,
and since (9) is convex, the Karush-Kuhn-Tucker (KKT)
conditions must hold at any optimal solution (gt4, 1) [27, Ch.
5]. If the smallest eigenvalue of H, £ H(u,,n,) is unique,
by direct application of the KKT conditions, there must exist
a scalar a? > 0 satisfying (10)-(11) at the bottom of this page.

We invoke now the following result [28]: for M Hermitian
depending on 6§ € R, if its ¢-th eigenvalue J\; is unique, then

O\ _ o (OMY
90 — P\ an )"

where v; is the unit-norm eigenvector of M associated to A;.
Using this and the uniqueness of Apin (H.), (10)-(11) read as

12)

2
9 H = Tp’ Vp such that Hs.p > 07
Uy pr* { > TpZ’ VP such that Hxp = 0, (13
=62, Vg such that 7, , >0
2, H q’ 4 ’
U, qu* { < 63? V(] such that Mx,q = 0, (19

where v, denotes the unit-norm least eigenvector of H,. Then

@ Ain (H,) = ool H, v, (15)

= o?vf Av, — ZMM,T +Z77*q a0 (16)

p=1

where (16) is due to (13)-(14) and the fact that pu,, > O,
Nxq = 0, Vp, q. It follows from (16) that

L) = vHAv*

q=1

g(l“l’*a 77*) + O[2Amin ( (17)

Now note that A\, (H,) must be zero; otherwise, some entry
of u, (resp. m,) could be slightly increased (resp. decreased)
so that the objective in (9) would increase without violating
the constraints. Together with (17), this shows that

Zuwf

which equals the value of primal objective when evaluated at
av,. In addition, (13)-(14) show that aw, is primal feasible.
Hence, the duality gap is zero, and f = aw, is primal optimal.
The value of « can be determined from (18), which yields (4).

Zn*7q62 =« ’UHAU*, (18)

A(G(11,m) + & Ain (H (11, m)) { =0, Vp such that s, , >0, o
all,p (BssM) <0, Vp such that Pxp = 0,

A(G(11,m) + O Amin (H (11, m)) =0, Vg such that 7,4 >0, -
377(; (Bssm) S 07 Vq such that ’17*7(1 =0.
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(b) Joint communication and sensing architecture (Sec. III-B).

Fig. 1: System model for the application examples discussed in Sec. III.

Note that (13)-(14) imply

52 7_2

: q > P
12;?@ vHCov, [ ~ 121;)2XP vEB,v, [’ (19
A contradiction would arise if (19) did not hold, indicating
that the primal problem, i.e., the QCQP (1), is unfeasible. W

Corollary 1. Under the conditions of Theorem 1, the SDR of
the QCQP (1) is tight.

Proof: By Theorem 1, problem (1) enjoys strong duality.
Now note that since Slater’s constraint qualification applies to
the (convex) dual problem (2), it also enjoys strong duality
[27]. The dual of (2), i.e., the bidual of (1), is the SDR of the
original QCQP (1) [29]; hence, the optimal value of the SDR
is equal to the optimal value of (1). ]
Computational complexity. The complexity of solving an
SDP with ¢ constraints and v variables via an interior point
method (IPM) is roughly O((max{c,v})?) [24], [30]. Thus,
solving (2) has complexity O((P+Q)*), whereas checking the
dimension of the null space of H, via Gaussian elimination
has complexity O(n?). In contrast, and assuming n > P + Q
as it is typically the case, the complexity of solving the SDR of
(1) is O(n?). Thus, for settings in which n is large, checking
for strong duality via Theorem 1 may be appealing.

III. EXAMPLES
A. SI Cancellation (SIC) in Full-Duplex Communications

Fig. 1(a) shows an FD transceiver with separate, co-located
transmit (TX) and receive (RX) arrays simultaneously per-
forming uplink (TXs — RX;) and downlink (TX; — RXj)
communication. Let N; (resp. M) be the number of antennas
at TX; (resp. RX;). TX; employs a beamformer f € CM
to send a zero-mean, unit-variance symbol s through channel
H,, € CM2*N1_ At RXy, a beamformer g € CM2 is applied,
so that the received signal reads as

y=g"Hifs+ g w, (20)

where w ~ N¢(0,0%1,y,) is the thermal noise. Under this
model, it is readily seen that the optimal RX beamformer is a
maximal ratio combiner (MRC), i.e., g = Hiof /|| H12f||-
Since TX; and RX; are co-located, the downlink transmis-
sion causes SI in the FD receive array, which may severely de-
grade uplink performance. Among the different means to deal
with SI, TX beamforming is appealing due to its capability to
avoid saturation of the RX RF front-end. The goal is to mini-
mize the SI power leaked on the RX array while guaranteeing
a minimum beamforming gain for downlink communication,
and under a total power constraint (TPC) or per-antenna power

constraints (PAPC). Letting Hg; € CM1*N1 be the SI channel
matrix, the problem at hand can be formulated as

m}n FEHI Hy f (21a)
s.t. fEHREH,f > 12 (21b)
fHf < pr, (TPC), or
0 n _ (2lc)
f €;€; fgplv Zzla"'7N13 (PAPC)

with e; the i-th column of Iy,, 72 the minimum downlink
gain, Pr the maximum total TX power, and p; the maximum
available power at the i-th antenna, satisfying Zf\Ql pi = Pr.
Note, (21) has the same structure as (1) with A = HSPIIHSI,
P=1, By = HIH,, and (Q =1,C; = Iy,) for TPC or
(Q = N1,Cy = eqell) for PAPC.

The application of Theorem 1 to (21) is tested in this sce-
nario, assuming half-wavelength uniform linear arrays (ULAs)
with N7 =16, M7 = My = 8. For the downlink channel we
adopt the narrowband clustered model [31]:

Na JV‘“)’

H12 - Z Z 9mn AR (emn) a'l;l ((ybmn) )

m=1n=1

(22)

with Ny and Npy the number of clusters and of rays per
cluster, resp., and g, Gmn» and 6,,, the complex gain, angle
of departure (AoD), and angle of arrival (AoA) for the n-th ray
in the m-th cluster. ar(¢) and ag(6) are the steering vectors
corresponding to the TX and RX arrays. Regarding the SI
channel, Hg; € CM*M captures two effects: the near-field
coupling and the far-field reflections due to nearby scatterers.
Following [21], [31], the near-field term is modeled as

[HNr],, = die_ﬂﬂd’“’/’\,

Pq
with A the wavelength and d,, the distance between the p-
th TX and ¢-th RX antennas. The far-field term Hgp follows
(22). Both terms are normalized so that || Hgr||% = || Hxel|2 =

N M. Then, for a given Rice factor x, Hgy is given by
1

K
Hg =, - H
St e N

We consider N = 4 and N,y = 8 for all links, and x = 10
dB. AoDs/AoAs are Gaussian with standard deviation of 8°
and mean cluster angles uniformly distributed within [0, 360°].
Path gains are i.i.d. complex Gaussian with mean 1 dB and
standard deviation 0.5 dB. Array geometry is as in [31, Fig.
2], with « = 8 = 5 and 6 = 2. Channel matrices are
normalized so that ||H12||12_7 = N1 M and ||HSIH%‘ = N1 M.
The minimum downlink beamforming gain is set as 72 =
YAmax (H{LH,5), with € [0, 1], whereas power constraints
are set as Pr =1 (TPC) and p; = -+ =pn, = N% (PAPC).

(23)

(24)



IEEE WIRELESS COMMUNICATIONS LETTERS

— Finding a QCQP-feasible solution via SDR  ——— A (H,) being unique
@® uin(H.) being unique and (19) being satisfied ——— Unconstrained solution to (21) being feasible
(a) TPC (b) PAPC
1 9-0-0-9; 1
0.8 0.8
S a
=] o
£0.6 206
2 2
2 2
S 04 S 0.4
& =
=% a5
0.2 0.2
0 0 =
0 0.5 1 0 0.5 1

Normalized Threshold ~y Normalized Threshold ~

Fig. 2: Probabilistic analysis of problem (21).

In Fig. 2 we compare, in a probabilistic sense, the outcomes
of attempting to solve (21) via Theorem 1, or directly applying
SDR to (21), in which case the rank-1 candidate solution is
taken as the principal eigenvector (no improvement was ob-
served by using randomization). In all cases, we first checked
if a feasible vector in the null space of H, SI{ Hy; exists (termed
“unconstrained solution” in Fig. 2).

TPC case: The SDR of (21) is always tight, since the
number of constraints is no more than three [24]; however,
the adopted IPM is not guaranteed to find the rank-1 solution.
Although (21) is always feasible under TPC for Pt = 1 and
~v € [0,1], the rank-1 component extracted from the SDR
solution may turn out to be unfeasible, see Fig. 2(a). It was
observed that when constraint (21b) is loose (small ), the
IPM tends to find high-rank solutions, and the probability of
extracting a feasible rank-1 solution drops for v ~ 0.15. As
v increases, the IPM is more likely to find rank-1 solutions,
which are optimal since SDR is tight. As seen in Fig. 2(a),
whenever A,y (H,) is unique, (19) holds, as expected since
(21) is always feasible. Note that, in this case, a rank-1 solution
can always be found via [26, Algorithm 1]. However, when
Amin (H) is unique, Theorem 1 permits finding the optimal
solution with much less computational cost.

PAPC case: Under PAPC, (21) may or may not be feasible
depending on the value of v. Now the number of constraints
is P+ @ = Nj + 1, and the SDR of (21) need not be tight
if N3 > 2. As seen in Fig. 2(b), there exist cases in which
(19) is not satisfied although Api, (H,) is unique, pointing to
primal infeasibility, more likely as v — 1.

Fig. 3 shows the corresponding tradeoff curves for both
approaches, together with that based on a convex combination
(CC) of SIC-only and communication-only solutions' (which
is analogous to multibeam designs for joint communication
and sensing [32], [33]). It is seen that, whenever a feasible
rank-1 solution is found from SDR and A, (H,) happens
to be unique, both approaches yield the same solution in this
setting, both under TPC and PAPC; whereas the CC approach
suffers a significant loss.

IThe SIC-only solution fgyc is given by the least eigenvector of H, s}fr Hg,
whereas the communication-only solution fcom is the principal eigenvector of
Hg H 5. Then, the CC solution reads as fcc = (1—w) fsic+w feom, with
w € [0, 1], which may need to be (element-wise) scaled to satisfy TPC/PAPC.

(a) TPC
—— Theorem 1
O SDR
— — Convex Combination

(b) PAPC
—— Theorem 1
O SDR
— — Convex Combination 9/

'
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Fig. 3: Tradeoff curves for problem (21) sweeping ~ from O to 1.

B. Integrated Sensing and Communication under PAPC

Consider now the setting from Fig. 1(b), in which an ISAC
transceiver, equipped with an array of Ny antennas, simulta-
neously performs downlink single-stream communication and
radar sensing toward P targets. It transmits a zero-mean,
unit-variance symbol s to the downlink user, which has an
array of My antennas. Letting f € CNr, g € CMv and
H, € CMuxNt be the TX and RX beamforming vectors and
the downlink channel matrix, resp., the received signal reads
analogously to (20). Again, MRC beamforming is optimal at
RX: g = Hc.f/HHcf”

One possible design for the ISAC TX beamformer is to
maximize the downlink beamforming gain under a requirement
on the TX beampattern gain in the direction of each target.
Under PAPC, this is formulated as

mfin —fPHIH.f (25a)
st |fTar(0,) > 72, p=1,.... P, (25b)
el f <pg, a=1,... Nr, (25¢)

where 72

» 1s the minimum gain in the direction of the p-th
target. Note that (25) fits the general structure of (1), with A =
-HIH, B, = aT(Hp)a%{(Hp), C, = eqeé{, and Q=Nr.

As in Sec. III-A, we assume a setting with %—spaced ULAs,
Nt = 16, My = 8, and P = 2 targets. The downlink
channel H. is modeled as in (22) with the corresponding
parameters given below (24). Target directions 6, Vp, follow
the same distribution as AoDs/AoAs. The channel matrix and
steering vector are normalized so that || H,||2 = NtMy and
|lat(9)]|?> = Nr. TX beampattern gain constraints are set to
72 = YpAmax(ar(0p)af! (0))), with ,, € [0,1], Vp, and power
constraints are set to p, = NLT vq.

Numerical results are shown in Fig. 4. The CC solution
is omitted since P > 1. Note that, since problem (25) has
P + N; > 3 constraints, the SDR of (25) need not be tight.
As in Sec. II-A, a rank-1 component from the SDR solution is
extracted from the principal eigenvector, as no improvements
were observed when using Gaussian randomization. As shown
in Fig. 4, this rank-1 component slightly underperforms the op-
timal solution obtained via Theorem 1, while both approaches
have the same worst-case complexity O((P + Nt)*).
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4: Tradeoff curves between the downlink beamforming gain, i.e.,

7 Hg'l H_.f, and the beampattern gain at sensing direction 61, i.e.,

|far(61)

2, for problem (25) (sweeping ~1 from 0 to 1) under PAPC

and fixed 75 = Y2 Amax(ar(02)afl (62)), with v2 = {0,0.1,0.3,0.5}.

IV. CONCLUSIONS

Our analysis exposed a condition for strong duality of a
class of QCQPs, and from which the optimal solution emerges.
Fulfillment of this condition also implies SDR tightness. Since
a rank-constrained solution may be hard to extract from the
SDR solution, our result may be potentially useful in certain
settings, especially if the number of variables is much larger
than that of constraints.
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