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Abstract—The problem of spectrum sensing in multi-frequency
cognitive radio systems is addressed. We show that as the sensed
bandwidth increases, the primary user detection is governed by a
low signal-to-noise ratio (low-SNR) regime. By means of low-SNR
approximations, we show that the optimal generalized likelihood
ratio test (GLRT) only depends on the second order statistics of
the observations and on a shaping kernel that highlights the
relevant parameters required for detection. Furthermore, the
ML estimates of the unknown model parameters are derived for
multi-frequency systems, which allow closed-form expressions for
the GLRT statistic. The detection performance and the kernel
interpretation are supported with simulation results.
Index Terms—Cognitive radio, spectrum sensing, GLRT,
wideband/low-SNR regime, frequency-domain.

I. I NTRODUCTION
Cognitive radio is a new wireless communication paradigm
that utilizes advanced signal processing along with novel
dynamic spectrum policies to support new users who wish to
opportunistically communicate in the existing congested spectrum without degrading the established users [1]. A cognitive
radio is an adaptive wireless communication system that takes
advantage of side information on the network. Interweave
cognitive radio [2] is motivated by opportunistic transmission
of secondary users over the available spectrum gaps or holes
in given time and geographical location conditions.
A primary function of interweave cognitive radios is to
reliably identify the available spectrum resources temporally
unused by the primary users. This awareness can be obtained
through a database, by using beacons, or by local spectrum
sensing [3]. In this paper, we focus on spectrum sensing
performed at the cognitive radio receivers as it constitutes
a broader solution and has less infrastructure requirements.
On the one hand, the energy detector, pilot-based methods
[4], cyclostationarity feature detection [5], and match-filtering
[6] are the most commonly employed techniques for spectrum sensing. However, the performance of such detectors
is severely degraded with inaccurate prior information on
the model features such as the noise variance in the energy
detector, or the cyclic frequencies in the cyclostationarity
detector [7]. On the other hand, spectrum sensing detectors
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based on the generalized likelihood ratio test (GLRT) have
received recent attention, e.g. [8], [9], as the GLRT statistic
is optimal in the Neyman-Pearson sense [10] and natively
incorporates joint parameter maximum likelihood (ML) estimation for inaccurate model parameters. ML estimation in
wideband cognitive radios is especially challenging because
wideband regimes are characterized by close to zero spectral
efficiency and very low signal-to-noise ratios (SNRs) [11].
Furthermore, the method of ML, despite its theoretical appeal,
is often difficult to implement, and analytical solutions are
not available in many circumstances. However, we show the
tractability of the ML formulation in asymptotically low-SNR
regimes, and identify that the second-order statistics of the
observations are sufficient statistics for the spectrum detection
problem when the noise level is high.
In this paper, we derive the optimal ML estimates for GLRT
spectrum sensing detection in multi-frequency scenarios, and
show through low-SNR approximations that GLRT detection
depends on a kernel operator and the sample covariance matrix
of the observations, asymptotically as the SNR tends to zero.
We further derive the optimal GLRT detectors and assess their
performance comparison by means of simulation results.
II. S IGNAL M ODEL AND P ROBLEM S TATEMENT
We consider the spectrum sensing problem for multifrequency wideband cognitive radio networks consisting of
a set of secondary users, each equipped with one receiving antenna with the purpose of individually monitoring the
activity of the primary users’, denoted by the wide-sense
stationary signal S(t), which accounts for the superposition of
the primary services over the sensed spectrum of bandwidth
B. In multi-frequency systems, the primary users’ services
employ frequency-division multiplexing (FDM) with predetermined channelization. The sensed multi-frequency system
is characterized by K adjacent channels, i.e.,
K

. 
Sk (t) + W (t),
X(t) =

(1)

k=1

where Sk (t) denotes the primary users’ signal located at the kth channel, and W (t) is the double-sided complex zero-mean
additive white Gaussian noise with spectral density N0 /2.
The N -dimensional discrete-time received signal is defined

.
m T
as x[m] = [X(tm
1 ), . . . , X(tN )] , where the sampling instants
satisfy Nyquist-rate uniform sampling and piece-wise stacking,
1
i.e., tm
n = t0 + (mN + n) B . As a result, each cognitive radio
acquires an observations data record of size N × M given by
.
X = (x[1], . . . , x[M ]). We similarly define Sk and W for the
signal and noise components.
Let H0,k be the hypothesis that the primary users are not
transmitting over the k-th channel. Similarly, let H1,k denote
the event in which there is activity on the k-th channel during
the sensing interval. The spectrum sensing problem may be
therefore cast as the binary hypotheses testing problem

H0,k : X = l=k Sl + W
K
(2)
H1,k : X = l=1 Sl + W,
for 1 ≤ k ≤ K. In (2), the column entries of Sk and W
are complex multivariate and zero-mean Gaussian distributed
with correlation matrices Rsk = γk Rk , and Rw = σ 2 I,
respectively, where Rk is the normalized Toeplitz correlation
matrix of the primary users’ signal on the k-th channel, with
tr(Rk ) = N and where γk stands for the received power level
on the k-th channel. If the sensed multi-frequency system employs homogeneous services, the signal statistics across channels further accomplish Rk = R0  (e(ωk )eH (ωk )), where
and e(ω) is the
R0 is the baseband basic modulation format,

. 
steering vector at ω, i.e., eH (ω) = 1 ejω . . . ejω(N −1) .
For notation purposes, we define M = {Rk } as the set
.
of normalized multi-frequency correlation matrices, and γ =
T
define the SNR at the k-th channel
(γ1 , . . . , γK ) . We further
.
. K
as ρk = σγk2 and ρ0 = k=1 ρk .
In the problem in hand, it is a valid assumption that both
noise and signal are normally distributed. While facilitating the
analysis, this is reasonable because usually there is no lineof-sight (LOS) path between the cognitive radio receiver and
the primary user transmitter. Hence, the resulting signal is the
superposition of no-LOS signals and approximates Gaussian
distribution as the number of observations is sufficiently
large, according to the central limit theorem. Moreover, it
has recently proved that Gaussian ML estimation provides,
asymptotically as ρ0 → 0, the optimum second-order estimator
[12].
III. M ULTI -F REQUENCY GLRT
We are interested in detecting the presence of the signal
observations Sk based on the local observations X in (2). It
is known that the GLRT is asymptotically optimal under the
Neyman-Pearson criterion, i.e., to maximize the probability of
detection, for a given probability of false alarm level when
the number of observations tends to infinity [10]. Recently,
the finite-sample optimality of GLRT has been established
in [13]. When treating the multi-frequency cognitive radio
problem as a joint multiple-hypotheses test, the complexity
of the spectrum sensing detectors grows exponentially with
the number of channels, which becomes impractical due to
the limited processing capabilities of the wideband cognitive
radios. Conversely, when casting the cognitive radio problem
as in (2), we are dealing with K nuisance-parameter binary

tests [10]. Let Ψ0,k and Ψ1,k denote the sets of unknown
model parameters under H0,k and H1,k , respectively. The
nuisance-hypotheses testing problem at the k-th channel is
given by
Lk (X, Θk ) =

p(X|Ψ̂1,k , Θ1,k , H1,k )
p(X|Ψ̂0,k , Θ0,k , H0,k )

≥ λk ,

(3)

where the ML estimates of the unknown parameters are
given by Ψ̂1,k = arg maxΨ p(X|Ψ, Θ1,k , H1,k ) and Ψ̂0,k =
arg maxΨ p(X|Ψ, Θ0,k , H0,k ). In (3), Θk denotes the set
of a priori known parameters, and Θ0,k , Θ1,k ⊂ Θk . The
threshold λk sets the decision level for which the test statistic
Lk (X, Θk ) decides for H1,k , and for H0,k otherwise, and
is selected to satisfy the false alarm level P(H1,k |H0,k ) =
P [Lk (X, Θk ) ≥ λk |H0,k ] = αk . In the sequel, we set αk = α
for all k.
Despite its theoretical appeal, the ML estimation and GLRT
detection in (3) are often difficult to implement, and analytical
solutions are not available in many circumstances. However,
we show that GLRT spectrum sensing detection for wideband
cognitive radio is encompassed in a low-complex unified
framework, which we state in the following Theorem.
Theorem 1. Consider the wideband cognitive radio spectrum sensing problem (2). Under the Gaussian assumption,
the multi-frequency GLRT spectrum sensing detector (3) is,
asymptotically as ρk → 0 and N → ∞, given by

.
Tk (X, Θk ) =
Kk (ω, Θk )P (ω)dω ≥ λk ,
(4)
B

where X is the asymptotic data record, Θk is the set of known
a priori parameters, Kk (ω, Θk ) is a kernel associated to each
detector, P (ω) is the continuous-frequency periodogram of X,
and λk is the detection threshold. Furthermore, the multifrequency GLRT spectrum sensing detector only depends,
asymptotically as ρk → 0, on the second-order statistics of
the observations.
Proof: See Appendix A.
From (4), it is deduced that the multi-frequency GLRT
spectrum sensing detection is based on the product between
the second-order statistics of the observations and a shaping
kernel that highlights the model features which are relevant for
detection. Moreover, we show that frequency-domain asymptotic kernels derived from GLRT spectrum sensing detectors
as ρk → 0 have a common inner structure that depends on
the signal and noise-plus-interference statistics. Let φs (ω) and
φν (ω) denote the PSD of the signal to be detected and the
noise-plus-interference, respectively. The detection kernel in
(4) has an internal structure given by
.
K0 [φs (ω), φν (ω)] =

φs (ω)
1
.
φν (ω) φs (ω) + φν (ω)

(5)

For
 the cognitive radio problem (2), we note that φν (ω) =
l=k φsl (ω)+φw (ω). On the one hand, as K0 [φs (ω), φν (ω)]
approaches to the unity, the detector asymptotically behaves
as the energy detector. On the other hand, we show that

the kernel becomes proportional to the primary users’ signal
power spectral density (PSD) as the noise level increases,
and the detector performs the spectral correlation between
the averaged periodogram of the observations and the signal
PSD. This result is indeed well-known as the locally optimum
detector for the cognitive radio problem (2), obtained through
directly expanding the optimum quadratic statistic in the lowSNR limit [14]. When the signal and noise-plus-interference
statistics are not perfectly characterized, the expression of
K0 [φs (ω), φν (ω)] depends on the ML estimates of the unknown parameters. Therefore, the performance of the GLRT
spectrum sensing detectors is related to the derivation of the
ML estimates in (3). Even though parameter estimation is
especially challenging in wideband regimes, in what follows,
we show that analytical solutions are obtained asymptotically
for ρk → 0. The expressions of the ML estimates provide
further insight on the fundamentals of the spectrum sensing
detection problem (2).
IV. O PTIMAL M ULTI -F REQUENCY W IDEBAND
D ETECTORS
We next discuss the optimal GLRT spectrum sensing detectors for the multi-frequency model (1) with known and
unknown noise level. We assume that the frequencies ωk and
the baseband modulation format R0 are perfectly known.
A. Multi-Frequency Detector
Assume that each cogitative radio device has perfect knowledge on the noise variance σ 2 , as well as the primary system
multi-frequency structure M.
Theorem 2. For a given multi-frequency system M, the
optimal GLRT spectrum sensing detector at the k-th channel
in the wideband regime with known noise variance is given by


−1
Rx ≥ λk ,
Tk (X|M, σ 2 ) = tr Ξ−1
k γ̂k Rk (γ̂k Rk + Ξk )
(6)
. 
where Ξk = l=k γ̂l Rl + σ 2 I, and the ML estimates of the
signal levels are given by
⎛
⎞
⎞ ⎛
tr(R21 )
. . . tr(R1 RK )
γ1
⎜
⎟ ⎜ .. ⎟
..
..
⎝
⎠×⎝ . ⎠
.
.
tr(RK R1 )

tr(R2K )
γK
⎞
⎛
tr(R1 Rx )
⎟
⎜
..
2
=⎝
⎠ − σ N 1,
.
tr(RK Rx )

...

(7)

where 1 is the all-ones column vector.
Proof: See Appendix B.
We note that when the number of available samples is
low, the orthogonality between channels is not preserved and,
in general, the system of equations (7) is coupled because
tr(Rk Rl ) = 0, for l = k. However, for large data-records, the
system matrix in (7) becomes diagonal, and the ML estimates
at each channel are independent on the other channels, giving
tr(R2k )γ̂k = tr(Rk Rx ) − σ 2 N . In both cases, the system

matrix in (7) can be computed off-line. The frequency-domain
asymptotic kernel for the spectrum sensing detection at the kth channel is given by
⎡
⎤

γ̂l φl (ω) + σ 2 ⎦ . (8)
Kk (ω, M, σ 2 ) = K0 ⎣γ̂k φk (ω),
l=k

We see that the detector employs the occupation on the
remaining frequencies as interference for sensing the k-th
channel. As expected, the performance of (6) is affected by
the signal-to-interference-plus-noise ratio (SINR) based on the
cross-correlation that arise from the adjacent channels.
B. Multi-Frequency and Noise Level Detector
We finally consider the detection of multi-frequency systems
with unknown noise variance.
Theorem 3. For a given multi-frequency system M, the
optimal GLRT spectrum sensing detector at the k-th channel
in the wideband regime with unknown noise variance is given
by


−1
Rx ≥ λk , (9)
Tk (X|M) = tr Ξ−1
k γ̂k Rk (γ̂k Rk + Ξk )
. 
where Ξk = l=k γ̂l Rl + σ̂12 I, and the ML estimates of the
signal and noise levels are given by
⎞ ⎛
⎛
⎞
tr(R21 )
. . . tr(R1 RK ) N
γ1
⎜
..
..
.. ⎟ ⎜ . ⎟
⎜
.. ⎟
.
.
. ⎟
⎟×⎜
⎜
⎟
2
⎟ ⎜
⎜ tr(RK R1 ) . . .
tr(R
)
N
⎝
K
γK ⎠
⎠
⎝
..
σ̂12
N
.
N
N
⎛
⎞
tr(R1 Rx )
⎜
⎟
..
⎜
⎟
.
=⎜
⎟ . (10)
⎝ tr(RK Rx ) ⎠
tr(Rx )
Proof: See Appendix C.
The main advantage of the test statistic (3) is that all the
information on the sensed bandwidth is exploited for joint
detection and estimation at a given band. Whereas filter-bank
based detectors may suffer from adjacent channel leakage,
the nuisance-parameter formulation allows the detector to take
advantage of the multi-frequency structure M for estimating
both signal and noise levels. The frequency-domain asymptotic
interpretation of the associated kernel
⎡
⎤

(11)
γ̂l φl (ω) + σ̂12 ⎦
Kk (ω, M) = K0 ⎣γ̂k φk (ω),
l=k

shows that the ML estimate of the noise variance flourishes
together with the remaining bands as interference.
V. N UMERICAL R ESULTS
We evaluate the performance of the GLRT spectrum sensing
detectors for multi-frequency systems. We consider a cognitive
radio network with primary systems based on the terrestrial
digital video broadcasting (DVB-T) standard in the 2k-mode
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Fig. 1. (a) Receiver operating characteristics (ROC) of the multi-frequency
spectrum sensing detectors at ρk = −12.5 dB, and (b) Probability of
detection of the multi-frequency spectrum sensing detectors versus average
ρk with false alarm level α = 0.01.

in an example with K = 8 channels when sensing an arbitrary
channel. The observation size is N = 32, and M = 2N . For
comparison reasons, we add the estimator-correlator, i.e., the
test statistic (6) with perfect knowledge on (γ1 , . . . , γK ), and
the multi-frequency GLRT (6) with noise uncertainty of 1 dB.
On the one hand, the sensing performance of the multifrequency GLRT spectrum sensing detectors is depicted in
Fig. 1. The ROC at ρk = −12.5 dB is analyzed in Fig. 1(a),
whereas the probability of detection versus average SNR is
shown in 1(b). It can be highlighted that, analogous to the
wideband detectors, the prior knowledge on the normalized
correlation matrices Rk is the most informative statistic on
the primary users’ signal as the multi-frequency detector (6)
incurs no sensing loss in estimating the signal levels when the
noise variance is perfectly known. However, it is seen in both
figures that the multi-frequency detector with known noise
variance suffers from a significant degradation in performance
when there is a mismatch in the value of σ 2 . Contrarily, the
multi-frequency detector (9) achieves performance similar to
that of the estimator-correlator as it is robust to unknown
noise variance. The estimation of σ 2 in (10) degrades the
performance in roughly only 1 dB in SNR, whereas the ROC
for very restrictive false alarm levels incurs a larger penalty
due to the sensitivity in the computation of the threshold.
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Fig. 2. (a) Observations averaged periodogram, and (b) the frequency-domain
interpretation of the kernels in multi-frequency spectrum sensing detectors at
average ρk = −12.5 dB.

We further show in Fig. 2 how the kernels actuate over
the averaged periodogram of the observations in the multifrequency detector when sensing the 3rd band with γ1 = γ3 =
γ7 , γ5 with slightly more power, and γk = 0 otherwise. As it
can be appreciated, K3 (ω, M) keeps the spectral shape of the
estimator-correlator detector with a small shift and scaling.
Both kernels show how they are affected by the spectral
information outside the sensing frequency, because they are
incorporated in φν (ω) in (5), along with the additive thermal
noise. As an example, we emphasize that the kernel focus on
diminishing the contribution of ω5 and ω7 , because it has a
limited small number of degrees of freedom (i.e., N is small).
For asymptotically large N , it is expected that Kk (ω, M) will
tend to the trivial solution, i.e., a narrowband filter at ω3 .
VI. C ONCLUSIONS
In this paper we have derived a unified structure and closedform solutions of wideband GLRT spectrum sensing detectors
for multi-frequency cognitive radio networks by means of
low-SNR approximations. The asymptotic interpretation of the
detectors provides a physical insight on the main factors that
determine the sensing performance. Numerical results provide
performance comparison between the derived tests.

1

A PPENDIX A
P ROOF OF T HEOREM 1
We first proof that, asymptotically for ρk → 0, the GLRT
(3) is of the form Tk (X, Θk ) = tr(Kk Rx ). For clarity
.
purposes, we make the following definitions: M = {Rl }l ,
.
.
T
γ = (γ1 , . . . , γK ), γ k̄ = (γ1 , . . . , γk−1 , 0, γk+1 , γK )T ,
.
K
and Rs [γ] =
l=1 γl Rl . Consider now the GLRT
(3) for the spectrum sensing problem (2) under the
p(X|γ̂ ,σ̂ 2 ,H )
Gaussian assumption, i.e., Lk (X, M) = p(X|γ̂ ,σ̂12 ,H1,k ) ,
0,k
0
k̄
where p(X|γ̂, σ̂12 , H1,k )
=
CN (0, Rs [γ̂] + σ̂12 I),
=
CN (0, Rs [γ̂ k̄ ] + σ̂02 I).
and p(X|γ̂ k̄ , σ̂02 , H0,k )
.
We further define Ξk = Rs [γ̂] + σ̂12 . By taking
.
1
H
the logarithm and defining Rx =
M XX , after
1
grouping
terms we obtain that M log Lk (X, M) =

−1
+
− (γ̂k Rk + Ξk )−1 Rx
tr Rs[γ̂ k̄ ] + σ̂02 I)
2


R̂s [γ̂ k̄ ]+σ0
−1
− log det I + Ξk γ̂k Rk . On the
log det
Ξk
one hand, we
the
σ̂02 ≈ σ̂12
 approximations
 consider
−1
−1
≈ tr(Ξk γ̂k Rk ) ≈ 0,
and log det I + Ξk γ̂k Rk
asymptotically as ρk → 0. On the other hand, by
recalling the matrix inversion lemma (A + BCD)−1 =
A−1 − A−1 B(DA−1 B + C−1 )−1 DA−1 we obtain that
−1
−1
−1
. Applying
(γ̂k Rk + Ξ−1
k ) = Ξk − Ξk γ̂k Rk (γ̂k Rk + Ξk )
this last result to the GLRT, we can approximate
1
log Lk (X, M) ≈ tr (Kk Rx ) .
M

(12)

.
−1
where Kk = Ξ−1
. For the second part
k γ̂k Rk (γ̂k Rk + Ξk )
of the proof, we recall that for large data records (i.e., as
N → ∞) in (2), it is established in [10, Ch. 5, Sec. 5] though
approximating the PDF of X that log-likelihood decision
statistic (12) can be approximated as (4), where Kk (ω, Θ)
is the asymptotic continuous-frequency transform of Kk , and
P (ω) is the continuous-frequency periodogram of X.
A PPENDIX B
P ROOF OF T HEOREM 2
.
The ML estimate of the power levels γ
=
model  (1)
(γ1 , . . . , γK ) for the multi-frequency

K
2
reads γ̂
=
arg minγ log det
γ
R
+
k=1 k k + σ I



−1
K
2
tr
Rx , with the additional
k=1 γk Rk + σ I
constraint γ
0. The problem is convex on γ
and we take the derivative of the objective with
respect to γk and equal it to zero, which gives

−1
−
the following equation tr Rs [γ] + σ 2 I
Rk





−1
−1
tr Rs [γ] + σ 2 I
=
0.
Rk Rs [γ] + σ 2 I
Rx
Solving for γ requires the use of iterative algorithms
which do not provide interpretation insight on the
solution. However, in the wideband regime, we
further
make use of  the following approximations

−1
tr Rs [γ] + σ 2 I
Rk ≈ σ12 tr(Rk ) − σ14 tr (Rs [γ]Rk ),



−1
−1
≈
and tr Rs [γ] + σ 2 I
Rk Rs [γ] + σ 2 I
Rx
γn
1
2


tr(R
R
)
−
tr
(R
[γ]R
R
),
as
→
0.
Applying
k
x
s
k
x
σ4
σ6
σ2

the former approximations, we obtain that the ML estimate of
Rs accomplishes σ26 tr (Rs [γ]Rk Rx ) − σ14 tr (Rs [γ]Rk ) =
1
1


σ 4 tr(Rk Rx ) − σ 2 tr(Rk ). We further make use of the
low-SNR approximation with the left-hand side of the
former equation. Noting that tr(2Rx − σ 2 I) ≈ σ 2 I,
it reduces, after multiplying both sides by σ 2 , to
tr(Rs [γ]Rk ) = tr(Rk Rx ) − σ 2 tr(Rk ). By placing
the K equations
in a matrix form, we proof (7). By taking
(12) with Ξk = l=k γ̂l Rl + σ 2 I, we prove (6).
A PPENDIX C
P ROOF OF T HEOREM 3
The ML estimates of the power levels γ and the noise
variance under H1 , σ̂12 , are given
by the optimization

K
2
2
problem γ̂, σ̂1 = arg minγ log det
γ
R
+
σ
I
+
k
k
k=1


−1
K
2
tr
Rx . Under the low-SNR ask=1 γk Rk + σ I
sumption, the derivative with respect to the power levels
is given, similarly to Appendix B, by the set of equations
tr(Rs [γ]Rk ) + σ 2 tr(Rk ) = tr(Rk Rx ). To the K former equations, we add the derivative with respect to the
noise variance, which after analogous manipulations, leads
to tr(Rs [γ]) + σ 2 N = tr(Rx ). The K + 1 equations in
vectorial notation
are then given by (10). Finally, taking (12)

with Ξk = l=k γ̂l Rl + σ̂12 I, proves (9).
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