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Abstract
The layered organization of traditional wired network design has continuously regarded communication links as bit pipes delivering data at some fixed rate with a certain error probability.
While this modeling of the underlying physical layer may result appropriate for wired networks,
it is certainly naive in the wireless domain. Unlike the fixed wired network, where the channel is time-invariant, the propagation physics of wireless channels and potential user mobility
render the wireless network conditions very dynamic and time varying. Much worse, the pipe
model disregards multiuser interference: by giving shared access to the same limited pool of
resources to many users, the transmission rates of the communication links get coupled and
the decomposition of the network into a set of independent single-user links turns out to be
meaningless.
While the role of multiuser interference is widely recognized in prospective systems design,
its impact on network performance is diverse. In this respect, the aim of the present Ph.D.
thesis is to adopt a broad approach in the study of multiuser interference in wireless networks,
recognizing it as a phenomenon with many different facets out of which we concentrate on four
of them: cancelation, impact, practical management, and complexity.
We start studying when and how to perform partial interference cancelation, a technique
that requires full statistical knowledge of the interfering signals at the receivers. We find that
coding and decoding complexity can be traded whenever interference is under the control of the
same source. In other words, the need for partial interference cancelation at the receivers can be
alleviated through the use of appropriate coding techniques exploiting signal correlation at the
transmitters. Additionally, we propose a transmission strategy based on superposition coding
and aided decoding that yields an achievable region at least as large as the best long-standing
region for the interference channel.
Useful as it is, interference cancelation becomes infeasible in applications backed by decentralized wireless networks with uncoordinated nodes. That leaves each sender-destination pair
armed only with point-to-point (single user) strategies. This motivates the study of the totally
asynchronous interference channel with single-user receivers. Having a capacity region rather
involved, the evaluation of achievable rates is tackled based on simpler single-letter inner and
outer bounds. The study of these bounds reveals that the impact of interference on the achiev-
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able rates can be mitigated through statistical signal design. Besides, the performance losses
associated to the lack of transmission synchronism and the use of single-user decoders in the
low- and high-power and low- and high-interference regimes are also quantified.
Next, the focus is on how to manage interference in a practical scenario where the receivers
are again interference unaware but now frame-synchronous. A practical transmission scheme
that allows for the design of optimal allocation policies of the limited transmission resources
of the network is proposed. Giving special attention to a cellular configuration under practical
conditions, efficient allocation schemes achieving Pareto and sequential optimality, respectively,
are proposed and compared. The emphasis at this point is on the performance-complexity and
throughput-fairness tradeoffs.
While recognizing that multiuser interference and the availability of receiver information
modifies the fundamental limits and the practical figures of merit of wireless networks, the thesis
concludes by studying a related aspect: how multiuser interference impacts on the complexity
required for the evaluation of the previous quantities. Efficient methods for the evaluation of
the capacity region of multiuser channels are proposed and, unlike the single-user case, nonconvexities in optimization problems need to be unavoidably faced.

Resumen
La estructura de capas que rige el diseño de red ha modelado tradicionalmente los enlaces de
comunicación como tuberı́as que transportan datos a una tasa fija con una cierta probabilidad
de error. Si bien este modelo implı́cito de capa fı́sica puede resultar apropiado para redes cableadas, ciertamente resulta demasiado simple en el dominio inalámbrico. El modelo de tuberı́as
ignora la interferencia multiusuario: al permitir el acceso compartido al mismo conjunto limitado de recursos por parte de varios usuarios, las tasas de transmisión de los diferentes enlaces
de comunicación se acoplan y la red ya no puede descomponerse en un conjunto independiente
de enlaces punto a punto.
Mientras que el papel de la interferencia multiusuario es ampliamente reconocido en el diseño
de sistemas futuros, su impacto en las prestaciones de red es diverso. Es por tanto la intención
de la presente tesis doctoral el adoptar un amplio enfoque en el estudio de la interferencia
multiusuario, reconociéndola como un fenómeno con múltiples facetas, de las cuales se tratan
cuatro de ellas: cancelación, impacto, gestión práctica y complejidad.
Empezamos estudiando el cuándo y el cómo de la cancelación parcial de interferencia, una
técnica que requiere conocimiento estadı́stico completo de las señales interferentes en los receptores. Se ha demostrado que se pueden intercambiar la complejidad de codificación y decodificación cuando la interferencia está bajo el control de la misma fuente. En otras palabras, la
necesidad de cancelar interferencia en los receptores se puede relajar gracias al uso de técnicas de
codificación que aprovechen la correlación entre señales en los transmisores. Adicionalmente, se
ha propuesto una estrategia de transmisión basada en codificación superpuesta y decodificación
ayudada que ofrece una región alcanzable al menos tan grande como la mejor región conocida
para el canal de interferencia.
Siendo útil, la cancelación de interferencia es impracticable en aplicaciones respaldadas por
redes inalámbricas descentralizadas con nodos no coordinados. Ası́ pues, cada par fuente-destino
se ve relegado a usar únicamente estrategias punto a punto (monousuario). Este hecho motiva
el estudio del canal de interferencia totalmente ası́ncrono con receptores monousuario. Al tener
una región de capacidad compleja, la evaluación de las tasas alcanzables se realiza apoyándose
en cotas interiores y exteriores más simples. El estudio de estas cotas revela que el impacto
de la interferencia se puede mitigar a través del diseño estadı́stico de las señales transmitidas.
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Resumen

Además, se han cuantificado las pérdidas de prestaciones asociadas a la pérdida de sincronismo
y el uso de receptores monousuario tanto en condiciones de baja y alta potencia, como de baja
y alta interferencia.
A continuación se presta atención a cómo gestionar la interferencia en un escenario práctico
donde los receptores de nuevo ignoran la presencia de interferencia, pero ahora mantienen sincronismo de trama. Dando especial atención a una configuración de red celular, se han propuesto
y comparado esquemas eficientes de asignación de recursos capaces de alcanzar optimalidad
de Pareto y secuencial. El énfasis en el análisis ha residido en los compromisos prestacionescomplejidad y throughput-igualdad.
Reconociendo que es la interferencia multiusuario y la información que sobre ella se tiene
en los receptores lo que condiciona tanto los lı́mites fundamentales como las figuras de mérito
prácticas en las redes inalámbricas, la tesis concluye con el estudio de un aspecto relacionado:
el impacto de la interferencia en la complejidad requerida para evaluar estas cantidades. Se han
propuesto métodos eficientes para la evaluación de la región de capacidad de canales multiusuario
y, al contrario que en el caso multiusuario, los problemas de optimización involucrados presentan
no convexidades inevitables.
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las ocurrencias de Xavi Artigas, la destreza argumental de Julio Rolón, la sensibilidad de Luis
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han seguit amb il·lusió l’evolució d’aquesta tesi. Y aunque él no lo sepa todavı́a, mi sobrino
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Notation
Throughout this dissertation, boldface lower-case letters shall denote column vectors, with 0n
and 1n standing for the all-zero and all-one column vectors of length n, respectively. We shall
denote by xi the i-th entry of vector x, and use ≥ and ≤ for scalar and component-wise inequal-

ities indistinctly. Similarly, z = min{x, y} denotes the vertical stacking of the component-wise
minimum of two vectors. Boldface upper-case letters are used for matrices, with In standing for
the n × n identity matrix and Ai,j denoting the entry of the i-th row and j-th column of matrix
A, whose transpose and Hermitian are AT and A† , respectively. The i-th ordered eigenvalue

(singular value) of an square (arbitrary) matrix A is denoted by λi (A), where λi (A) ≥ λi+1 (A).
Whenever needed, the superscript (·)? shall denote the optimal value of a variable.

As for random variables, we shall denote by Xkn an n-dimensional random vector taking
on the value xnk over the finite set Xkn with probability PXkn (xnk ). The i-th component of Xkn

n = [X
is denoted by Xk,i , whereas Xki = [Xk,1 . . . Xk,i ] and Xk,i
k,i . . . Xk,n ]. If the context is

appropriate (no ambiguity is possible), we shall use the equivalence [a, b] ≡ {a, a + 1, . . . , b}, for
arbitrary integers a, b such that b > a. Other specific notation is introduced as follows:
(x)+

The projection of the real variable x onto the non-negative semiaxis, i.e.,
(x)+ = max{x, 0}.
Proportional to.

∝

(

1, x = 0

δ[x]

Kronecker delta. That is, δ[x] =

Co{S}

Convex hull of the set S.

N (µ, C)

Multivariate Normal (Gaussian) distribution with mean µ and covariance ma-

A

Hadamard (i.e. element-wise) product of matrices. That is, [A

B

0, otherwise.

trix C.
Ai,j Bi,j .

ab

a much smaller than b.

ab

a much greater than b.
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Chapter 1

Introduction
More than half a century ago, the birth of Information Theory settled the fundamental principles
governing the feasibility of reliable communication in single-user channels. Subsuming elegantly
the impact of both channel distortion and noise in the single figure of merit of channel capacity,
this new research framework not only ended with the long-standing folk theorem that regarded
transmission rate and accuracy as an unavoidable tradeoff. It also facilitated the advent of
modern digital communications and digital data recording: now, reliability could be achieved at
any rate below capacity. The rest is well known history.
In parallel, military interests triggered in the 1960s the creation of another apparently unrelated field of research: networking. However, what started with early studies on packet switching
and followed with the beginning of Internet, could no longer be kept within the defense umbrella.
The scalability, robustness to link failure, and business appeal of Internet turned it into a mass
phenomenon, giving rise to new user needs and services that rendered indispensable what was
unprecedented. From http to ftp, from file sharing communities to social networks, the eclosion
of communication networks has changed every single aspect of our behavior, labor, and leisure
time.
In studying network performance, the layered organization of traditional wired network design has continuously regarded communication links as bit pipes delivering data at some fixed
rate with a certain error probability. While this modeling of the underlying physical layer may
result appropriate for wired networks, it is certainly naive in the wireless domain. Unlike the
fixed wired network, where the channel is time-invariant, the propagation physics of wireless
channels and potential user mobility render wireless network conditions very dynamic and time
varying. Much worse, the pipe model disregards multiuser interference: by giving shared access
to the same limited pool of resources to many users (either information sources or sinks), the
transmission rates of the communication links get coupled and the decomposition of the network
into a set of independent single-user links turns out to be meaningless. It is at this point when
Information Theory can come back to help.
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Information Theory has not been unaware of the multiuser interference problem in multi-

terminal scenarios, as the first studies of multiuser channels date back to as soon as 1961, only
13 years after its birth in 1948. Besides, interference was not the only inherent phenomenon
of wireless networks that received attention from the information theoretic community: issues
such as cooperation and feedback also played an important role. In an impressive synthetic
effort, every possible degree of freedom of physical layer interaction between the terminals of
a wireless network were condensed in five multiuser channel models: the two-way channel, the
broadcast channel, the multiple access channel, the relay channel, and the interference channel.
Any network under study can therefore be decomposed into some combination of these building
blocks.
While the study of just one of the previous canonical multiuser channel models could well fit
the entire scope of a Ph.D. dissertation, it is the aim of the present one to adopt a higher level
approach and study multiuser interference in wireless networks as a phenomenon with many
facets by itself. Thus, from pure network information theory to the organization of real network
scenarios, from optimization theory to statistical analysis, the focus of this dissertation is diverse
in topics, yet it hopes to be specific in conclusions.

1.1

Motivation and Objectives

Although the role of multiuser interference is widely recognized in prospective systems design,
its impact on network performance is diverse. To serve as an example, wireless sensor networks,
wireless multihop networks, and mobile cellular systems, three key scenarios that shall enable
most of upcoming communication services, exhibit different characteristics that may cause the
eventual transmission strategies of the network terminals to be significantly different. In this
respect, we identify the information that each receiver has about the structure of the interference
to be the principal bottleneck constraining both the performance and sophistication of the
potential interference mitigation techniques that can be carried out. This has motivated the
study of four different research lines, each one represented by a different word in the subtitle of
the present dissertation. Namely,
• Cancelation. When the receivers of a network have complete knowledge of the statistical
structure of the interference,

– Is it beneficial to allow all the receivers of the network to perform partial interference
cancelation simultaneously?
– If so, what is the most advantageous partial interference cancelation scheme?
• Impact. If no knowledge at all is available at the receivers, what is the performance loss
experimented? Can proper signal design mitigate the performance degradation?

1.2. Thesis Outline
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• Practical Management. If no knowledge at all is available at the receivers, but some sort

of centralized coordination is possible, is there a way of getting rid of the performance
losses? If so, how can we get the most out of the available transmission resources?

• Complexity. In evaluating the fundamental limits of wireless networks, what is the complexity increase due to multiuser interference?

An individual chapter is dedicated to each of the above research lines and a brief summary
of these chapters is presented next.

1.2

Thesis Outline

Chapter 2
This chapter focuses first on the benefits of allowing all the receivers of a network to perform
partial interference cancelation simultaneously. While it is clear that such feature can never lead
to performance losses, we find out that sometimes it does neither produce rate gains as compared
to a situation where cancelation is performed alternatively at the receivers. Intuitively, when
all the interference is under the control of the same source, correlated coding can alleviate all
the users from performing partial interference cancelation simultaneously. This work has led to
a layered generalization of the random binning technique devised by Slepian and Wolf in the
context of coding of correlated sources for multiuser coding.
Besides, borrowing from the work of Marton for the broadcast channel, a novel transmission
strategy for the interference channel based on superposition coding and aided decoding is found
to yield an achievable region at least as large as the best known achievability result for this
channel.

Chapter 3
While Chapter 2 implicitly assumed perfect knowledge of the codebooks of the interferent users,
Chapter 3 focuses on the opposite situation of interference unaware receivers. That is often the
case in decentralized wireless networks with uncoordinated nodes, and motivates the study of the
totally asynchronous interference channel with single-user receivers. The capacity region of this
channel is characterized within an Information Spectrum approach, although more amenable
single-letter inner and outer bounds are also provided. As an interesting result, Gaussiandistributed codes are found not to be optimal for the Gaussian case, as other practical codes are
shown to outperform them. An analytical characterization of the conditions for the existence
of other input statistics superior to Gaussian reveals that, essentially, the channel needs to be
interference-limited.
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Chapter 4
As a result of the performance losses accounted for the lack of interference information in Chapter
3, the motivation of Chapter 4 is i) to mitigate them in a practical scenario where the receivers
are also interference unaware but frame-synchronous, and ii) to propose a practical transmission
scheme that allows for the design of optimal allocation policies of the limited transmission
resources of the network. Special attention is given to a cellular configuration, and, under
practical conditions, efficient allocation schemes achieving Pareto and sequential optimality,
respectively, are proposed and compared. The emphasis in this Chapter is on the performancecomplexity and throughput-fairness tradeoffs.

Chapter 5
While the focus of Chapters 2, 3, and 4 is on how multiuser interference and the availability of
receiver information modifies the fundamental limits (achievable rates in Chapter 2 and capacity
regions in 3) or the practical figures of merit (user throughput, Chapter 4) of wireless networks,
a related and so far unexplored aspect is how the same issues impact on the evaluation of these
quantities. Thus, Chapter 5 is devoted to propose efficient evaluation methods of capacity regions
of multiuser channels. It will be shown that, unlike the single-user case, multiuser interference
brings about non-negligible complexity in the computation of the performance limits. Particular
attention is payed to the multiple access channel and the degraded broadcast channel.

1.3

Research Contributions

The work conducted within the present thesis resulted in the publication of several contributions
in technical journals and international conferences. The details of the research contributions in
each chapter are as follows.

Chapter 2
The achievability result for the interference channel based on superposition coding and aided
decoding, lead to the following contribution:
• E. Calvo, Javier R. Fonollosa, and J. Vidal, “A simple achievable rate region for the
interference channel”, unpublished.

Unfortunately, by the time we were to submit this journal paper (March 2006) we found that,
in an independent work, another set of authors had already published the same exact result one
month before [Cho06a].

1.3. Research Contributions
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Chapter 3
The main results of this chapter are currently under review in one journal paper:
• [Cal08a] E. Calvo, J. R. Fonollosa, and J. Vidal, “The totally asynchronous interference channel with single-user receivers”, submitted to IEEE Transactions on Information
Theory, September 2008.

Chapter 4
One journal paper currently under review and one conference paper summarize the research
contributions of the chapter:
• [Cal08e] E. Calvo, J. Vidal, and J. R. Fonollosa, “Optimal resource allocation in relay-

assisted cellular networks with partial CSI”, submitted to IEEE Transactions on Signal
Processing, May 2008.

• [Cal07e] E. Calvo, J. Vidal, and J. R. Fonollosa, “Resource allocation in multihop OFDMA
broadcast networks”, Proc. IEEE Workshop on Signal Process. Advances for Wireless
Commun. (SPAWC), Helsinki, Finland, June 2007.

Chapter 5
Regarding the evaluation of capacity regions of multiuser channels, the research contributions
of this chapter are in the form of one journal paper currently under review and two conference
papers:
• [Cal07d] E. Calvo, D. P. Palomar, J. R. Fonollosa, and J. Vidal, “On the computation of

the capacity region of the discrete MAC”, submitted to IEEE Transactions on Information
Theory, May 2007.

• [Cal07c] E. Calvo, D. P. Palomar, J. R. Fonollosa, and J. Vidal, “The computation of
the capacity region of the discrete MAC is a rank-one non-convex optimization problem”,
Proc. Intl. Symposium on Information Theory (ISIT), pp. 2396-2400, Nice, France, June
2007.
• [Cal08c] E. Calvo, D. P. Palomar, J. R. Fonollosa, and J. Vidal, “The computation of

the capacity region of the discrete degraded BC is a non-convex DC problem”, Proc. Intl.
Symposium on Information Theory (ISIT), pp. 1721-1725, Toronto, Canada, July 2008.
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Other contributions not directly related with this dissertation
Apart from the topics covered in this dissertation, other research areas have been addressed
during the period of Ph.D. studies. Some of these topics were related with research projects
for private industry and public administrations, and the most relevant publications are listed
below.
? Research in multiuser detection for underwater communications:
• [Cal08d] E. Calvo and M. Stojanovic, “Efficient channel estimation-based multi-user
detection for underwater CDMA systems”, accepted for publication in IEEE Journal
of Oceanic Engineering, 2008.
• [Cal05] E. Calvo and M. Stojanovic, “A coordinate descent algorithm for multichan-

nel multiuser detection in underwater acoustic DS-CDMA systems”, Proc. IEEE
OCEANS Europe Conference, Brest, France, June 2005.

? Research in resource allocation with perfect CSI:
• [Cal07b] E. Calvo, J. R. Fonollosa, and J. Vidal, “Near-optimal joint power and rate
allocation for OFDMA broadcast channels”, Proc. IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP), Honolulu, HI, April 2007.
• [Cal07a]E. Calvo and J. R. Fonollosa, “Efficient resource allocation for orthogonal
transmission in broadcast channels”, Proc. IEEE Workshop on Signal Process. Ad-

vances for Wireless Commun. (SPAWC), Helsinki, Finland, June 2007.
? Additional research in resource allocation with imperfect CSI:
• [Muñ07] O. Muñoz, J. Vidal, A. Agustı́n, E. Calvo, and A. Alcón, “Resource man-

agement for relaying-enhanced WiMAX: OFDM and OFDMA”, Workshop Trends in
Radio Resource Management, Barcelona, November 2007.

? Research in wireless sensor networks:
• [Clo07] P. Closas, E. Calvo, J. Fernández, and A. Pagès, “Coupling noise effect in selfsynchronizing wireless sensor networks”, Proc. IEEE Workshop on Signal Process.
Advances for Wireless Commun. (SPAWC), Helsinki, Finland, June 2007.
? Research in 4G systems
• [Cal08b] E. Calvo, I. Kovács, L. Garcı́a, and J. R. Fonollosa, “A reconfigurable

downlink air interface: design, simulation methodology, and performance evaluation”,
Proc. ICT-Mobile Summit, Stockholm, Sweden, June 2008.

Chapter 2

Partial Interference Cancelation:
When and How
Wireless networks are made of several information sources and sinks that share the same transmission resources in their pursuit of reliable communication of multiple information flows. The
fact that the transmission resources are always limited in practice together with the potential
conflicts of interest that may arise between neighboring links couples individual performance
and complicates analysis. A rigorous way of approaching analysis is through the study of multiuser channels borrowed from Network Information Theory [Cov06, Ch. 14]: the broadcast
channel (BC) [Cov72, Ber73, Gal74, Cov75, Mar79, Cov81a, Cov98, Wei06], the multiple-access
channel (MAC) [Ahl71, Lia72], the relay channel (RC) [Cov79], and the interference channel
(IC) [Car75, Car78, Han81, Car83].
Simple as they are, many problems regarding the characterization of their fundamental communication limits (capacity regions) are still open and aging. We believe that the main difficulty
driver in their analysis is multiuser interference. In non-degenerated channels we cannot assume
that the transmissions of the sources take place over orthogonal channels: the channel output of
each receiver depends on the codewords transmitted by all the senders. This fact creates interdependencies between achievable rates and renders impossible the decomposition of a network
into a set of independent single-user links.
Given that the presence of multiuser interference is often unavoidable, the next question is
what to do with it. The right answer depends on the degree of knowledge that each receiver has
about it. If completely unaware about interference, each sender-destination pair shall use singleuser codes and expect performance losses (see Chapter 3 for quantification and minimization
of these losses). Oppositely, if the identities and the codebooks of the interferers are perfectly
known at each destination, the solution is to perform partial interference cancelation. This latter
situation is the focus of this chapter.
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2.1

Introduction

In a strict sense, the only two channels that suffer from multiuser interference are the BC and
the IC. While in the MAC all the signals received at the destination have to be reliably decoded
and, hence, cannot be regarded as interference, in the RC there is no interference at all since
the role of the relay is to enhance the communication of the principal sender-destination pair.
Yet both the BC and the IC can be viewed as the two sides of the same tapestry: the BC can
be interpreted as an IC where all the senders are physically located inside the same transmitter,
or an IC where all senders can cooperate.
The study of the IC has direct applications in wireless network models where communication
between different sender-receiver pairs can take place simultaneously. Some examples are wireless
sensor networks, wireless multi-hop networks, and mobile cellular systems with small bandwidth
reuse factor suffering from large inter-cell interference. On the other hand, the BC models the
situation in which one sender wishes to transmit information to a number of receivers (the
information for each receiver can be different or not). This description perfectly matches the
downlink of a mobile cellular system, with the base station acting as the only sender of the
scenario. In this chapter, we shall concentrate on these two channels with two clear objectives
in mind regarding the potential of partial interference cancelation:
• The analysis of when it is useful from an achievable rate standpoint.
• The analysis of how to perform it efficiently.
We address the first item in Section 2.2, the second in Section 2.3, and conclude this chapter in
Section 2.4.

2.1.1

When

We start focusing on the BC. The capacity region of the discrete memoryless BC (DMBC) is
known when the channel is degraded, that is, when the different channel outputs form a Markov
chain in some specific order. In this case, Bergmans [Ber73] provided an achievable rate region
that was later found to be the capacity region thanks to the converse theorems of Wyner [Wyn73]
(for the specific case of binary symmetric channels) and Gallager [Gal74] (general case). For
general DMBCs, the first achievable rate region was obtained in Cover’s seminal paper [Cov72],
and was later extended by Van der Meulen [Meu75] and Cover [Cov75]. They considered the
general situation in which a common message may be sent to all the receivers. Here, the approach
will be that the information for each user is independent and there is no common message. For
a review of the most important contributions in the context of the DMBC the reader is referred
to [Meu77] and [Cov98].
The most advantageous approach so far to the DMBC without common information came
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along with the work of Marton [Mar79] (see El Gamal and Van der Meulen [Gam81] for a simpler
proof based on typicality arguments). The most salient feature of Marton’s contribution is that
it allows for arbitrarily correlated auxiliary random variables, hence enlarging the region with
respect to independent intermediate encoding. Marton’s general achievable rate region for the
1 × 2 discrete memoryless broadcast channel is stated in Theorem 2.1.
Theorem 2.1 (Marton) Consider the region RMT (PW U1 U2 X ) consisting of the set of (R1 , R2 )

rate pairs satisfying

R1 ≤ I(W U1 ; Y1 )

(2.1)

R2 ≤ I(W U2 ; Y2 )

(2.2)

R1 + R2 ≤ min{I(W ; Y1 ), I(W ; Y2 )} + I(U1 ; Y1 |W ) + I(U2 ; Y2 |W ) − I(U1 ; U2 |W ) (2.3)
for some joint probability distribution PW U1 U2 X defined on W × U1 × U2 × X . Denote by P the

set of all such distributions. The region
RMT =

[
PW U1 U2 X ∈P

RMT (PW U1 U2 X ),

(2.4)

is achievable for the 1 × 2 DMBC.
The region RMT is characterized by two features. Namely, i) the auxiliary random variables

U1 and U2 bearing private information for each of the receivers respectively are correlated using
the random binning technique borrowed from Slepian-Wolf coding of correlated sources [Sle73];
ii) the additional auxiliary random variable W bearing information for only one of the receivers
is reliably decoded at the intended receiver and simultaneously benefits the decoding of the nonintended receiver. The non-intended receiver does not reliably decode W but only takes it into
account to compute the typical sets for decoding its information-bearing signal. In this sense,
the non-intended receiver partially mitigates the interference arising from the transmission of
information to the other user by considering W . The full region is obtained time-sharing the
situations where W is intended for the first or for the second receiver.
Whereas in Marton’s setting the maximal points of the region are achieved when only one
receiver performs partial interference cancelation on the signals intended for the other user, we
study whether an increase on the achievable rates can be realized by allowing both receivers
to cancel interference simultaneously. To that end, we consider in Section 2.2 an extension of
Marton’s coding/decoding schemes in which both receivers are allowed to simultaneously take
into account information about the message of the undesired user. The extended coding scheme
uses four random variables: W1 , W2 , U1 , U2 . As in Marton’s setting, U1 and U2 bear private
information to receiver 1 and receiver 2, respectively. The difference comes with the signal W1 ,
which is intended for receiver 1 but is taken into account in receiver 2; the role of W2 is dual.
The pair (U1 , U2 ) is generated conditionally on (W1 , W2 ) and both pairs ((W1 , W2 ) and (U1 , U2 ))
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are correlated using a layered random binning scheme. Hence, the two-layered random binning
coding scheme is suitable for all the arbitrary joint probability distributions PW1 W2 U1 U2 X .
To illustrate whether or not this enhanced feature may lead to an increase on the achievable
rates, we analyze the probability of error of the proposed coding and decoding schemes and derive
a new achievable rate region, the two-layered random binning region. We prove in Section 2.2
that Marton’s region and the two-layered random binning region are equal. That is, for the BC
the achievable rates do not increase if only one user at a time or both of them perform partial
interference cancelation of the undesired signal.
This result is indeed not valid for the IC [Car78], for which the best achievable regions
[Han81, Cho06a, Cho06b] are obtained with coding/decoding strategies which allow for simultaneous partial interference cancelation. In general, these strategies can be shown to strictly
outperform the regions obtained with non-simultaneous partial interference cancelation. The
rationale behind this fact is that in the BC, since all the interference is originated by the same
source, we can benefit from being able to correlate the signals intended for both users. In contrast, in the IC, there is room for rate increase as the codewords of the users are forced to be
independent since no cooperation between sources is possible.
Section 2.2 is organized as follows: in Section 2.2.1 we address the necessary definitions that
will be needed in Section 2.2.2, where the analysis of the two-layered random binning region is
performed. The two-layered random binning region is shown to be equal to Marton’s region in
Section 2.2.3, hence showing that the generalization of Marton’s scheme does not increase the
achievable rates in the BC. Section 2.2.4, traces a parallelism with the IC, for which the result
of Section 2.2.3 cannot be extrapolated (a counterexample is provided).

2.1.2

How

If the previous section discussed the convenience of allowing all the receivers to perform partial
interference cancelation simultaneously, we now move on to study how to perform cancelation in
a way that the achievable rates are the largest possible. While Section 2.2 unveils some desirable
features of an interference cancelation strategy for the BC, it is their application to the IC that
yields a real improvement.
The characterization of the capacity region of the general IC remains as an open problem,
although it has been solved in several cases. Namely:
• When all the channel outputs are statistically equivalent [Car83].
• When the interference is very strong [Car75] or strong [Sat78, Han81, Sat81, Cos87].
• A class of discrete additive degraded interference channels [Ben79].
• A class of deterministic interference channels [Gam82].

2.1. Introduction
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Other references that obtained inner and outer bounds on the capacity region of the IC are
[Car78,Han81,Car83] for the general case and [Car78,Han81,Car83,Cos87,Sas04,Kra04] for the
Gaussian case.
Our work particularly draws on the previous research made by Carleial [Car78] and Han and
Kobayashi (H&K) [Han81]. Both provided achievable rate regions for the discrete memoryless
IC (DMIC) which were based on the application of the superposition coding technique envisioned by Cover for the broadcast channel [Cov72, Ber73]. While [Car78] considered successive
superposition, [Han81] used simultaneous superposition. In particular, the most general achievable rate region derived in [Han81] is shown to include the achievable rate region of [Car78]
and has remained as the best achievable rate region for the DMIC so far. Oppositely to what
is discussed in [Han81], we do not think that the goodness of the region of [Han81] must be
attributed to the superiority of simultaneous superposition coding over successive superposition
coding but to the superiority of the decoding scheme that was used in [Han81] with respect to
that of [Car78].
Following the terminology of [Cov72, Ber73, Meu75], Carleial’s and H&K’s regions are based
on encapsulating “cloud centers” and additional high-resolution information (“satellites”) inside
the transmitters’ codewords. The behavior of the decoding at each receiver is ruled by the
information-bearing random variables of the desired transmitter and the cloud center of the
interfering sender. While Carleial adopted a sequential decoding strategy, H&K applied joint
decoding. Since the prior is a special case of the latter, H&K’s decoding strategy results superior.
In Section 2.3, we extend H&K’s decoding strategy by making explicit that each receiver is
only interested in the information-bearing random variables of its desired user. For instance,
receiver 1 may consider the ensemble of cloud centers of sender 2 to aid the decoding of its
intended message: ambiguity on the actual message carried by the cloud center of sender 2 can
be allowed as long as there is no ambiguity on its desired message. While H&K and Carleial
forced receiver 1 to reliably decode the message born in the cloud center of sender 2, we just
consider that cloud center as an aid for the decoding of the intended message. The concept
of aided decoding, is also present in the work of Marton [Mar79] for the broadcast channel.
As previously explained, in [Mar79, Thm. 2] an information-bearing random variable W is
communicated from one sender to one receiver that reliably decodes it, while the non-intended
receiver uses it just for aiding its decoding. In the context of the IC, the decoding of each
receiver is aided by the cloud centers of the interfering sender.
We show in Section 2.3 that the gains associated to the use of aided decoding instead of joint
decoding are in the form of fewer rate constraints arising from the expression of the probability
of error. That leads to an achievable rate region at least as large as H&K’s region. While
potential rate gains could also be expected from this result, [Cho06b] showed that both regions
are equal. This does not imply that simplification is the only plus we get from aided decoding:
having less constraints, the resulting error exponents in the finite blocklength regime can be
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larger with aided decoding than with H&K’s decoding strategy.
The coverage of this item in Section 2.3 is structured in the following manner. Section 2.3.1
addresses the definitions and some preliminaries regarding the 2 × 2 DMIC. The achievable rate
regions with successive superposition and aided decoding are presented in Section 2.3.2, where
it is compared with the regions by Carleial [Car78] and H&K [Han81], and Section 2.3.3 shows
an example of a 2 × 2 DMIC for which the proposed achievable rate region outperforms H&K’s
region for a given choice of the input statistics.

2.1.3

Summary of contributions

This chapter focuses first on the convenience of allowing all the receivers of a network to perform
partial interference cancelation simultaneously. The study of this issue has resulted in the
following contributions:
• The coding/decoding strategy of Marton [Mar79] for the BC is extended to allow for a
scenario of simultaneous interference cancelation by all the receivers, giving rise to the
two-layered random binning region.
• The two layered random binning region and Marton’s region are shown to be equal, thus
concluding that simultaneous and alternate partial interference cancelation result in the
same achievable rates in the BC.
• This fact has been compared to what happens in the IC, where simultaneous partial
interference cancelation clearly outperforms alternate cancelation.

From the study of the coding scheme of Marton for the BC, some ideas have been extrapolated
to the IC, where the target has been to extend the long-standing H&K’s achievable region
[Han81]. In this respect, the contributions are the following:
• A new decoding scheme, aided decoding, is introduced and shown to result in a achievable
rate region which contains only a subset of the inequalities that described H&K’s region.

• An example is provided where, for some fixed input statistics, the achievable rates with
aided decoding strictly outperform those of H&K.

• Based upon [Cho06b], which shows that both H&K and the aided decoding region are
equal, the advantages of the aided decoding region are precluded to simplicity (less rate
constraints and less auxiliary random variables) and potentially better error exponents.

2.2. Simultaneous vs Alternate Partial Interference Cancelation in the BC

M1
A
A- n
- X (M1 , M2 )

M2 
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PY1 |X (y1 |x) - Y1n - m̂1 (Y1n )
-

PY2 |X (y2 |x) - Y2n - m̂2 (Y2n )

Figure 2.1: The 1 × 2 discrete memoryless broadcast channel without common information.

2.2

Simultaneous vs Alternate Partial Interference Cancelation
in the BC

2.2.1

Definitions

A 1 × 2 DMBC without common information consists of one information source (sender) and 2
receivers. The sender wishes to communicate independent information to each of the receivers.

Definition 2.1 A 1 × 2 discrete memoryless broadcast channel (DMBC) consists of one finite

input alphabet set X , two finite output alphabet sets Y1 , Y2 and two marginal transition probaQ
bility distributions PY1 |X and PY2 |X such that P{ykn |xn } = nj=1 PYk |X (yk,j |xj ), k = 1, 2.

Note that the DMBC is not defined in terms of its joint transition probability PY1 Y2 |X since
the capacity region depends only on the marginal distributions [Cov06, Thm. 14.6.1].

Definition 2.2 A (2nR1 , 2nR2 ), n code for the 1 × 2 DMBC without common information


consists of two sets of integers 1, 2nRk (k = 1, 2) called the message sets, one encoding function,
Xn :



 

1, 2nR1 × 1, 2nR2 −→ X n

(2.5)

and 2 decoding functions


m̂k : Ykn −→ 1, 2nRk ,



k = 1, 2.

(2.6)

The sender draws the indices (M1 , M2 ) independently and uniformly from the message sets

1, 2nRk (k = 1, 2) and sends the corresponding codeword X n (M1 , M2 ), of length n, over the

channel. The k-th receiver uses its channel output, Ykn , to create an estimate of the message
Mk , m̂k (Ykn ). This process is shown in Figure 2.1.
Since the message for each user is drawn independently, the average probability of error of

a (2nR1 , 2nR2 ), n code for the DMBC is defined as
Pe(n) = 2−n(R1 +R2 )
mk

X

P { {m̂1 (Y1n ) 6= m1 } ∪ {m̂2 (Y2n ) 6= m2 }| (m1 , m2 ) sent} .

∈[1,2nRk ]
k=1,2

(2.7)

14

Chapter 2. Partial Interference Cancelation: When and How

Definition 2.3 A rate pair (R1 , R2 ) is said to be achievable for the 1 × 2 DMBC if there exists

(n)
a sequence of (2nR1 , 2nR2 ), n codes with Pe → 0 for arbitrarily large block length n.

2.2.2

The two-layered random binning achievable rate region

Consider the following generalization of Marton’s setting:
• Two auxiliary random variables W1 and W2 are correlated using the random binning
technique.

• A pair of auxiliary random variables U1 and U2 are generated conditionally on W1 and W2
and are correlated also using the random binning technique.

• The signals (Wk , Uk ) bear the information of Mk to the k-th receiver, k = 1, 2.
• The k-th receiver decodes (Wk , Uk ) aided by Wj (j 6= k) when computing the typical sets,

k = 1, 2. That is, each user performs partial interference cancelation by considering the
signal Wj .

The achievable rate region based on the above points is called the two-layered random binning
region, and is stated in the following theorem.
Theorem 2.2 Consider the region R(PW1 W2 U1 U2 X ) consisting of the set of (R1 , R2 ) rate pairs
that can be expressed as R1 = RW1 + RU1 , R2 = RW2 + RU2 satisfying
eU
RW1 ≤ H(W1 ) ; RU1 ≤ R
1

eU
RW2 ≤ H(W2 ) ; RU2 ≤ R
2

(2.8)
(2.9)

eU + R
eU − I(U1 ; U2 |W1 W2 )(2.10)
RW1 + RW2 ≤ H(W1 W2 ) ; RU1 + RU2 ≤ R
1
2
eU ≤ I(U1 ; Y1 |W1 W2 ) ; R
eU ≤ I(U2 ; Y2 |W1 W2 )
R
1
2

(2.11)

eU ≤ I(W2 U1 ; Y1 |W1 ) ; RW + R
eU ≤ I(W1 U2 ; Y2 |W2 )
RW2 + R
1
1
2

(2.13)

eU ≤ I(W1 U1 ; Y1 |W2 ) ; RW + R
eU ≤ I(W2 U2 ; Y2 |W1 )
RW1 + R
1
2
2

(2.12)

eU ≤ I(W1 W2 U1 ; Y1 ) ; RW + RW + R
eU ≤ I(W1 W2 U2 ; Y2 ).
RW1 + RW2 + R
1
1
2
2

(2.14)

for some joint probability distribution PW1 W2 U1 U2 X defined on W1 × W2 × U1 × U2 × X and
eU , R
eU . Denote by P 0 the set of all such distributions. The region
non-negative reals R
1
2


[
R = Co 
R(PW1 W2 U1 U2 X ) ,
(2.15)
PW1 W2 U1 U2 X ∈P 0

called the two-layered random binning region, is achievable for the 1 × 2 DMBC.
Proof. See Appendix 2.A.
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2.2.3

Equality of Marton’s region and the two-layered random binning region

For the purpose of comparing Marton’s achievable rate region to the achievable rate region
with simultaneous partial interference cancelation, the two-layered random binning region, we
consider the following alternative rephrasing of RMT .
Lemma 2.1 Consider the region RMT (PW1 W2 U1 U2 X ) consisting of the set of (R1 , R2 ) rate pairs
satisfying

R1 ≤ I(W1 W2 U1 ; Y1 )

(2.16)

R2 ≤ I(W1 W2 U2 ; Y2 )

(2.17)

R1 + R2 ≤ min{I(W1 W2 ; Y1 ), I(W1 W2 ; Y2 )}

(2.18)

+ I(U1 ; Y1 |W1 W2 ) + I(U2 ; Y2 |W1 W2 ) − I(U1 ; U2 |W1 W2 )

(2.19)

for some joint probability distribution PW1 W2 U1 U2 X (w1 , w2 , u1 , u2 , x) ∈ P 0 . Then, the following
holds,

RMT =

[
PW1 W2 U1 U2 X ∈P 0

RMT (PW1 W2 U1 U2 X ).

(2.20)

Proof. Note that
RMT =

[
PW U1 U2 X ∈P

RMT (PW U1 U2 X ) ⊆

[
PW1 W2 U1 U2 X ∈P 0

RMT (PW1 W2 U1 U2 X )

(2.21)

since we can always set (W1 , W2 ) = (W, φ) or (W1 , W2 ) = (φ, W ) in RMT (PW1 W2 U1 U2 X ), where

φ is a constant. On the other hand, consider the Markov chain (W1 , W2 ) → W → (U1 , U2 )

obtained when W = f (W1 , W2 ), a deterministic function of (W1 , W2 ). Then, by the data
processing theorem and the fact that W = f (W1 , W2 ) we obtain
I(W Uk ; Yk ) ≥ I(W1 W2 Uk ; Yk ),

k = 1, 2

(2.22)

k = 1, 2

(2.23)

I(Uk ; Yk |W ) = I(Uk ; Yk |f (W1 , W2 )) = I(Uk ; Yk |W1 W2 ),

k = 1, 2

(2.24)

I(W ; Yk ) ≥ I(W1 W2 ; Yk ),

I(U1 ; U2 |W ) = I(U1 ; U2 |f (W1 , W2 )) = I(U1 ; U2 |W1 W2 ).

(2.25)

The mutual information terms of the most right hand side terms of the above inequalities depend
on PW1 W2 U1 U2 X . Since we can cover all the distributions PW by passing the distribution PW1 W2
through a deterministic function, the following holds
RMT =

[
PW U1 U2 X ∈P

which concludes the proof.

RMT (PW U1 U2 X ) ⊇

[
PW1 W2 U1 U2 X

∈P 0

RMT (PW1 W2 U1 U2 X ),

(2.26)


The two-layered random binning region R of Section 2.2.2 is the natural extension of Marton’s

achievable rate region to the case in which both users perform simultaneous partial interference
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cancelation on the signal intended for the other user. On the other hand, Lemma 2.1 allows us
to compare it with Marton’s region expressed in terms of the same ensemble of auxiliary random
variables. The main result of this Section is stated in the following Theorem.
Theorem 2.3 The achievable rates are not enlarged when both users perform simultaneous
partial interference cancelation with respect to time-sharing between only one user canceling
interference, i.e.,
R = RMT .

(2.27)

Marton’s achievable rate region and the two-layered random binning region are equal.
Proof. See Appendix 2.B.

2.2.4



Comparison with the interference channel

For the general discrete memoryless IC, the best achievable rate region is that of Han and
Kobayashi [Han81], which is based on embedding the message Mk into the codeword Xk (k =
1, 2) in two steps: first, some partial information about Mk is born by an auxiliary random
variable; second, the auxiliary random variable together with the rest of information is embedded
into Xk . While the auxiliary random variable of each user helps the decoding of the interfered
user when computing the typical sets (like the signals W1 , W2 of region R), the information

not embedded in that variable (analogous to the indexes j1 , j2 of R) remains private. The
improvement on [Han81] discussed in Section 2.3 is that the partial information carried by the

auxiliary random variable of the interfering transmitter (analogous to the indexes i1 , i2 of R)
needs not to be reliably decoded at the interfered receiver.

Oppositely to what happened in the BC, the best achievable rates for the IC [Han81] are
achieved by coding schemes that allow for simultaneous partial interference cancelation. These
schemes can be shown to strictly outperform time-sharing among non-simultaneous interference
cancelation setups, contrarily to what happens in the DMBC (Theorem 2.3), for which the
achievable rates remain unchanged.
Consider a DMIC with very strong interference, that is, a DMIC for which the following
holds
I(X1 ; Y1 |X2 ) ≤ I(X1 ; Y2 )

I(X2 ; Y2 |X1 ) ≤ I(X2 ; Y1 ).

(2.28)
(2.29)

The capacity region of such a channel [Car75] is given by the convex hull of the set of (R1 , R2 )
rate pairs satisfying
R1 ≤ I(X1 ; Y1 |X2 )

R2 ≤ I(X2 ; Y2 |X1 )

(2.30)
(2.31)

2.3. Partial Interference Cancelation through Aided Decoding
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for some product probability distribution PX1 PX2 . The capacity region is achieved when both
receivers perform successive decoding. This is equivalent to consider that both receivers aid their
decoders by including the codeword of the undesired transmitter when computing the typical
sets. Therefore, the capacity-achieving scheme performs simultaneous interference cancelation.
If we consider the time-sharing of two non-simultaneous interference cancelation schemes, we
are only able to achieve the region given by the convex hull of the set of (R1 , R2 ) rate pairs
satisfying
R1 ≤ I(X1 ; Y1 |X2 )

(2.32)

R2 ≤ I(X2 ; Y2 )

(2.33)

R1 ≤ I(X1 ; Y1 )

(2.34)

or

R2 ≤ I(X2 ; Y2 |X1 )

(2.35)

for some product probability distribution PX1 PX2 . Clearly, the last region is a subset of the
capacity region. For some channels, it is an strict subset (consider for instance the Gaussian
IC [Car78]). Hence, for DMICs with strong interference, simultaneous interference cancelation
can strictly outperform non-simultaneous interference cancelation. The consideration of the
interference channel with very strong interference shows that the result of Theorem 2.3 cannot
be easily extended to other channels but that it describes an particular characteristic of the BC.
This fact can be explained in the following manner. A 1 × 2 DMBC can be viewed as a 2 × 2

DMIC in which both information sources are physically located inside a unique transmitter and

hence there is only one input codeword. Whereas in the interference channel the codewords
of each transmitter are independent, in the broadcast channel all the information is originated
at the same logical entity and hence the codebooks of the auxiliary random variables can be
arbitrarily correlated to improve the achievable rates. This advantage at the coding side of the
channel provides the transmitter with additional degrees of freedom that can be exploited in the
form of clever coding schemes for which non-simultaneous interference cancelation is capable of
achieving the same rates as if simultaneous interference cancelation was performed with more
complicated codes. Since in the interference channel there is no possibility to correlate the
codewords of the transmitters, it is strictly beneficial for the achievable rates that both receivers
simultaneously cancel out part of their interference.

2.3
2.3.1

Partial Interference Cancelation through Aided Decoding
Definitions

Following the terminology of [Han81], we shall distinguish between the 2 × 2 DMIC and the 2 × 2
modified DMIC.
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M1 - X1n (M1 ) - PY1 |X1 X2 (y1 |x1 , x2 ) - Y1n - m̂1 (Y1n )
M2 - X2n (M2 ) - PY2 |X1 X2 (y2 |x1 , x2 ) - Y2n - m̂2 (Y2n )
Figure 2.2: The 2 × 2 Discrete Memoryless IC (DMIC).
The 2 × 2 DMIC

2.3.1.1

Definition 2.4 A 2 × 2 DMIC consists of 2 finite input alphabet sets, X1 , X2 , two finite output

alphabet sets Y1 , Y2 and two marginal transition probability distributions PY1 |X1 X2 and PY2 |X1 X2
n
Q
such that P{ykn |xn1 , xn2 } =
p(yk,j |x1,j , x2,j ), k = 1, 2.
j=1


Definition 2.5 A (2nR1 , 2nR2 ), n code for the 2 × 2 DMIC consists of two sets of integers
 nR 
1, 2 k (k = 1, 2), called the message sets, two encoding functions,
Xkn :


1, 2nRk −→ Xkn ,

k = 1, 2,

(2.36)



m̂k : Ykn −→ 1, 2nRk ,

k = 1, 2.

(2.37)



and two decoding functions



Sender k draws an integer Mk uniformly from its message set 1, 2nRk and sends the corresponding codeword Xin (Mk ), of length n, over the channel (k = 1, 2). Receiver k uses its channel
output Ykn to create an estimate m̂k (Ykn ) of the transmitted message. This process is shown in
Figure 2.2.
Since the message of each user is drawn independently, the average per-receiver probabilities

of error of a (2nR1 , 2nR2 ), n code for the DMIC can be expressed as
(n)

Pk (e) = 2−n(R1 +R2 )
mk

X

P { m̂k (Ykn ) 6= mk | (m1 , m2 ) sent} ,

k = 1, 2.

(2.38)

∈[1,2nRk ]
k=1,2

Definition 2.6 A rate tuple (R1 , R2 ) is said to be achievable for the 2 × 2 DMIC if there exists

(n)
a sequence of (2nR1 , 2nR2 ), n codes with Pk (e) → 0, k = 1, 2, for an arbitrarily large block
length n.

2.3.1.2

The 2 × 2 modified DMIC

In the modified DMIC, the way the information is coded and sent through the channel is different.
Essentially, each user sends two independent flows of information instead of just one.
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Definition 2.7 A (2nR10 , 2nR11 , 2nR20 , 2nR22 ), n code for the 2 × 2 modified DMIC consists

 

of four sets of integers 1, 2nRk0 , 1, 2nRkk (k = 1, 2), called the message sets, two encoding
functions,
Xkn :

 nR   nR 
1, 2 k0 × 1, 2 kk −→ Xkn ,

k = 1, 2,

(2.39)

and two decoding functions

 

(m̂k0 , m̂kk ) : Ykn −→ 1, 2nRk0 × 1, 2nRkk ,

k = 1, 2.

(2.40)


 

Sender k draws two integers (Mk0 , Mkk ) uniformly from its message sets 1, 2nRk0 × 1, 2nRkk

and sends the corresponding codeword Xkn (Mk0 , Mkk ), of length n, over the channel (k = 1, 2).
Mk0 will be termed the low resolution message, while Mkk will be termed the high resolution mes-

sage, k = 1, 2. Receiver k uses its channel output Ykn to create an estimate (M̂k0 (Ykn ), M̂kk (Ykn ))
of the transmitted messages.
Again, the messages of each user are drawn independently, and the average per receiver

probabilities of error of a (2nR10 , 2nR11 , 2nR20 , 2nR22 ), n code for the 2 × 2 modified DMIC can
be expressed as
(n)

Pk (e) = 2−n(R10 +R11 +R20 +R22 ) ×
X
P { (m̂k0 (Ykn ), m̂kk (Ykn )) 6= (mk0 , mkk )| (m10 , m11 , m20 , m22 ) sent} ,

k = 1, 2. (2.41)

m10 ,m11
m20 ,m22

Definition 2.8 A rate tuple (R10 , R11 , R20 , R22 ) is said to be achievable for the 2 × 2 modified

(n)
DMIC if there exists a sequence of (2nR10 , 2nR11 , 2nR20 , 2nR22 ), n codes with Pk (e) → 0, k =
1, 2, for an arbitrarily large block length n.

There are two main reasons for considering the modified interference channel: C:
• Any achievability result in the modified channel can be extrapolated to the original one:
if (R10 , R11 , R20 , R22 ) is achievable for the prior, (R1 , R2 ) = (R10 + R11 , R20 + R22 ) is
achievable for the latter [Han81, Cor. 2.1]. In fact, the achievable regions of Carleial,
H&K, and the proposed one have been obtained as projections into the (R1 , R2 ) plane of
achievable regions in the modified setup. This will become explicit in Section 2.3.2.
• By splitting the information flow of one sender-receiver pair in one high- and another lowresolution message components, partial interference cancelation arises in a natural way by
trying to cancel out the impact of the low-resolution signal of the interfering user.
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The achievability result

Consider the region R(PQZ1 Z2 X1 X2 ) consisting of the set of (R1 , R2 ) rate pairs such that R1 =
R10 + R11 , R2 = R20 + R22 satisfying

R11 ≤ I(X1 ; Y1 |Z1 Z2 Q) ; R22 ≤ I(X2 ; Y2 |Z1 Z2 Q)

(2.42)

R10 + R11 ≤ I(X1 ; Y1 |Z2 Q) ; R20 + R22 ≤ I(X2 ; Y2 |Z1 Q)

(2.43)

R10 + R11 + R20 ≤ I(X1 Z2 ; Y1 |Q) ; R20 + R22 + R10 ≤ I(X2 Z1 ; Y2 |Q)

(2.45)

R11 + R20 ≤ I(X1 Z2 ; Y1 |Z1 Q) ; R22 + R10 ≤ I(X2 Z1 ; Y2 |Z2 Q)

(2.44)

for some joint probability distribution of the form PQZ1 Z2 X1 X2 = PQ PZ1 |Q PX1 |Z1 Q PZ2 |Q PX2 |Z2 Q
defined on Q × Z1 × Z2 × X1 × X2 . Denote by P the set of all such valid joint distributions. Q
is a time-sharing random variable whose support set satisfies |Q| ≤ 3 owing to Carathérodory’s

theorem.

Theorem 2.4 The region
R=

[
PQZ1 Z2 X1 X2 ∈P

R(PQZ1 Z2 X1 X2 )

(2.46)

is achievable for the 2 × 2 interference channel.
Proof. Please refer to Appendix 2.C.

2.3.2.1



Carleial’s achievable rate region

Consider the region RC (PQZ1 Z2 X1 X2 ) consisting of the set of (R1 , R2 ) rate pairs such that R1 =
R10 + R11 , R2 = R20 + R22 satisfying

{R10 ≤ I(Z1 ; Y1 |Q); R20 ≤ I(Z2 ; Y1 |Z1 Q)} or {R10 ≤ I(Z1 ; Y1 |Z2 Q); R20 ≤ I(Z2 ; Y1 |Q)}(2.47)

{R10 ≤ I(Z1 ; Y2 |Q); R20 ≤ I(Z2 ; Y2 |Z1 Q)} or {R10 ≤ I(Z1 ; Y2 |Z2 Q); R20 ≤ I(Z2 ; Y2 |Q)}(2.48)
R11 ≤ I(X1 ; Y1 |Z1 Z2 Q) ; R22 ≤ I(X2 ; Y2 |Z1 Z2 Q)

(2.49)

for some joint probability distribution of the form PQZ1 Z2 X1 X2 ∈ P defined on Q × Z1 × Z2 ×

X1 × X2 .

Theorem 2.5 (Carleial) The region
RC =

[
PQZ1 Z2 X1 X2 ∈P

is achievable for the 2 × 2 interference channel.

RC (PQZ1 Z2 X1 X2 )

(2.50)

2.3. Partial Interference Cancelation through Aided Decoding
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Althouth Carleial formulated RC using the convex-hull operation instead of using the time-

sharing random variable Q, we have done so in order to establish a fair comparison with the
proposed achievable rate region. Moreover, as pointed out in [Han81], the results obtained with
the formulation in terms of Q are conjectured to be strictly superior than the ones obtained

with the convex-hull operation for the general IC.

2.3.2.2

Han and Kobayashi’s achievable rate region

Consider the region RHK (PQZ1 Z2 U1 U2 X1 X2 ) consisting of the set of (R1 , R2 ) rate pairs such that
R1 = R10 + R11 , R2 = R20 + R22 satisfying

R10 ≤ I(Z1 ; Y1 |U1 Z2 Q) ; R10 ≤ I(Z1 ; Y2 |U2 Z2 Q)

(2.51)

R11 ≤ I(U1 ; Y1 |Z1 Z2 Q) ; R22 ≤ I(U2 ; Y2 |Z1 Z2 Q)

(2.53)

R20 ≤ I(Z2 ; Y1 |U1 Z1 Q) ; R20 ≤ I(Z2 ; Y2 |U2 Z1 Q)

(2.52)

R10 + R20 ≤ I(Z1 Z2 ; Y1 |U1 Q) ; R10 + R20 ≤ I(Z1 Z2 ; Y2 |U2 Q)

(2.54)

R11 + R20 ≤ I(U1 Z2 ; Y1 |Z1 Q) ; R22 + R10 ≤ I(U2 Z1 ; Y2 |Z2 Q)

(2.56)

R10 + R11 ≤ I(Z1 U1 ; Y1 |Z2 Q) ; R20 + R22 ≤ I(Z2 U2 ; Y2 |Z1 Q)

(2.55)

R10 + R11 + R20 ≤ I(Z1 U1 Z2 ; Y1 |Q) ; R20 + R22 + R10 ≤ I(Z2 U2 Z1 ; Y2 |Q)

(2.57)

for some probability distribution PQZ1 Z2 U1 U2 X1 X2 defined on Q × Z1 × Z2 × U1 × U2 × X1 × X2
such that

• Z1 , Z2 , U1 , and U2 are conditionally independent given Q.
• X1 = f1 (Z1 , U1 |Q), X2 = f2 (Z2 , U2 |Q).
Denote by P 0 the set of all such valid distributions.
Theorem 2.6 (Han and Kobayashi) The region
[
RHK (PQZ1 Z2 U1 U2 X1 X2 )
RHK =

(2.58)

PQZ1 Z2 U1 U2 X1 X2 ∈P 0

is achievable for the 2 × 2 interference channel.
It is shown in [Han81] that the inclusion RC ⊆ RHK holds. We show next that the inclusion

RHK ⊆ R also holds.

Lemma 2.2 The achievable rate region RHK is a subset of R.
Proof.

It is sufficient to prove that for each PQZ1 Z2 U1 U2 X1 X2 ∈ P 0 , there exists some

SQZ1 Z2 X1 X2 ∈ P such that RHK (PQZ1 Z2 U1 U2 X1 X2 ) ⊆ R(SQZ1 Z2 X1 X2 ).
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Let SQZ1 Z2 X1 X2 ∈ P be such that SQZ1 Z2 X1 X2 = SQ SZ1 X1 |Q SZ2 X2 |Q , where SQ = PQ and
X
PZk Uk |Q (zk , uk |q) · 1{xk =fk (zk ,uk |q)} , k = 1, 2.
(2.59)
SZk Xk |Q (zk , xk |q) =
uk

Note that this choice of SQZ1 Z2 X1 X2 satisfies SQZ1 Z2 X1 X2 = PQZ1 Z2 X1 X2 . To the end of showing
that RHK (PQZ1 Z2 U1 U2 X1 X2 ) ⊆ R(SQZ1 Z2 X1 X2 ), first note that (2.51), (2.52), and (2.54) are

constraints that limit the boundary of RHK (PQZ1 Z2 U1 U2 X1 X2 ) that do not have counterparts in

R(SQZ1 Z2 X1 X2 ). On the other hand, the constraints (2.53), (2.55), (2.56), and (2.57) satisfy
I(Uk ; Yk |Z1 Z2 ) = I(Uk Zk ; Yk |Z1 Z2 ) ≤ I(Xk ; Yk |Z1 Z2 ),

k = 1, 2

I(Uk Zj ; Yk |Zk ) = I(Zk Uk Zj ; Yk |Zk ) ≤ I(Xk Zj ; Yk |Zk ),

k = 1, 2 j 6= k

I(Zk Uk ; Yk |Zj ) ≤ I(Xk ; Yk |Zj ),

k = 1, 2 j 6= k

I(Zk Uk Zj ; Yk )

k = 1, 2 j 6= k.

≤ I(Xk Zj ; Yk ),

(2.60)
(2.61)
(2.62)
(2.63)

These inequalities follow from the data processing theorem since (Zk , Uk ) → Xk → (Y1 , Y2 )
forms a Markov chain, k = 1, 2. Note that all the inequalities are satisfied with equality if
f1 (·, ·), f2 (·, ·) are such that the following functions
Z1 = h11 (X1 , U1 ) ; Z2 = h21 (X2 , U2 )

(2.64)

U1 = h12 (Z1 , X1 ) ; U2 = h22 (Z2 , X2 )

(2.65)

exist [Gam82].

2.3.2.3



Comparison of the coding strategies of RC , RHK , and R

In RC , Carleial [Car78] considered superposition coding in which the cloud centers Zk were

encapsulated probabilistically into the input codewords Xk , while H&K [Han81] considered the
simultaneous deterministic encapsulation (represented by the functions f1 (·, ·) and f2 (·, ·)) of
the cloud centers Zk and the high-resolution information-bearing random variables Uk . For

the achievability of the region R we adopted Carleial’s approach based on the following two
arguments: i) Lemma 2.2 shows that there is no information loss in using such a coding scheme

but the possibility of increasing the mutual information; ii) the achievable rate region can be
formulated in terms of a fewer number of random variables, obtaining simpler expressions.
We believe that the coding scheme by Carleial embodies a wider class of coding strategies
than the ones considered by H&K. H&K require, for a given value of Q, the Zk ’s and the Uk ’s to
be independent. However, in the sequential superposition encoding approach, the codewords Xk
may be formed as a deterministic function of two random variables Zk and Uk , not necessarily
meeting the independence constraint.

2.3.2.4

Comparison of the decoding strategies of RC , RHK , and R

The region RC was obtained assuming a sequential behavior of the decoders. Receiver 1, for

instance, tries first to reliably decode the cloud centers of both senders in a successive man-
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Figure 2.3: An example 2 × 2 modified interference channel.
ner (either Z1 first and Z2 second, or vice versa) and finally attempts to reliably decode the
high-resolution desired message contained in X1 . In contrast, H&K improved the decoding
performance by allowing the decoders to perform joint decoding and not requiring an specific
decoding order. In this case, receiver 1 tries to reliably decode the information carried by
(Z1 , U1 , Z2 ) jointly.
We propose a decoding scheme that relaxes further the decoding strategy of the receivers.
The key point is noticing that, for instance, receiver 1 does not require to reliably decode Z2 .
Clearly, not considering Z2 at receiver 1 would limit the achievable rates. However, receiver
1 can get benefit from taking Z2 into account without decoding the low-resolution message of
sender 2 with the aided decoding concept. The rationale behind the aided decoding concept
is to include Z2 to form the typical sets at receiver 1 but not to consider having ambiguity
about the information carried by Z2 as an error event. This way, the probability of error can be
decomposed into fewer terms that yield fewer rate constraints, as seen in Section 2.3.2.2.

2.3.3

An example

In order to illustrate Lemma 2.2, we present an example for fixed Q = φ where, for a given
probability distribution PφZ1 Z2 U1 U2 X1 X2 ∈ P 0 , the region R(PφZ1 Z2 X1 X2 ) (where PφZ1 Z2 X1 X2 is
the appropriate marginalization of PφZ1 Z2 U1 U2 X1 X2 ) strictly extends RHK (PφZ1 Z2 U1 U2 X1 X2 ).

Consider the following binary-inputs (Xk = {0, 1}, k = 1, 2) binary-outputs (Yk = {0, 1},

k = 1, 2) modified interference channel of Figure 2.3.
Let
PY1 |X1 X2 (1|x1 , x2 ) = [0.8 0.9 0.2 1],

PY2 |X1 X2 (1|x1 , x2 ) = [0.8 0.1 0.8 0.2],

(2.66)

specify the transition probability matrices of the channels (the columns match the natural or-
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Figure 2.4: The regions RHK (PφZ1 Z2 U1 U2 X1 X2 ) (dashed) and R(PφZ1 Z2 X1 X2 ) (solid) computed
for the binary interference channel of Figure 2.3. Units are [nat/ch. use].
dering of the inputs). Let PφZ1 Z2 U1 U2 X1 X2 ∈ P 0 be such that
PZ1 (1) = 0.8, PU1 (1) = 0.9 ; PZ2 (1) = 0.8, PU2 (1) = 0.9,

(2.67)

and, as shown in Figure 2.3, xk = fk (zk , uk ) = zk ⊕ uk , k = 1, 2. The dashed boxes of Figure 2.3 represent how, for the sequential superposition coding used in R, Xk is obtained in a

transparent manner from Zk in the sense that there is no explicit labeling of the high-resolution
information-bearing random variable as done in RHK (the Uk signal). For the sake of fairness, we

compute RHK (PφZ1 Z2 U1 U2 X1 X2 ) with the distribution above and R(PφZ1 Z2 X1 X2 ) with the same

distributions of the cloud centers and the conditional distributions of the Xk ’s given the Zk ’s
obtained from (2.67) as well. Both regions are shown in Figure 2.4.
Although Figure 2.4 shows that R(PφZ1 Z2 X1 X2 ) strictly outperforms RHK (PφZ1 Z2 U1 U2 X1 X2 ),

this does not imply that the full region R strictly outperforms RHK . Lemma 2.2 only proves

that RHK ⊆ R, but we haven’t shown strict improvement of R over RHK . To this respect, it

was recently shown in [Cho06b] that both R and RHK are equal. That is, after performing the
union over P and P 0 , respectively, both regions coincide.

2.4. Conclusions

2.4
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Conclusions

In scenarios where the presence of multiple neighboring sender-receiver pairs originates multiuser
interference, the impact on the achievable rates is significant. One useful tool that can be used
to mitigate the performance losses when the codebooks of the interferent users are known is
partial interference cancelation. In this chapter we have studied when and how to perform it,
giving special emphasis to the BC and the IC.
In the BC, the best known achievable rate region is obtained by time-sharing two situations
in which only one of the receivers partially mitigates the interference that arises from the transmission of information to another user. If the coding strategy is generalized so as to comprise
more general schemes in which both receivers perform partial interference cancelation simultaneously, the achievable rates remain unchanged. In the interference channel, oppositely, this result
does not hold. Intuitively, when all the interference is under the control of the same source,
correlated coding (as a way of precoding) can alleviate all the users from performing partial
interference cancelation simultaneously (this is the case in the BC). On the other hand, if the
interference is generated by non-cooperative sources that are physically disperse, the control of
each information source over the resulting aggregate signal at the intended receiver is rather
limited. This is the case in the IC, where partial interference cancelation significantly improves
overall performance.
Motivated by the way interference cancelation is carried out in Marton’s decoding strategy
for the BC, we also worked towards improving achievability results in the IC through the use
superposition coding at the sources and aided decoding at the receivers. By aided decoding we
understand that the decoding at each receiver is aided by the inclusion of a low-resolution message component of the interfering user in the typical sets. This, in contrast to other approaches,
does not imply to reliably decode part of the message of the interfering user. As a result, some
rate constraints are relaxed. However, that only leads to an improvement on simplicity with
respect to the best known achievability results since i) the new achievable region is described
using a fewer number of rate inequalities, and ii) it requires a fewer number of auxiliary random
variables. Although rate gains are precluded, the fewer number of rate inequalities of the proposed region may result in improved error exponents in the finite blocklength regime. Out of
the scope of this dissertation, however, this line has not been explored.
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2.A

Appendix: Proof of Theorem 2.2

Let m1 ∈ [1, 2nR1 ], m2 ∈ [1, 2nR2 ] denote the messages intended for receivers 1 and 2, respectively.
The messages are encoded into the codeword X n (m1 , m2 ) through a two-stage coding process.
To start with, we define the following isomorphisms:
Φk : [1, 2Rk ] −→ [1, 2nRWk ] × [1, 2nRUk ]
j
k

mk −→ (ik , jk ) = (mk − 1)2−nRUk + 1, mk − (ik − 1)2nRUk

(2.68)
(2.69)

and their inverses
nRWk
Φ−1
] × [1, 2nRUk ] −→ [1, 2Rk ]
k : [1, 2

(2.70)

(ik , jk ) −→ mk = (ik − 1)2nRUk + jk ,

(2.71)

where Rk = RWk + RUk and k = 1, 2. Note that, since Φk is an isomorphism, it is equivalent to transmit the message pair (m1 , m2 ) than to transmit the message tuple (i1 , j1 , i2 , j2 ) =
(Φ1 (m1 ), Φ2 (m2 )). The idea of the coding scheme is the following:
• (ik , jk ) are integers to be communicated to the k-th receiver.
• The integers (i1 , i2 ) are encoded simultaneously using the random binning technique with
the random variables W1 and W2 .

• For a given value of (i1 , i2 ) the integers (j1 , j2 ) are encoded simultaneously using the
random binning technique with the random variables U1 and U2 conditioned on (W1 , W2 ).

• Receiver 1 attempts to reliably decode (i1 , j1 ) aided by W2 , i.e., it tries to mitigate the

interference that arises from the transmission of m2 by taking into account the random
variable that encodes i2 (without eventually decoding it). Receiver 2 operates similarly.

Codebook generation.

Generate 2nRW1 w1n sequences of length n, with each component drawn
e

i.i.d. ∼ PW1 . Similarly, generate 2nRW2 w2n sequences of length n, with each component drawn
e

i.i.d. ∼ PW2 . Distribute the 2nRW1 w1n sequences uniformly into 2nRW1 bins, each one containing
e
eW ≥ RW ). Proceed similarly with the wn sequences and
2n(RW1 −RW1 ) sequences on average (R
e

1

1

2

eW ≥ RW ). Let the integers i1 , i2 index the W1 and W2 bins.
throw them into 2nRW2 bins (R
2
2
Let a W1 × W2 product bin be the product space of a W1 bin and a W2 bin. The 2n(RW1 +RW2 )

W1 × W2 product bins remain conceptually in the first layer.

For each W1 × W2 product bin, select arbitrarily a jointly typical pair (w1n , w2n ) and label

it as a product bin head. The head of the (i1 , i2 )-th W1 × W2 product bin is denoted by

(w1n (i1 , i2 ), w2n (i1 , i2 )). For each product bin, discard all the pairs of sequences that are not
product bin heads.
For each W1 ×W2 product bin, generate 2nRU1 un1 sequences of length n, with each component
e

drawn i.i.d. ∼ PU1 |W1 W2 (conditioned by the W1 × W2 product bin head). Similarly, generate
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Figure 2.5: Diagram of the coding scheme: two layered random binning.
2nRU2 un2 sequences of length n, with each component drawn i.i.d. ∼ PU2 |W1 W2 (conditioned by
e

the W1 × W2 product bin head). Distribute the 2nRU1 un1 sequences uniformly into 2nRU1 bins,
e
eU ≥ RU ). Proceed similarly with the
each one containing 2n(RU1 −RU1 ) sequences on average (R
1
1
eU ≥ RU ). Let the integers j1 , j2 index the U1
un sequences and throw them into 2nRU2 bins (R
e

2

2

2

and U2 bins. Let a U1 × U2 product bin be the product space of a U1 bin and a U2 bin. For

a given W1 × W2 product bin, the 2n(RU1 +RU2 ) U1 × U2 product bins remain conceptually in a

second layer.

For each W1 × W2 product bin, select arbitrarily in all the associated U1 × U2 product bins

a jointly typical pair (un1 , un2 ) and label it as a product bin head. The product bin head of the
(j1 , j2 )-th U1 × U2 product bin derived from the (i1 , i2 )-th W1 × W2 product bin is denoted

by (un1 (i1 , i2 , j1 , j2 ), un2 (i1 , i2 , j1 , j2 )). For each U1 × U2 product bin, discard all the pairs of
sequences that are not product bin heads. The surviving unk sequences are arbitrarily indexed as

unk (i1 , i2 , lk ), where lk ≤ 2n min{RUk ,RU1 +RU2 } ≤ 2nRUk , k = 1, 2. Denote by ϕk (i1 , i2 , jk ) the set
e

e

of unk (i1 , i2 , lk ) sequences belonging to the jk -th Uk bin, whose cardinality is coarsely bounded
P nRUk
e
e
e
by |ϕk (i1 , i2 , jk )| ≤ 2nRUk . In addition, j2k =1 |ϕk (i1 , i2 , jk )| ≤ 2n min{RUk ,RU1 +RU2 } ≤ 2nRUk
also.

Encoding. If the source wants to transmit the message pair (m1 , m2 ), it first computes (i1 , j1 ) =
Φ1 (m1 ) and (i2 , j2 ) = Φ2 (m2 ). Then, the (i1 , i2 )-th product bin head of the W1 W2 layer and the
(j1 , j2 )-th product bin head of the U1 U2 layer derived from (w1n (i1 , i2 ), w2n (i1 , i2 )) are selected.
An encoding error is declared if no product bin head could be defined in any of the layers. Finally,
a codeword xn of length n is drawn with each component i.i.d. ∼ PX|W1 W2 U1 U2 (conditioned

on (w1n (i1 , i2 ), w2n (i1 , i2 ), un1 (i1 , i2 , j1 , j2 ), un2 (i1 , i2 , j1 , j2 ))) and sent through the channel. This
process is shown in Figure 2.5.
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Decoding. The decoding is symmetrical at both receivers.
(n)

• Receiver 1 computes the set A,1 of -typical (w1n (i1 , i2 ), w2n (i1 , i2 ), un1 (i1 , i2 , l1 ), y1n ) sequences (for all l1 ) and chooses (î1 , ĵ1 ) ∈ [1, 2nRW1 ] × [1, 2nRU1 ] as the unique pair of
(n)

integers such that (w1n (î1 , i2 ), w2n (î1 , i2 ), un1 (î1 , i2 , l1 ), y1n ) ∈ A,1 for some i2 ∈ [1, 2nRW2 ]
and some l1 such that u1 (iˆ1 , i2 , l1 ) ∈ ϕ1 (î1 , i2 , ĵ1 ). If none or more than one such (î1 , ĵ1 )
pair can be found, a decoding error is declared.

• Assuming that an estimate of both integers (î1 , ĵ1 ) is available and a decoding error has
not been declared, the estimate of the message m1 is obtained as m̂1 = Φ−1
1 (î1 , ĵ1 ) =
(î1 − 1)2nRU1 + ĵ1 .
• Receiver 2 operates similarly by interchanging the roles of w1n and w2n , replacing un1 by un2 ,
and using Φ−1
2 .

An error event will occur if any of the receivers declares

Analysis of the probability of error.

a decoding error, or if the transmitter declares an encoding error in any of the layers. Without
loss of generality, it can be assumed that the integers (m1 , m2 ) = (1, 1) were sent. Equivalently,
assume that (i1 , i2 , j1 , j2 ) = (1, 1, 1, 1) were sent (since Φk (1) = (1, 1), k = 1, 2). Hence, by the
union bound,
(n)

(n)

(n)

(n)

Pe(n) ≤ Penc,1 + Penc,2 + Pdec,1 + Pdec,2 ,

(2.72)

where :
(n)

• Penc,1 is the probability of not finding a suitable product bin head in the (1, 1)-th W1 × W2
product bin.
(n)

• Penc,2 is the probability of not finding a suitable product bin head in the (1, 1)-th U1 × U2
product bin belonging to the layer derived from the (1, 1)-th W1 × W2 product bin.
(n)

• Pdec,k is the probability of decoding error of the k-th receiver, that is,

(n)
Pdec,k = P (îk , ĵk ) 6= (1, 1)|(1, 1, 1, 1) sent .

(2.73)

The conditions on the rates that allow an arbitrary low probability of encoding error at both
(n)

layers (Penc,i → 0, i = 1, 2) can be derived and extrapolated from the work of Marton [Mar79]
and the posterior alternative proof by El Gamal and Van der Meulen [Gam81],
eW ; RU ≤ R
eU
RW1 ≤ R
1
1
1

eW ; RU ≤ R
eU
RW2 ≤ R
2
2
2

(2.74)
(2.75)

eW + R
eW − I(W1 ; W2 ) ; RU + RU ≤ R
eU + R
eU − I(U1 ; U2 |W1 W2 ). (2.76)
RW1 + RW2 ≤ R
1
2
1
2
1
2

29

2.A. Appendix: Proof of Theorem 2.2
(n)

Now consider the term Pdec,1 . Let us define the following events
(n)

E(i1 , i2 , j1 ) = {(w1n (i1 , i2 ), w2n (i1 , i2 ), un1 , y1n ) ∈ A,1 for some un1 ∈ ϕ1 (i1 , i2 , j1 )|(1, 1, 1, 1) sent},

(2.77)

which allow us to bound the probability of decoding error as
(n)

Pdec,1 ≤ P{E0 } +

6
X
j=1

(2.78)

P{Ej }.

The definition of the error events Ej and their associated rate constraints are the following
• E0) E0 , E(1, 1, 1). By the Asymptotic Equipartition Property (AEP) [Cov06, Ch. 3],

P{E0c } ≤ .
o
n S
E(i1 , 1, 1) .
• E1) E1 ,
i1 6=1

(a)

P{E1 } = P {E(i1 , 1, 1) for some i1 6= 1} ≤ 2nRW1 P {E(2, 1, 1)}

(2.79)

(b)

(n)

≤ 2nRW1 |ϕ1 (2, 1, 1)| · P{(w1n (2, 1), w2n (2, 1), un1 (2, 1, l1 ), y1n ) ∈ A,1 |(1, 1, 1, 1) sent}

(c)

(n)

≤ 2n(RW1 +RU1 ) P{(w1n (2, 1), w2n (2, 1), un1 (2, 1, l1 ), y1n ) ∈ A,1 |(1, 1, 1, 1) sent}
X
(d) n(RW +R
eU )
1
1
=2
PW1 W2 (w1 , w2 )PU1 |W1 W2 (u1 |w1 , w2 )PY1 |W2 (y1 |w2 )
e

(2.80)
(2.81)
(2.82)

(n)
n
(w1n ,w2n ,un
1 ,y1 )∈A,1

≤ 2n(RW1 +RU1 ) 2n(H(W1 ,W2 ,U1 ,Y1 )+) 2−n(H(W1 W2 )−) 2−n(H(U1 |W1 W2 )−2) 2−n(H(Y1 |W2 )−2)(2.83)
e

≤ 2n(RW1 +RU1 ) 2−n(H(Y1 |W2 )−H(Y1 |W1 W2 U1 )−6) = 2n(RW1 +RU1 ) 2−n(I(W1 U1 ;Y1 |W2 )−6)
e

e

(2.84)

The inequalities (a) and (b) and (c) follow from the union bound and the symmetry of
the code. In (c), it has been used that |ϕ1 (2, 1, 1)| ≤ 2nRU1 (in the worst case scenario,
e

all the un1 sequences are concentrated in the same U1 bin). The equality (d) takes into
account that when (1, 1, 1, 1) is sent, y1n does not depend on w1n (2, 1), but may depend on
w2n (2, 1) if the same w2n sequence happens to belong to the product bin head of the (1, 1)
and the (2, 1) W1 × W2 product bins. In addition, it has been considered that l1 is such

that un1 (i1 , i2 , l1 ) ∈ ϕ1 (2, 1, 1). Since  can be made arbitrarily small, the probability of
the error event E1 is driven to zero with n if

eU ≤ I(W1 U1 ; Y1 |W2 ).
RW1 + R
1

(2.85)

A similar analysis is performed for the rest of error events. Note that, in the rest of cases,
the mutual information constraining the appropriate sum of rates follows after subtracting
H(Y1 |W1 W2 U1 ) to the entropy of Y1 conditioned by an appropriate subset of random
variables that follows from the dependence tree in each error event. We will use this fact
to simplify the derivations of the remaining rate constraints.
n S
o
• E2) E2 ,
E(i1 , i2 , 1) . Similarly and up to some epsilons,
i1 ,i2 6=1

eU ≤ H(Y1 ) − H(Y1 |W1 W2 U1 ) = I(W1 W2 U1 ; Y1 ).
RW1 + RW2 + R
1

(2.86)
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Note that in this situation y1n is independent of any of the other signals.
o
n S
E(i1 , 1, j1 ) . As in E1), the channel output y1n may depend on w2n (i1 , 1).
• E3) E3 ,
i1 ,j1 6=1

Hence,

eU ≤ H(Y1 |W2 ) − H(Y1 |W1 W2 U1 ) = I(W1 U1 ; Y1 |W2 ).
(2.87)
RW1 + R
1
o
n S
E(1, 1, j1 ) . Here, y1n shows dependence on w1n (1, 1) and w2n (1, 1). There• E4) E4 ,
j1 6=1

fore,

eU ≤ H(Y1 |W1 W2 ) − H(Y1 |W1 W2 U1 ) = I(U1 ; Y1 |W1 W2 ).
(2.88)
R
1
o
n S
E(1, i2 , j1 ) . Oppositely to what happened in E1), y1n does not depend
• E5) E5 ,
i2 ,j1 6=1

on w2n (1, 2), but may depend on w1n (1, 2) if the same w1n sequence happens to belong to
the product bin head of the (1, 1) and the (1, i2 ) W1 × W2 product bins.
eU ≤ H(Y1 |W1 ) − H(Y1 |W1 W2 U1 ) = I(W2 U1 ; Y1 |W1 ).
RW2 + R
1
• E6) E6 ,

n

S

i1 ,i2 ,j1 6=1

(2.89)

o
E(i1 , i2 , j1 ) . When there is mismatch in all the variables, y1n is

independent of w1n , w2n and un1 hence yielding
eU ≤ H(Y1 ) − H(Y1 |W1 W2 U1 ) = I(W1 W2 U1 ; Y1 ).
RW1 + RW2 + R
1

(2.90)

Notice that E1) and E2) are redundant. If we gather the useful rate constraints for receiver 1
together with the extrapolated rate constraints for receiver 2, we obtain the following system of
constraints:
eU ≤ I(U1 ; Y1 |W1 W2 ) ; R
eU ≤ I(U2 ; Y2 |W1 W2 )
R
1
2

(2.91)

eU ≤ I(W2 U1 ; Y1 |W1 ) ; RW + R
eU ≤ I(W1 U2 ; Y2 |W2 )
RW2 + R
1
1
2

(2.93)

eU ≤ I(W1 U1 ; Y1 |W2 ) ; RW + R
eU ≤ I(W2 U2 ; Y2 |W1 )
RW1 + R
1
2
2

(2.92)

eU ≤ I(W1 W2 U1 ; Y1 ) ; RW + RW + R
eU ≤ I(W1 W2 U2 ; Y2 ),
RW1 + RW2 + R
1
1
2
2

(2.94)

which ensure vanishing probabilities of decoding error at both receivers. Taking into account the
rate constraints that arose from the necessity of driving to zero the probability of an encoding
error at the source
eW ; RU ≤ R
eU
RW1 ≤ R
1
1
1
eW ; RU ≤ R
eU
RW2 ≤ R
2
2
2

(2.95)
(2.96)

eW + R
eW − I(W1 ; W2 ) ; RU + RU ≤ R
eU + R
eU − I(U1 ; U2 |W1 W2 ), (2.97)
RW1 + RW2 ≤ R
1
2
1
2
1
2
eW , R
eW . Hence, they can be increased up
it can be noticed that there is no constraint put on R
1
2
e
to their maximum value (RWk ≤ H(Wk ), k = 1, 2 due to the necessity of finding enough typical

sequences for the codebook construction). This results in the achievability of R(PW1 W2 U1 U2 X ).
By timesharing arguments, the convex hull of the union over all the possible probability distributions in P 0 , the region R, is achievable.
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2.B

Appendix: Proof of Theorem 2.3

We shall prove that RMT ⊆ R and R ⊆ RMT hold.

2.B.1

Proof of RMT ⊆ R

Consider the expression of R(PW1 W2 U1 U2 X ) and set W1 = W and W2 = φ (constant). After the

following steps:

• set RW2 = 0 (W2 = φ),
eU using the Fourier-Motzkin elimination technique
eU and R
• eliminate the variables R
2
1
[Dan97],

• set the change of variables: RU1 = R1 − RW1 , RU2 = R2 ,
• eliminate RW1 using Fourier-Motzkin elimination,
the achievable rate region R(PW φU1 U2 X ) is suitably projected into the (R1 , R2 ) plane. Its ex-

pression becomes

R1 ≤ I(W U1 ; Y1 )

(2.98)

R2 ≤ I(U2 ; Y2 |W )

(2.99)

R1 + R2 ≤ min{I(W ; Y1 ), I(W ; Y2 )} + I(U1 ; Y1 |W ) + I(U2 ; Y2 |W ) − I(U1 ; U2 |W ),(2.100)
which depends only on PW U1 U2 X ∈ P. Similarly, when W1 = φ and W2 = W we obtain that the

projection of R(PφW U1 U2 X ) into the (R1 , R2 ) plane has the expression
R1 ≤ I(U1 ; Y1 |W )

(2.101)

R2 ≤ I(W U2 ; Y2 )

(2.102)

R1 + R2 ≤ min{I(W ; Y1 ), I(W ; Y2 )} + I(U1 ; Y1 |W ) + I(U2 ; Y2 |W ) − I(U1 ; U2 |W ),(2.103)
which again depends only on PW U1 U2 X . Finally, note that


[
[
(a)
RMT (PW U1 U2 X ) = Co 
RMT (PW U1 U2 X )
RMT =
PW U1 U2 X ∈P





(b)

[

= Co 

PW U1 U2 X ∈P



= Co 


Co (R(PW φU1 U2 X ) ∪ R(PφW U1 U2 X ))

(2.105)



[




R(PW1 W2 U1 U2 X )
 ⊆ Co

PW1 W2 U1 U2 X ∈P 0
W1 =φ or W2 =φ

= R,

(2.104)

PW U1 U2 X ∈P


[

R(PW1 W2 U1 U2 X )(2.106)

PW1 W2 U1 U2 X ∈P 0

(2.107)
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where the equality (a) follows from the convexity of RMT , and (b) follows from noticing that the
two maximal points of RMT (PW U1 U2 X ) are contained within R(PW φU1 U2 X ) ∪ R(PφW U1 U2 X ). 

2.B.2

Proof of R ⊆ RMT

Consider the expression of R(PW1 W2 U1 U2 X ) in Theorem 2.2. After the steps
eU using the Fourier-Motzkin elimination technique,
eU and R
• eliminate the variables R
2
1
• set the change of variables: RU1 = R1 − RW1 , RU2 = R2 − RW2 ,
the projection of R(PW1 W2 U1 U2 X ) into the (R1 , R2 , RW1 , RW2 ) hyperplane is obtained. Among
the rate inequalities that define the region in that hyperplane, we reproduce here the following
subset:
R1 ≤ I(W1 U1 ; Y1 |W2 )

(2.108)

R2 ≤ I(W2 U2 ; Y2 |W1 )

(2.109)

R1 + R2 ≤ I(W1 W2 U1 ; Y1 ) + I(U2 ; Y2 |W1 W2 ) − I(U1 ; U2 |W1 W2 )

(2.110)

R1 + R2 ≤ I(W2 U1 ; Y1 |W1 ) + I(W1 U2 ; Y2 |W2 ) − I(U1 ; U2 |W1 W2 )

(2.111)

R1 + R2 ≤ I(U1 ; Y1 |W1 W2 ) + I(W1 W2 U2 ; Y2 ) − I(U1 ; U2 |W1 W2 ),

(2.113)

R1 + R2 ≤ I(W1 U1 ; Y1 |W2 ) + I(W2 U2 ; Y2 |W1 ) − I(U1 ; U2 |W1 W2 )

(2.112)

which defines a subset of RMT (PW1 W2 U1 U2 X ) (Lemma 2.1). Therefore, there is no need to
consider the rest of rate inequalities of R(PW1 W2 U1 U2 X ) to show that
R(PW1 W2 U1 U2 X ) ⊆ RMT (PW1 W2 U1 U2 X ),
and, consequently,

[
R = Co 





R(PW1 W2 U1 U2 X ) ⊆ Co 

PW1 W2 U1 U2 X ∈P 0

(2.114)


[

(a)

RMT (PW1 W2 U1 U2 X ) = RMT ,(2.115)

PW1 W2 U1 U2 X ∈P 0

where equality (a) follows from the convexity of RMT , which makes the convex hull unnecessary.



2.C

Appendix: Proof of Theorem 2.4

It is sufficient to show the achievability of (2.42)-(2.45) for the modified interference channel.
Suppose we have a coding scheme like the one in Figure 2.6.
Codebook generation.

Generate a random sequence Qn of length n with each element i.i.d.

∼ PQ . For each sequence q n , sender 1 generates 2nR10 independent codewords of length n
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- Y n - (M̂10 , M̂11 )
1

M10 - Z1n (M10 ) - X1n (M10 , M11 )
A
6
A
A -P
M11
Y1 |X1 X2 (y1 |x1 , x2 )
PY2 |X1 X2 (y2 |x1 , x2 )
M22


?
M20 - Z2n (M20 ) - X2n (M20 , M22 ) 




A
A
A - Y n - (M̂20 , M̂22 )
2

Figure 2.6: Coding scheme for the interference channel. The role of the time-sharing random
variable Q has been omitted.
indexed as Z1n (M10 |q n ) (M10 ∈ [1, 2nR10 ]) with each element i.i.d. ∼ PZ1 |Q . For each generated

(q n , Z1n (M10 |q n )) pair, sender 1 generates 2nR11 independent codewords of length n indexed as

X1n (M10 , M11 |q n ) (M11 ∈ [1, 2nR11 ]) with each element i.i.d. ∼ PX1 |Z1 Q . The rate of sender 1

when projected into the original interference channel is R1 = R10 + R11 . Sender 2 proceeds
similarly using the same sequence Qn (its value is revealed to both senders).
Encoding. To send (mk0 , mkk ) ∈ [1, 2nRk0 ] × [1, 2nRkk ], sender k transmits Xkn (mk0 , mkk |q n ),
k = 1, 2.

Decoding. Receiver 1 looks for the unique pair of integers (m̂10 , m̂11 ) ∈ [1, 2nR10 ] × [1, 2nR11 ]

satisfying

(q n , z1n (m10 |q), xn1 (m10 , m11 |q n ), z2n (m20 |q), y1n ) ∈ A(n)
 ,
(n)

for some m20 ∈ [1, 2nR20 ] (one or many of them), where A

(2.116)

is the set of -typical sequences.

Note that the value of q n used in the construction of the codewords is also told to both receivers.
If none or more than such a pair exists, a decoding error is declared. Note that in order not
to have ambiguity on its decision, receiver 1 requires a unique pair (m̂10 , m̂11 ) to trigger the

jointly typical set with some z2n sequence. It might have ambiguity about m20 if such z2n was not
unique. However, this is not a problem for receiver 1 since it is only interested in decoding the
(n)

information-bearing random variables of sender 1 (an ambiguity on m20 does not affect P1 (e)).
Receiver 2 proceeds similarly.
Analysis of the probability of error. Let us focus on the probability of error at receiver 1. Thanks
to the symmetry of the random code, we can express the average probability of error (2.41) at
receiver 1 as

(n)
P1 (e) = P (m̂10 , m̂11 ) 6= (1, 1)|(1, 1, 1, 1) sent ,

(2.117)

where (1, 1, 1, 1) indicates the value of the tuple (m10 , m11 , m20 , m22 ). Next, by defining the
events

E(m10 , m11 , m20 ) , (q n , z1n (m10 |q n ), xn1 (m10 , m11 |q n ), z2n (m20 |q n ), y1n ) ∈ A(n)
 |(1, 1, 1, 1) sent

(2.118)

we can set a complete list of the different situations in which a decoding error is declared at
receiver 1 along with their associated rate constraints in Table 2.1.
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Case

Error event at receiver 1

Associated rate constraint

E1

E(1, 1, 1)

-

E2

E(m10 , 1, 1)|E1 (1, 1, 1), m10 6= 1

R10 < I(X1 ; Y1 |Z2 Q)

E3

E(1, m11 , 1)|E1 (1, 1, 1), m11 6= 1

R11 < I(X1 ; Y1 |Z1 Z2 Q)

E4

E(m10 , m11 , 1)|E1 (1, 1, 1), m10 , m11 6= 1

R10 + R11 < I(X1 ; Y1 |Z2 Q)

E5

E(m10 , 1, m20 )|E1 (1, 1, 1), m10 , m20 6= 1

R10 + R20 < I(X1 Z2 ; Y1 |Q)

E6

E(1, m11 , m20 )|E1 (1, 1, 1), m11 , m20 6= 1

R11 + R20 < I(X1 Z2 ; Y1 |Z1 Q)

E7

E(m10 , m11 , w20 )|E1 (1, 1, 1), m10 , m11 , m20 6= 1

R10 + R11 + R20 < I(X1 Z2 ; Y1 |Q)

Table 2.1: Situations of decoding error and associated rate constraints.
Note that, oppositely to what happened with H&K’s decoding scheme, we do not consider
E(1, 1, m20 ), for some m20 6= 1, an error event for receiver 1. This fact allows us to disregard

two inequalities (one for each receiver). The rate constraints associated to each error event are
obtained using standard results on joint typicality in a not difficult but rather long manner. For
this reason, we will skip some of the parts of the proof which can be easily derived.
Consider first the error event E1. Thanks to the AEP, we can bound P{E(1, 1, 1))} ≤ .
With respect to the error event E2, we have:
P{E2}

=
=
(b)

=

(a)

P{E1 (w10 , 1, 1) for some w10 6= 1} ≤ 2nR10 P{E1 (2, 1, 1)}

2nR10 P{(q n , z1n (2|q n ), xn1 (2, 1|q n ), z2n (1|q n ), y1n ) ∈ A(n)
 |(1, 1, 1, 1) sent}
X
PQZ1 X1 (q n , z1n , xn1 )PZ2 |Q (z2n |q n )PY1 |Z2 Q (y1n |z2n , q n )
2nR10

(2.119)
(2.120)
(2.121)

(n)

n n
(q1n ,z1n ,xn
1 ,z2 ,y1 )∈A

(c)

≤

2nR10 2n(H(Q,Z1 ,X1 ,Z2 ,Y1 )+) 2−n(H(Q,Z1 ,X1 )−) 2−n(H(Z2 |Q)−2) 2−n(H(Y1 |Z2 Q)−2) (2.122)

=

2nR10 2n(H(Y1 |Z1 ,X1 ,Z2 ,Q)−H(Y1 |Z2 Q)−6)

(d)

2nR10 2−n(I(X1 ;Y1 |Z2 Q)−6) ,

=

(2.123)

where (a) follows from the symmetry of the code construction and the union bound, (b) follows
from the dependence tree between z1n (2|q n ), xn1 (2, 1|q n ), z2n (1|q n ), and y1n . Finally, (c) follows
from applying [Cov06, Thm. 14.2.1] and (d) follows since Z1 → X1 → Y1 forms a Markov chain

given Q. Using similar upper-bounding techniques for the other cases of error event we obtain
the rest of rate constraints of Table 2.1.
(n)

Note that the union bound can be used to upper bound P1 (e) as the sum of the probabilities
of cases E1 to E2. Hence, if all the rate constraints of Table 2.1 are satisfied, a total rate of
R1 = R10 + R11 is reliably communicated from sender 1 to receiver 1. Dual constraints with
(n)

interchanged subindexes arise to minimize P2 (e). Table 2.2 summarizes all the rate constraints
that must be fulfilled for the achievability of a (R1 , R2 ) = (R10 + R11 , R20 + R22 ) rate pair.
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Rate constraint (receiver 1)

Rate constraint (receiver 2)

1

R11 < I(X1 ; Y1 |Z1 Z2 Q)

5

R22 < I(X2 ; Y2 |Z1 Z2 Q)

2

R10 + R11 < I(X1 ; Y1 |Z2 Q)

6

R20 + R22 < I(X2 ; Y2 |Z1 Q)

3

R11 + R20 < I(X1 Z2 ; Y1 |Z1 Q)

7

R22 + R10 < I(X2 Z1 ; Y2 |Z2 Q)

4

R10 + R11 + R20 < I(X1 Z2 ; Y1 |Q)

8

R20 + R22 + R10 < I(X2 Z1 ; Y2 |Q)

Table 2.2: Rate constraints for the achievability of a (R1 , R2 ) = (R10 + R11 , R20 + R22 ) rate pair.
Redundant constraints have been removed.



Chapter 3

The Totally Asynchronous
Interference Channel with
Single-User Receivers
In Chapter 2 we discussed about the convenience of allowing the receivers to perform partial
interference cancelation. On the one hand, it was found that this feature enhances the achievable
rates as long as each transmitter is not capable of shaping all the multiuser interference (e.g.,
in the Interference Channel). On the other hand, when useful, each receiver does not need to
reliably decode the underlying messages carried by the interfering signals: by including them
in the definition of the typical sets, the chances of correct detection of the desired message are
increased even when the interfering messages cannot be resolved.
It is implicitly assumed in the previous reasoning that the receivers have perfect knowledge
of the codebooks of the interfering users. In other words, each receiver is able to form a finite list
of potential interference realizations to aid the decoding of the desired message. Whereas this
is a reasonable assumption in small-size centralized networks, there are many other practical
applications where the interferers and/or the coupling channels are unknown that prevent us
from blissfully adopting it. In particular, in this chapter we focus on the achievable rates in
decentralized wireless networks with uncoordinated sender-destination pairs by considering an
equivalent information theoretic model.
This motivates the study of the totally asynchronous interference channel with single-user
receivers. Since this channel is not information stable, we characterize its capacity region resorting to information density, although more amenable single-letter inner and outer bounds
are provided as well. The single-letter inner bound is obtained by constraining each sender to
use stationary inputs with i.i.d. letters. Aiming at numerical evaluation of achievable rates, we
subsequently concentrate on this achievable rate region.
When considering the Gaussian case, the Gram-Charlier expansion approximation of mutual
37
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information allows us to i) show that Gaussian-distributed codes are not always optimal, and
ii) characterize sufficient conditions under which other input distributions may increase simultaneously the mutual information of both links beyond the Gaussian achievable rates. These
conditions depend exclusively on the transmit power constraints of the senders and the coupling
coefficients of the channel, and essentially require the receivers to be hampered by at least moderate interference. As a constructive verification of our results, some non-Gaussian-distributed
codes are studied to show that their achievable rates outperform those of Gaussian-distributed
codes when the conditions derived under the finite expansion approximation statistical analysis
are fulfilled.

3.1

Introduction

The interference channel (IC) [Car78] is the network scenario that models the interactions between several disjoint non-cooperative (in the sense that no relays are used for cooperation)
sender-receiver communication links sharing, generally in a non-orthogonal manner, the same
physical medium. Interference is generated across links, and the achievable rates of each pair are
hence coupled. The fact that each destination is interested in decoding only one among all the
information-bearing codewords on which its channel output depends is what makes this channel
difficult to analyze.
Finding a single-letter characterization of the capacity region of the IC remains an open
problem which, however, has been solved in some particular cases: i) statistically equivalent
channel outputs [Car83], ii) very strong [Car75,Car78] or strong interference [Sat78,Han81,Sat81,
Cos87], iii) a class of discrete additive degraded ICs [Ben79], and iv) a class of deterministic
ICs [Gam82]. As for results that hold in general, inner and outer bounds on the capacity
region have been found for discrete memoryless [Car78, Han81, Car83, Cho06b] and Gaussian
ICs [Car78, Han81, Car83, Kra04, Sas04, Sha07, Etk07].
The original definition of the IC assumes perfect frame synchronization between the senders
and the receivers, i.e. that the codewords sent by the transmitters are received at unison at
each destination. Instead, in the absence of frame synchronism, there exist unpredictable offsets
between the epochs at which codewords are received at the destinations. In decentralized wireless
networks consisting of several autonomous sender-receiver pairs this latter situation is likely to be
predominant. Additionally, without a centralized entity broadcasting information about who and
when is transmitting, the destinations may be unaware of the potential interference hampering
the transmission of their intended user. Routing paths that change, fading dynamics, or node
mobility may render useless any interference estimation attempt at the destinations by causing
fast time-varying changes on the network topology and hence on the interference. The following
are example scenarios and applications dealing with asynchronism and unknown interference.
• Decentralized networks with simple receivers [Scu08a, Scu08b, Pan08, Les06]. In an ad-hoc
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network consisting of a number of noncooperative wideband links sharing the same physical resources, signalling between transmitters (for synchronization purposes) and between
transmitters and unintended receivers (to facilitate multi-user decoding) is hampered by
interference, propagation delay, and the dynamics of the network topology. In the absence
of a common clock reference, a practical choice is to employ OFDMA with independent
coding across subcarriers and perform single-user decoding in each of them.
• Networks with non-stationary interference [Big07b]. Consider a cellular system with users

logging in and out independently. The statistics of the user session duration result in
an stochastic process counting the number of interferers from a neighboring cell either i)
unable to be tracked, or ii) requiring neighbor discovery mechanisms and adaptive multiuser decoding techniques of unaffordable complexity. In this scenario, the computational
burden of the receivers can be alleviated by treating interference as noise.

• The throughput scaling law of multihop wireless networks [Gup00, Xie04]. The throughput
analysis of asymptotically large multihop wireless networks requires the use of mathe-

matically amenable decoding strategies at the receivers. To that end, the assumption of
totally asynchronous transmissions in conjunction with single-user decoding (of generally
Gaussian-distributed codes) give rise to closed-form results.
Motivated by the operational and practical constraints of these scenarios, we focus on the
2 × 2 IC in the limited setup where the receivers are restricted to treat interference as noise (we
shall refer to this strategy as single-user detection) and transmission is totally asynchronous (in
the sense of [Hui85]). The lack of frame synchronism has been studied in the discrete multipleaccess channel, and diverse results are obtained depending on the degree of asynchronism [Hui85,
Cov81b] and the memory of the channel [Ver89]. To the best of our knowledge, its impact on
the achievable rates of the interference channel has not been addressed previously. Similarly,
the rate penalty for precluding multiuser decoding strategies may also depend on the nature of
the channel as, surprisingly, for sufficiently small interference single-user detection achieves the
sum capacity of the frame-synchronous Gaussian IC [Sha07].
We first consider the discrete alphabet case in Section 3.2, where we define the channel
model and show that it is information unstable [Pin64]. Consequently, the capacity region does
not admit a single-letter characterization, and, rather, is given using an Information Spectrum
approach [Ver94]. This same approach was used in [SB06] to characterize the capacity region
of the frame-synchronous discrete IC. Pursuing analytical results, we provide an achievable rate
region and an outer bound to the capacity region using single-letter expressions. The singleletter inner bound is achieved by stationary inputs with i.i.d. letters and, given its simplicity,
we subsequently focus on this achievable rate region throughout the rest of the chapter.
Next, we move on to the Gaussian IC (GIC). It is a common practice to use Gaussiandistributed codes in the frame-synchronous GIC, the main reasons being that i) they allow for
closed-form characterizations of achievable rate regions, and ii) they achieve capacity in the
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extreme cases when interference is strong [Han81, Sat81] or absent. Whether the optimality of
Gaussian-distributed codes can be extrapolated to all the ranges of interference intensity or to
the scope of this work is not known. Interestingly, [Che93] showed that Gaussian inputs fall short
of achieving the capacity region of the GIC when it is characterized using a limiting expression.
However, that tells us little about the possible optimality of Gaussian inputs in single-letter
characterizations of the capacity region (their gap to capacity is known to be at most 1 bit/ch.
use [Etk07]), provided that they exist. Again, when it comes to frame asynchronism and singleuser decoding, nothing is known.
In studying whether stationary i.i.d. Gaussian inputs maximize the achievable rates without
frame synchronism and single-user decoders, Section 3.3 defines optimality of input distributions
with respect to the achievable rates. Additionally, the Gram-Charlier expansion of mutual
information is introduced. Making use of this tool, we show in Section 3.4 that Gaussiandistributed codes do not always achieve all the points of the achievable rate region. Additionally,
simple sufficient conditions for non-optimality of Gaussian-distributed codes are derived that
only depend on the coupling coefficients of the channel and the transmit power constraints. For
the symmetric GIC (equal coupling coefficients, equal transmit power constraints) they reduce
to exceeding a threshold transmit power. In other words, Gaussian codewords are not optimal
when the channel is interference-limited.
This result is intuitive in the following sense: only when the distribution of the interferenceplus-noise term is dominated by the distribution of interference the optimization of each input
distribution may impact on mutual information and significant gains with respect to Gaussiandistributed codes can be expected. Some non-Gaussian-distributed codes are numerically shown
to outperform the Gaussian achievable rates in accordance with the analytical results of Section
3.5, hence constructively proving them. Finally, Section 3.6 concludes the chapter.

3.1.1

Summary of contributions

The contributions of this chapter are the following:
• The capacity region of the totally asynchronous interference channel with single-user re-

ceivers is characterized using an Information Spectrum approach, but practical single-letter
inner and outer bounds are also provided.

• A finite series approximation analysis of mutual information subsumes the impact of input
statistics on the achievable rates through a quadratic form around the Gaussian achievable
rates.
• The statistical analysis of mutual information reveals analytic conditions under which
Gaussian-distributed codes are not optimal, and practical alternative codes are shown
to outperform the Gaussian achievable rates in excellent accordance with the derived
expressions.
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3.2

The Capacity Region

Let us denote by X1 and X2 the input alphabets of the two senders, and by Y1 and Y2 the

output alphabets of the two destinations. The 2 × 2 frame-asynchronous discrete memoryless IC

(DMIC) consists of two conditional distributions {PYk |X1 X2 : X1 × X2 → Yk }k=1,2 that describe

the underlying channels, and two collections of distributions {PD1 ,n , PD2 ,n }∞
n=1 both defined on

{0, 1, . . . , n − 1}∞
n=1 that describe the degree of asynchronism. We say that the channel is totally
asynchronous [Hui85] when PD1 ,n , PD2 ,n are uniform for all n. In contrast, a frame-synchronous

IC is characterized by PD1 ,n (0) = PD2 ,n (0) = 1 for all n.
A code for the 2 × 2 frame-asynchronous DMIC consists of two encoding functions
Xkn : {1, . . . , 2nRk } → Xkn ,

k = 1, 2,

(3.1)

m̂k : Ykn → {1, . . . , 2nRk },

k = 1, 2.

(3.2)

and two decoding functions

Sender 1 draws a message M1 uniformly from {1, . . . , 2nR1 } and sends the corresponding codeword X1n , of length n, over the channel. We assume without loss of generality1 that receiver 1
is frame-synchronized with sender 1, and thus Y1n is a sufficient statistic for the message M1 .
Since receiver 1 is unaware of the presence of an interferer, the random delay D1 (with distribution PD1 ,n ) experienced by the codewords of sender 2 is unknown. Similar arguments apply
for sender 2 and receiver 2.
Thus, by treating the transmission of the interferer as noise, the transmission of each transmitter faces a channel whose conditional distribution depends on the delay of the interferer.
That is, the channel realization from transmitter 1 and receiver 1 is determined by the random
variable D1 , which is chosen according to PD1 ,n at the beginning of transmission and then held
fixed, i.e.,
P

Y1n |X1n ,D1

(y1n |xn1 , d1 )

=

X
n
xn
2 ∈X2

P

n
X2,n−d
1 +1

1
(xd2,1
)PX n−d1 (xn2,d1 +1 )
2,1

n
Y
i=1

PY1 |X1 X2 (y1,i |x1,i x2,i ). (3.3)

We shall use W1n to denote the channel from sender 1 to receiver 1 without particularizing on
the delay instance,
PW1n (y1n |xn1 ) =

n−1
X
d1 =0

PD1 ,n (d1 )PY1n |X1n ,D1 (y1n |xn1 , d1 ) =

n−1
X
d1 =0

1
P n n (y n |xn , d1 ).
n Y1 |X1 ,D1 1 1

(3.4)

Expression (3.3) reflects the fact that each received frame of receiver 1 depends on two codewords
of user 2. Since each of them corresponds to an independent draw of the message M2 , they are
independent as well. As nothing is imposed on the distribution of the interference, the channel
(3.3) may have memory in general. A related model to (3.3) is the composite channel [Eff08], or
1

Synchronization can be achieved via the use of periodic preamble sequences at negligible rate penalty [Hui85].
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averaged channel [Ahl68], where each component channel (for every instance of D1 ) is assumed
stationary and ergodic. The composite channel is information unstable [Pin64], so hence is the
frame-asynchronous DMIC with single-user decoders. In order to characterize the capacity of
this channel, we can therefore treat each link as a general single-user channel and apply the
capacity formula by Verdú and Han [Ver94].

Theorem 3.1 The capacity region of the totally-asynchronous DMIC with single-user receivers
is given by
C=

[



PX1 ,PX2

Rk ≤ sup{αk : FXk (αk ) = 0}, k = 1, 2 ,

(3.5)

where PXk = {PXkn }∞
n=1 is a sequence of finite-dimensional distributions , and FXk is the limit
of the cumulative distribution function of the normalized information density of the k-th link,
i.e.,
FXk (αk ) = lim P
n→∞


Xkn Wkn


1
n
n
n
n
iX W (X ; Y ) ≤ αk ,
n k k k k

(3.6)

where the information density amounts to
iXkn Wkn (xnk ; ykn )

Pn−1
n n
PWkn (ykn |xnk )
dk =0 PDk ,n (dk )PYkn |Xkn ,Dk (yk |xk , dk )
= log
= log
Pn−1
n
PYkn (ykn )
dk =0 PDk ,n (dk )PYkn |Dk (yk |dk )
Pn−1
n n
dk =0 PYkn |Xkn ,Dk (yk |xk , dk )
= log
.
Pn−1
n
dk =0 PYkn |Dk (yk |dk )

(3.7)
(3.8)

Proof. The proof is a natural extension of the capacity formula proved in [Ver94] for any arbitrary
single-user channel.



Given the complex form of the expressions in Theorem 3.1, we aim at deriving simpler
expressions upper and lower bounding the capacity region. To that end, we start by noticing
that the sequences of distributions PX1 and PX2 in (3.5) can be interpreted as the distributions
generating the codebooks of senders 1 and 2, respectively [Eff08]. As these distributions can
be arbitrary in the union in (3.5), an inner bound is obtained when they are constrained to be
i.i.d..

Lemma 3.1 The achievable rate region
R=

[
PX1 ,PX2

{R1 ≤ I(X1 ; Y1 ), R2 ≤ I(X2 ; Y2 )}

(3.9)

is an inner bound of the capacity region; R ⊆ C.
Proof. An inner bound is obtained when we restrict the union in (3.5) to input distributions
Q
of the form PXkn (xn ) = ni=1 PXk (xk,i ). In this case, since the interference seen by receiver 1
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is i.i.d. irrespective of the realization of the random variable D1 , the channel between sender 1
and receiver 1 becomes memoryless with conditional distribution
PY1 |X1 (y1 |x1 ) =

X
x2 ∈X2

PX2 (x2 )PY1 |X1 X2 (y1 |x1 , x2 ),

(3.10)

and the normalized information density iX1n W1n (X1n ; Y1n )/n converges to I(X1 ; Y1 ) by the law of
large numbers. Thus, FX1 (α1 ) = u(α1 − I(X1 ; Y1 )), where u(·) is the unit step function, and

the supremum in (3.5) is hence I(X1 ; Y1 ). Lemma 3.1 follows by applying similar arguments to
the link between sender 2 and receiver 2 and noticing that the achievable rates now depend on
the input distributions through PX1 and PX2 only.



Lemma 3.2 The region
Ro =

[
PX1 ,PX2

{R1 ≤ I(X1 ; Y1 |X2 ), R2 ≤ I(X2 ; Y2 |X1 )}

(3.11)

is an outer bound to the capacity region; C ⊆ Ro .
Proof. The proof follows by noticing that
(a)

(b)
(c)
1
1
I(X1n ; Y1n ) ≤ lim inf I(X1n ; Y1n |X2n ) ≤ I(X1 ; Y1 |X2 ),
n→∞ n
n→∞ n
(3.12)

sup{α1 : FX1 (α1 ) = 0} ≤ lim inf

where (a) follows from [Ver94, Thm. 8.(h)], (b) is a consequence of the independence between X1n
and X2n , and (c) holds for some pair of distributions PX1 and PX2 and follows from [Hui85, Thms.
3.3-3.4]. Similar arguments hold for the link between sender 2 and receiver 2, where [Hui85,
Thms. 3.3-3.4] guarantees that sup{α2 : FX2 (α2 ) = 0} ≤ I(X2 ; Y2 |X1 ) where I(X2 ; Y2 |X1 ) is
evaluated using the same distributions PX1 , PX2 as in I(X1 ; Y1 |X2 ) (3.12).



Although the outer bound on the capacity region is trivial, it is worth pointing out that both
R and Ro are characterized in terms of the union of regions, without any convex hull operation.
Intuitively, the lack of frame synchronism precludes time-sharing between distributions, as hap-

pens in the discrete-multiple access channel [Hui85]. Due to its simplicity and amenability for
numerical computation, we subsequently focus on the achievable rate region R throughout the
rest of the chapter.

3.3

The Gaussian IC

Consider the 2 × 2 standard-form GIC [Car78],
Y1 = X1 + c21 X2 + Z1

(3.13)

Y2 = X2 + c12 X1 + Z2 ,

(3.14)
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where Zk ∼ N (0, 1) k = 1, 2, and the codewords X1 and X2 are independent and independent

of the noise samples Z1 and Z2 . The input codewords satisfy the transmit power constraint

E{Xk2 } ≤ Pk , k = 1, 2. By fully symmetric GIC we denote a GIC where c12 = c21 , c
and P1 = P2 , P . In the totally asynchronous setup with single-user decoders, to maximize
the achievable rate region R, the senders must optimize the distribution of their codewords,
described by the pdf’s fX1 and fX2 .

3.3.1

Definition of optimality

Definition 3.1 The input distributions fX1 and fX2 are α-optimal, α ∈ [0, π/2], if they achieve
the rate pair of the boundary of R that intersects the line R2 = tan(α)R1 . Denote such pair by
(R1? (α), R2? (α)).

It is not difficult to show that any pair of α-optimal distributions is a solution to the optimization
problem
(

maximize
fX1 ,fX2

I(X1 ; Y1 ) I(X2 ; Y2 )
min
,
cos(α)
sin(α)

)

subject to fXk (x) ≥ 0 ∀x ∈ R, k = 1, 2
Z
fXk (x)dx = 1, k = 1, 2
Z
x2 fXk (x)dx ≤ Pk , k = 1, 2.

(3.15)
(3.16)
(3.17)
(3.18)

The problem (3.15)-(3.18) is rather involved because of the intricate dependence of the mutual
information on fX1 and fX2 . Consider for instance the mutual information of the first link,
ZZ
fY |X (y|x)
dxdy (3.19)
I(X1 ; Y1 ) = I(X1 ; X1 + c21 X2 + Z1 ) =
fX1 Y1 (x, y) log 1 1
fY1 (y)
ZZ
g(y − x)
dxdy,
(3.20)
=
fX1 (x)g(y − x) log R
fX1 (z)g(y − z)dz

where g ≡ fc21 X2 +Z1 is

1
g(x) = fc21 X2 (x) ∗ fZ1 (x) =
|c21 |

Z

1
1
2
fX2 (z/c21 ) √ e− 2 (x−z) dz.
2π

(3.21)

A similar expression holds for the mutual information of the second link.
Instead of finding a pair of α-optimal distributions, we are interested in knowing whether
the common practice of using Gaussian-distributed codewords for the GIC is always an optimal
choice in our setup. The achievable rate region of Gaussian-distributed codes is given by2




[ 
p1
p2
1
1
G
R =
(R1 , R2 ) : 0 ≤ R1 ≤ log 1 +
, 0 ≤ R2 ≤ log 1 +
.(3.22)
2
2
1 + c221 p2
1 + c212 p1
0≤pk ≤Pk
k=1,2

2

Unless the logarithm basis is indicated, it can be chosen arbitrarily as long as both sides of the equations

have the same units.
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Gaussian-distributed codes are optimal, i.e. RG = R, if and only if a pair of Gaussian distribu-

tions fX1 , fX2 is α-optimal ∀α ∈ [0, π/2]. Let us denote by (p1 (α), p2 (α)) the power allocation

that achieves the rate pair of the boundary of RG that intersects the line R2 = tan(α)R1 . The
region RG can hence be rephrased as




[ 
1
1
p1 (α)
p2 (α)
G
.
(R1 , R2 ) : 0 ≤ R1 ≤ log 1 +
, 0 ≤ R2 ≤ log 1 +
R =
2
2
1 + c221 p2 (α)
1 + c212 p1 (α)
0≤α≤π/2

(3.23)
To further explore the optimality of Gaussian-distributed codes, consider the following result.
Lemma 3.3 For any fixed α ∈ [0, π/2], if X1 ∼ N (0, p1 ) with 0 ≤ p1 ≤ P1 , the optimal
distribution of X2 that maximizes the achievable rates along the line R2 = tan(α)R1 is X2 ∼
N (0, p2 ) for some 0 ≤ p2 ≤ P2 . An analogous result follows if the user indexes are swapped.

Proof. Once X1 follows a Gaussian distribution, the problem at hand is to determine the
distribution of X2 solution to
(

)
I(X1 ; Y1 ) I(X2 ; Y2 )
maximize min
,
.
cos(α)
sin(α)
X2 :E{X22 }≤P2

(3.24)

While I(X2 ; Y2 ), equivalent to the mutual information in an AWGN channel with noise power
(1 + c212 p1 ), is maximized by a Gaussian X2 , the mutual information of the first link requires
more attention. It can be rephrased as
I(X1 ; Y1 ) = h(c21 X2 + X1 + Z1 ) − h(c21 X2 + Z1 )

(3.25)

≡ h(X2 + N1 ) − h(X2 + N2 ),

(3.27)

= h(X2 + (X1 + Z1 )/c21 ) − h(X2 + Z1 /c21 )

(3.26)

where N1 ∼ N (0, (1 + p1 )/c221 ), N2 ∼ N (0, 1/c221 ), and h(·) stands for differential entropy. The
maximization of (3.27) with respect to the distribution of X2 subject to a power constraint P2

falls within the class of problems addressed by [Liu07, Thm. 1], where it was shown that the
optimal X2 is Gaussian, too. Since a Gaussian-distributed X2 maximizes simultaneously both
mutual informations, it only remains to optimize its power p2 , 0 ≤ p2 ≤ P2 , so that (3.24) is
maximized.



According to Lemma 3.3, Gaussian-distributed codes behave as a (possibly local) extremum
in the maximization of the achievable rates. They are also a greedy strategy: although this
input distribution maximizes mutual information if interference is absent, it also gives rise to the
worst additive interference [Iha78, Dig01]. In other words, Gaussian-distributed codes maximize
h(Yk ) and h(Yk |Xk ) simultaneously for k = 1, 2, but this does not necessarily imply that they
maximize I(Xk ; Yk ) as well. Since direct construction of α-optimal distributions (3.15)-(3.18)

seems overwhelming, we shall adopt a completely different approach for showing non-optimality
of Gaussian-distributed codes. It is based on the relation between mutual information and the
shape of the pdf of the codewords, as described by their cumulants.
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3.3.2

Finite expansion analysis of mutual information

Denote by ΩX the support set of a zero-mean continuous random variable X whose pdf is fX .
Let ϕX (ω) denote its characteristic function,
ϕX (ω) = E{ejωX }.

(3.28)

The cumulants [Pap84] {κi (X)}+∞
i=1 of X are defined as the coefficients of the McLaurin series
of the natural logarithm of the characteristic function,
loge (ϕX (ω)) =

+∞
X

κi (X)

i=1

(jω)i
.
i!

(3.29)

The cumulants of the zero-mean random variable X can be related to its (central) moments,
and have some interesting properties concerning the shape of fX , as listed below [Nik93].
• First-order cumulant: κ1 (X) = E{X} = 0.
2 .
• Second-order cumulant (variance): κ2 (X) = E{X 2 } ≡ σX

• Third-order cumulant (skewness): κ3 (X) = E{X 3 }.
• Fourth-order cumulant (kurtosis): κ4 (X) = E{X 4 } − 3E{X 2 }2 .
• Symmetry: fX (x) = fX (−x) ⇒ κ2i−1 (X) = 0 ∀i ≥ 1.
• Independence: X1 , X2 independent ⇒ κi (X1 + X2 ) = κi (X1 ) + κi (X2 ) ∀i.
• Scaling: κi (aX) = ai κi (X) ∀a ∈ R.
• Cumulants of the Gaussian distribution: X ∼ N (0, P ) ⇒ κ2 (X) = P, κi (X) = 0 ∀i 6= 2.
Skewness measures the lack of symmetry of a distribution, whereas kurtosis can be considered a
measure of the non-Gaussianity (or peakedness) of X. Kurtosis is zero for a Gaussian random
variable, it is typically positive for distributions with heavy tails and a peak at zero, and negative
for flatter-than-Gaussian densities with lighter tails. While explicit distributions with infinite
positive kurtosis exist (e.g. a limiting version of Pearson’s type VII distribution3 [Pea16]),
kurtosis is fundamentally lower bounded as
4
4
4
κ4 (Xk ) = E{Xk4 } − 3σX
≥ E{Xk2 }2 − 3σX
= −2σX
,

(3.30)

thanks to Jensen’s inequality and the fact that X is zero-mean4 .
3

The limiting pdf of a Pearson’s type VII random variable X with zero mean, variance σ 2 , zero skewness, and

infinite kurtosis is fX (x) = σ3 (2 + (x/σ)2 )−5/2 .
4
The lower bound (3.30) is achievable by the distribution fX (x) = 12 (δ(x − σX ) + δ(x + σX )).
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Finally, the principal tool that will be used subsequently to analyze the optimality of
Gaussian-distributed codes is Gram-Charlier expansion [Nik93], which allows us to approximate the differential entropy h(X) of the near-Gaussian random variable X around the entropy
of a Gaussian random variable with the same variance as X. If
1
2
h(X) ≈ log(2πeσX
)−
2

κ2i (X)
2i
σX

1 κ24 (X)
1 κ23 (X)
+
6
8
12 σX
48 σX

 1 for i > 2 then

!
log(e),

(3.31)

is a fourth-order entropy approximation for X [Hel95]. Expression (3.31) will bridge the gap
between mutual information and cumulants in Section 3.4. Before that, let us adopt without
loss of generality the zero-mean assumption on both X1 and X2 .

3.4

On the Optimality of Gaussian-Distributed Codes

Based on the Gram-Charlier expansion of entropy, mutual information can be approximated in
terms of the cumulants of the input distributions of order four and below. This will allow us to
obtain (fourth-order) analytical results on the optimality of Gaussian-distributed codes.
Lemma 3.4 Assume that both X1 and X2 are zero-mean and E{Xk2 } = pk , k = 1, 2. A fourthorder expansion approximation of mutual information is


1
p1
I(X1 ; Y1 ) ≈
log 1 +
+ κT Aκ
2
1 + c221 p2


p2
1
log 1 +
I(X2 ; Y2 ) ≈
+ κT Bκ,
2
1 + c212 p1

(3.32)
(3.33)

where κ , [κ3 (X1 ) κ4 (X1 ) κ3 (X2 ) κ4 (X2 )]T ,
log(e)c612 −6
)
(σY2 |X2 − σY−6
2
12

[A]1,1 = −

log(e)
12σY6 1

[B]1,1 =

[A]1,3 = −

log(e)c321
6σY6 1

[B]1,3 = −

[A]2,2 = −

log(e)
48σY8 1

[B]2,2 =

[A]2,4 = −

log(e)c421
24σY8 1

[B]2,4 = −

log(e)c412
24σY8 2

(3.37)

log(e)c312
6σY6 2

log(e)c812 −8
(σY2 |X2 − σY−8
)
2
48

(3.34)
(3.35)
(3.36)

[A]3,3 =

log(e)c621 −6
(σY1 |X1 − σY−6
)
1
12

[B]3,3 = −

log(e)
12σY6 2

(3.38)

[A]4,4 =

log(e)c821 −8
(σY1 |X1 − σY−8
)
1
48

[B]4,4 = −

log(e)
,
48σY8 2

(3.39)

the rest of entries of A and B are zero, and
σY2k = 1 + c2jk pj + pk , σY2k |Xk = 1 + c2jk pj
for k, j = 1, 2, j 6= k.

(3.40)
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Proof. Consider I(X1 ; Y1 ) (the analysis of I(X2 ; Y2 ) is analogous). By using
σY21
σY21 |X1

= 1 + c221 P2 + P1

(3.41)

= 1 + c221 P2

(3.42)

the Gram-Charlier expansion (3.31) can be applied to each entropy term involved in mutual
information,
I(X1 ; Y1 ) = h(Y1 ) − h(Y1 |X1 ) = h(X1 + c21 X2 + Z1 ) − h(c21 X2 + Z1 )
(3.43)
3 κ (X ))2
4 κ (X ))2
(a) 1
(κ
(X
)+c
(κ
(X
)+c
log(e)
log(e)
3
1
2
4
1
2
21 3
21 4
−
(3.44)
≈ log(2πeσY21 )−
2
12
48
σY61
σY81
log(e) c621 κ23 (X2 ) log(e) c821 κ24 (X2 )
1
log(2πeσY21 |X1 ) +
+
2
12
48
σY61 |X1
σY81 |X1
 log(e)

log(e)
1
p1
−
κ3 (X1 )2 −
κ4 (X1 )2
= log 1 +
2
6
2
1 + c21 p2
12σY1
48σY81
−

log(e)c621 −6
log(e)c821 −8
2
(σY1 |X1 − σY−6
(σY1 |X1 − σY−8
)κ
(X
)
)κ4 (X2 )2
+
3
2
1
1
12
48
log(e)c421
log(e)c321
κ
(X
)κ
(X
)
−
κ4 (X1 )κ4 (X2 )
−
3
1
3
2
6σY61
24σY81


p1
(b) 1
= log 1 +
+ κT Aκ.
2
2
1 + c21 p2
+

(3.45)
(3.46)
(3.47)
(3.48)
(3.49)

Expression (a) is obtained when (3.31) is applied in conjunction with the independence property,
the scaling property, and the fact that Z1 is Gaussian, while (b) follows from the definition of
A (3.34)-(3.39).



The matrices A and B are upper-triangular, and hence their eigenvalues lie on their diagonal
entries (3.34), (3.36), (3.38) and (3.39). Since A and B are not negative definite (two eigenvalues
are negative and the other two are non-negative), the possibility of finding a vector of cumulants
κ inducing a pair of distributions outperforming Gaussian-distributed codes is not precluded.
Lemma 3.5 Gaussian-distributed codes are not α-optimal for some fixed α ∈ [0, π/2] if the
problem

find

κ

subject to min{κT A(α)κ, κT B(α)κ} > 0
[κ]2 ≥ −2p21 (α)
[κ]4 ≥ −2p22 (α)

(3.50)
(3.51)
(3.52)
(3.53)

is feasible, where A(α), B(α) are equivalent to A, B in Lemma 3.4 but with E{Xk2 } = pk (α),
k = 1, 2, in (3.40).

Proof. Gaussian distributed codes are not α-optimal if another pair of distributions achieve a
rate pair outside RG in the direction given by the line R2 = tan(α)R1 . That amounts to finding
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an input distribution that yields an objective value (3.15)-(3.18) larger than min

n

R1G (α) R2G (α)
cos(α) , sin(α)

o
,

where
(R1G (α), R2G (α))

,

!

 1


1
p1 (α)
p2 (α)
log 1 +
, log 1 +
.
2
1 + c221 p2 (α) 2
1 + c212 p1 (α)

(3.54)

Since
(

I(X1 ; Y1 ) I(X2 ; Y2 )
,
min
cos(α)
sin(α)

)

(a)

≈

≥

(

)
R1G (α) + κT Aκ R2G (α) + κT Bκ
min
(3.55)
,
cos(α)
sin(α)
(
)
(
)
R1G (α) R2G (α)
κT Aκ κT Bκ
min
+ min
, (3.56)
,
,
cos(α) sin(α)
cos(α) sin(α)

where (a) follows from Lemma 3.4, a sufficient condition is that (3.50)-(3.53) is feasible, where
(3.52)-(3.53) account for the fundamental lower bound on the kurtosis (3.30).



In general, it is difficult to find a vector of cumulants satisfying Lemma 3.5 for a given GIC
and α due to i) the lack of general closed-form expressions for p1 (α) and p2 (α) (which are the solution to a non-convex problem), and ii) the fact that neither A(α) nor B(α) are positive/negative
definite. However, in some particular cases the optimal power allocation (p1 (α), p2 (α)) can be
found in closed form.
Lemma 3.6 The power allocation (p1 (α), p2 (α)) that achieves the unique rate pair resulting
from the intersection of the line R2 = tan(α)R1 and the boundary of RG for any fixed α ∈ [0, π/2]

is given by


({p1 ≥ 0 : ϕ(p1 , P2 ; α) = 0}, P2 )
(p1 (α), p2 (α)) =
(P , {p ≥ 0 : ϕ(P , p ; α) = 0})
1

where

ϕ(x, y; α) , 1 +

2

1

2

if ϕ(P1 , P2 ; α) ≥ 0
otherwise,

1/ cos(α) 
1/ sin(α)
y
x
−
1
+
.
1 + c221 y
1 + c212 x

(3.57)

(3.58)

Proof. Consider that E{X12 } = p and E{X22 } = βp, for some fixed 0 ≤ p ≤ P1 and 0 ≤ β ≤ P2 /p.
Then, since

R1G =




1
p
1
βp 
G
log 1 +
,
R
=
log
1
+
2
2
2
1 + c221 βp
1 + c212 p

(3.59)

are both increasing in p, which cannot exceed min{P1 , P2 /β} to satisfy the transmit power
constraints, if follows that at least one of the senders must transmit at its maximum power. If




1
P1
1
P2
log 1 +
≥
log
1
+
,
(3.60)
2 cos(α)
2 sin(α)
1 + c221 P2
1 + c212 P1
which is equivalent to ϕ(P1 , P2 ; α) ≥ 0, sender two must transmit at power p2 (α) = P2 and

sender one must cut-down its transmit power until both sides of (3.60) are equal, which is
achieved by p1 (α) = {p1 ≥ 0 : ϕ(p1 , P2 ; α) = 0}. If




1
P1
1
P2
log 1 +
<
log
1
+
,
2 cos(α)
2 sin(α)
1 + c221 P2
1 + c212 P1
a similar result holds.

(3.61)
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Corollary 3.1 In case α = π/4, (3.57) reduces to


p
 12 ( 1 + 4c2 (1 + c2 P2 )P2 − 1), P2
21
12

(p1 (π/4), p2 (π/4)) =  2c12
 P , 1 (p1 + 4c2 (1 + c2 P )P − 1)
1 2c2
12 1 1
21

if

P1
1+c221 P2

≥

P2
1+c212 P1

otherwise

, (3.62)

21

which is the power allocation that achieves the maximum symmetric achievable rate of Gaussiandistributed codes, defined as
G
Rsym
=

max

min{R1 , R2 }.

(3.63)


P2
P1
−
,
1 + c221 P2 1 + c212 P1

(3.64)

(R1 ,R2 )∈RG

Proof. It suffices to show that

sign(ϕ(P1 , P2 ; π/4)) = sign

and hence {p1 ≥ 0 : ϕ(p1 , P2 ; π/4) = 0} is the unique positive solution to the equation
c212 p21 + p1 − (1 + c212 P2 )P2 = 0.

(3.65)


Corollary 3.2 For a fully symmetrical GIC with c12 = c21 , c and P1 = P2 , P , (3.62) reduces
to
p1 (π/4) = p2 (π/4) = P.

(3.66)

Proof. It follows after straightforward manipulation of (3.62).



Lemma 3.6, Corollary 3.1, and Corollary 3.2 allow us to state the following result.
Theorem 3.2 Gaussian-distributed codes are not optimal for the totally asynchronous GIC
G
is outperformed by other input
with single-user receivers. For the fully symmetric GIC, Rsym

distributions if

√

1 + c−4 − 1
√
,
(3.67)
1 + c2 − 1 + c4
which implies that interference is at least moderate. The maximum symmetric achievable rate
P > Pth (c) ,

for zero-mean non-Gaussian X1 and X2 with symmetric pdf ’s, Rsym , is such that
(3.68)

G
Rsym − Rsym
∝ κ24 ,

where κ4 = κ4 (X1 ) = κ4 (X2 ) is their common kurtosis.
Proof. Non-optimality of Gaussian-distributed codes follows if (3.50)-(3.53) is shown to be
feasible for some fixed α, P1 , P2 , c21 , and c12 . To that end, consider the fully symmetric GIC
and α = π/4. By Corollary 3.2 it follows that
σY2
σY2 |X

≡ σY21 = σY22 = 1 + (1 + c2 )P
≡

σY21 |X1

=

σY22 |X2

= 1 + c P,
2

(3.69)
(3.70)
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and, according to the symmetry of the channel and the choice of α, we impose that X1 and X2
have the same distribution (with skewness κ3 and kurtosis κ4 ) and that their pdf is symmetric
around zero. The symmetry property forces κ3 = 0 and (3.50)-(3.53) reduces to
find

κ4 ≥−2P 2

subject to
which is feasible when

κ4

(3.71)

(1 + c4 )2  2
log(e)  c8
−
κ4 > 0,
48
σY8 |X
σY8

(3.72)

p
σY2
>
1 + c−4
σY2 |X

(3.73)

or, equivalently, P > Pth (c) (3.67). Moderate interference5 accounts for
1/2−c2
.
c4

Since
equivalently for transmission with power above Pmod (c) =
√
c2 + 1 + c4 − 1
√
Pth (c) − Pmod (c) =
≥ 0,
2(1 + c2 − 1 + c4 )c4

√
1+2P −1
2P

< c2 or,

(3.74)

a necessary condition for non-optimality of Gaussian codes is that the receivers experience
interference of at least moderate strength. Finally, (3.68) follows from (3.49) noticing that
G
Rsym − Rsym
corresponds to the left hand side of inequality (3.72).



In essence, Theorem 3.2 shows that Gaussian-distributed codes are not optimal when interference is significant enough (at least moderate). Since Pth (c) is decreasing in c, the more limited
the achievable rates are because of interference, the easier to outperform Gaussian-distributed
codes at lower transmit powers. As long as the maximum symmetric achievable rate is concerned,
kurtosis plays a key role on the performance of non-Gaussian codes (while it also concerns certain practical implementation aspects [Bha06]). Consistently with the fact that Gaussian codes
are capacity-achieving in the AWGN, Pth (c) → +∞ when c → 0.
Interestingly, [Sha07] showed that Gaussian-distributed codes and single-user detection are
sum-rate optimal provided that the interference is low enough (noisy interference, as in the
terminology of [Sha07]). Our result is consistent with that of [Sha07], which holds under weaker
interference than weak interference [Cos85], and rules out the optimality of Gaussian codes
and single-user detection for frame-synchronous GICs with stronger interference than moderate
interference.

3.5

Numerical Results

We shall present here some numerical results to illustrate Theorem 3.2. Particularly, we shall
show the existence of non-Gaussian distributions outperforming Gaussian-distributed codes for
the fully symmetric GIC to support the fourth-order analysis of Section 3.3. To that end, let us
consider the following non-Gaussian distributions:
5

A fully symmetric GIC is hampered by moderate interference [Cos85] when c2 < 1 and time-sharing is better

than Gaussian-distributed codes with single-user decoders.
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• Uniformly-distributed codes: the codewords are drawn uniformly about zero, i.e., Xk ∼
√
√
U(− 3pk , 3pk ) for some power 0 ≤ pk ≤ Pk , k = 1, 2.
• Ternary-distributed codes:

the codewords are drawn from the discrete alphabet

{−γk , 0, γk } according to the probabilities
pk
2γk2
P(Xk = 0) = 1 − 2P(Xk = γk ),

P(Xk = −γk ) = P(Xk = γk ) =

(3.75)
(3.76)

where 0 ≤ pk ≤ Pk is the transmission power of the k-th sender, γk = (3pk +κ4 (Xk )/pk )1/2 ,

and κ4 (Xk ) ≥ −2p2k is the kurtosis, k = 1, 2. The rationale of this choice resides in that
(3.75)-(3.76) is the simplest distribution having an arbitrarily large kurtosis, a fact that
in view of Theorem 3.2 is desirable in order to increase the achievable symmetric rate
whenever near-Gaussianity holds.

Given a pair of input probability distributions, the mutual information is numerically computed
by discretizing the integrals in (3.19)-(3.21). Although these distributions are not near-Gaussian
(in the sense

κ2i
2i
σX

 1, i > 2), we shall see that the results using the Gram-Charlier expansion

hold even in this situation.

Figure 3.1 can be viewed as a constructive proof of Theorem 3.2. The achievable rate regions
of Gaussian-, uniformly-, and ternary-distributed codes are plotted for two different channels
with P = 15. For each direction (described by a different value of α ∈ [0, π/2]), the optimum

transmit powers for Gaussian-distributed codes (p1 (α), p2 (α)) are computed using Lemma 3.6,
and plug into the rest of distributions to obtain their achievable rates. For ternary-distributed
codes, the kurtosis of each user’s distribution is independently optimized, too. While in the

first channel c = 0.1 (left), transmission is clearly below the threshold Pth (0.1) ≈ 9950, and
√
none of the proposed non-Gaussian distributions can beat RG , in the second c = 1/ 2 (right),
√
transmission power is above the threshold Pth (1/ 2) ≈ 3.24, and achievable rate gains are
realized, showing that RG falls short of achieving the capacity region.

To see how accurate is the threshold power (3.67) given in Theorem 3.2 using the fourth-order
analysis of mutual information, Figure 3.2 (left) plots the achievable symmetric rate of Gaussian, uniformly-, and ternary-distributed codes as a function of P for c = {0.9245, 0.5436}, which

yield the theoretical values of Pth = 1 and Pth = 10, respectively. The curves show excellent
agreement with (3.67), and Gaussian-distributed codes are outperformed when the conditions
of Theorem 3.2 are satisfied. To study this in a wider range of values of c, Figure 3.2 (right)
shows the comparison between the theoretical value of the threshold power (3.67) and the actual
threshold power of uniformly-distributed codes, which is computed using a bisection method up
to a precision of ±2.5%. Agreement between both curves is also observed.
Finally, to evaluate the impact of the lack of synchronization and the use of single-user
decoders on the capacity of the GIC, we have compared the achievable symmetric rates of
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Figure 3.1: Achievable rate regions of Gaussian-, uniformly-, and ternary-distributed codes for
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a fully symmetric GIC with P = 15 and c = 0.1 (left) and c = 1/ 2 (right), which correspond
to a signal-to-interference ratio value of 20 dB and 3 dB, respectively.
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Figure 3.2: Achievable symmetric rate of Gaussian-, uniformly-, and ternary-distributed codes
for two different values of c yielding theoretical threshold powers of 1 and 10 (left). Comparison
between the theoretical value of Pth (c) (3.63) and the threshold power of uniformly-distributed
codes as a function of the coupling coefficient (right).
Gaussian-, uniformly-, and ternary-distributed codes with the following strategies (which clearly
require synchronization and, some of them, the use of multi-user decoders):
• Time-sharing: the achievable symmetric rate is independent of c and equals

1
4

log(1 + 2P ).

Since we are focusing on the fully symmetric GIC, the symmetric rate is half of the sum-rate
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Figure 3.3: Achievable symmetric rates in the low-power regime, P = 1 (left), and high-power
regime, P = 1000 (right), as a function of the coupling coefficient c.
and

1
4

log(1 + 2P ) is also the symmetric rate of the achievable rate region of Sason [Sas04,

Thm. 1].
• Han and Kobayashi (H&K) simplified region: being the most long-standing unbeaten

achievable rate region for the GIC, the general region of Han and Kobayashi [Han81, Thm.
3.2] is widely accepted as the most successful approach towards the capacity region. However, the excessive number of random variables in which it is expressed and the cardinality
of their alphabets prevents us from its direct computation. Instead, we will focus on the
symmetric rate of its simpler subregion [Han81, Thm. 4.1] which tradeoffs computational
complexity and achievable rate results.

• Shang’s outer bound: one of the tightest known outer bounds of the capacity region of the
GIC [Sha07], which improves upon [Kra04, Thm. 1].

Figure 3.3 compares the achievable symmetric rates of the transmission strategies described
above as a function of the coupling coefficient c in both the low-power (P = 1, shown left) and
high-power (P = 1000, shown right) regimes. When interference is weak, Gaussian-distributed
codes perform undistinguishable to H&K, and are very close to Shang’s upper bound. The rest
of proposed non-Gaussian distributions, although very close to the Gaussian behavior, cannot
improve upon it because for low interference the threshold power is very large (it grows as
c−4 for small c). Nevertheless, the proposed non-Gaussian distributions, which are based on
totally asynchronous transmission, are able to significantly outperform time-sharing (except for
ternary-distributed codes in the high-power regime, where the discrete nature of their alphabet
makes them reach the upper bound of log2 (3) bits/ch. use6 ). Therefore, when interference is
6

Note that the symmetric rate is strictly below log2 (3) close to those values of c which make some of the

ternary symbols of each user overlap at the receiver (c = {0.5, 1}).
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weak the losses associated to the lack of transmission synchronism and the use of single-user
decoders are moderate (as long as H&K’s performance is taken as a benchmark).
When interference increases up to moderate, time-sharing appears to be the best strategy (as
long as the symmetric rate is concerned). However, it is far from Shang’s upper bound, which
might not be tight in this regime. In this case, the use of the proposed non-Gaussian distributions
is beneficial in the high-power regime (where transmission power is above the threshold (3.67)),
where they can significantly reduce the capacity losses due to the lack of synchronism and the use
of single-user decoders. For instance, in the high-power regime, for 3 dB signal-to-interference
ratio the use of ternary-distributed codes can raise the achievable rates 99.8%.

3.6

Conclusions

Motivated by practical constraints arising in decentralized wireless networks with uncoordinated
nodes, we studied the totally asynchronous interference channel with single-user receivers. In
the discrete case, its capacity region was characterized using an Information Spectrum approach
since the channel is not information stable. As single-letter inner and outer bounds of the
capacity region were found, they allowed us to compute achievable rates for the Gaussian case
tackling the rather complex expressions of the capacity region.
Gaussian-distributed codes are capacity-achieving whenever the capacity region of the 2 × 2

GIC is known and lead to closed-form characterizations of achievable rate regions. Despite

their natural appeal, in the limited setup where transmission synchronism cannot be guaranteed
and single-user decoders are required, they fall short of maximizing the achievable rates for all
GIC instances. Sufficient conditions for the existence of other than Gaussian-distributed codes
leading to higher achievable rates were found, that for the fully symmetric GIC reduced to
ensuring that the transmission powers exceed a threshold that makes interference to be at least
moderate.
These analytical results were supported by numerical experiments aiming at i) showing
that explicit non-Gaussian distributed codes yielding higher achievable rates than Gaussiandistributed codes exist (Figure 3.1); ii) checking the agreement between the sufficient conditions
and the performance of the explicitly proposed non-Gaussian codes (Figure 3.2); and iii) quantifying the losses associated to the lack of transmission synchronism and the use of single-user
decoders and the losses/gains from using non-Gaussian distributed codes in the low- and highpower and low- and high-interference regimes (Figure 3.3).

Chapter 4

Optimal Resource Allocation in
Cellular Networks with Partial CSI
Previous chapters addressed several aspects of multiuser interference. Namely, the study of how
and when to partially cancel it (Chapter 2), and its impact on the achievable rates whenever that
is not possible (Chapter 3). Focused on canonic small-size scenarios and the infinite blocklength
regime, they disregarded part of the essential characteristics found in most of today practical
multiuser systems, e.g. cellular systems. In this chapter we try to bridge this gap by targeting
a cellular network with an arbitrary number of nodes using non-ideal codes.
Emerging cellular networks are likely to handle users with heterogeneous quality of service
requirements attending to the nature of their underlying service application, the quality of their
wireless equipment, or even their contract terms. While sharing the same physical resources
(power, bandwidth, transmission time), the utility they get from using them may be very different and arbitrage is needed to optimize the global operation of the network. In this respect, we
investigate resource allocation strategies maximizing network utility under practical constraints.
When it comes to considering a scenario with many users, the metric of interest can no
longer be the capacity region: its complexity becomes as formidable as the chances of extracting
some practical insights out of it for potential extrapolation to prospective system designs. It
is therefore sensible to adopt a particular transmission strategy and try to get the most out of
the stringently limited available resources. In particular, we focus on a cellular network with
half-duplex, MIMO terminals and relaying infrastructure in the form of fixed and dedicated
relay stations. Whereas orthogonal frequency division multiple access is assumed, it is seen as
a frequency diversity enabler since path loss is the only channel state information (CSI) known
at the transmitters, which is refreshed periodically.
The lack of complete centralized CSI of all the links leads us to nullify intracell interference by assigning resources disjointly. Despite the theoretical suboptimality of this choice from
an information theory standpoint, we see a three-fold interest in avoiding interference in this
57

58

Chapter 4. Optimal Resource Allocation in Cellular Networks with Partial CSI

scenario:
1. Not knowing the channel states between each destination and its potential undesired transmitters, the network performance is exposed to uncontrolled losses if resource allocation
is performed ignoring interference.
2. Interference couples the performance of the different links possibly in a non-analytic manner which prevents closed form expressions (see (3.19)-(3.20) in Chapter 3).
3. Whenever analytic characterizations of achievable rate degradations due to multiuser interference exist, they often lead to nonconvex expressions which preclude the use of efficient
global optimization approaches.
With this setup, the performance of a state-of-the art relay-assisted transmission protocol
is characterized in terms of the ergodic achievable rates, for which novel concave lower bounds
are developed. The use of these bounds allows us to derive two efficient algorithms computing resource allocations in polynomial time, which address the optimization of the uplink and
downlink directions jointly. First, a global optimization algorithm providing one Pareto optimal
solution maximizing network utility during all the validity of one CSI is studied, which acts as
a performance upper bound. Second, a sequential optimization algorithm maximizing network
utility frame by frame is considered as a simpler alternative. The performance of both schemes
has been compared in practical scenarios, giving special attention to the performance-complexity
and throughput-fairness tradeoffs.

4.1

Introduction

4.1.1

Motivation

The deployment of cellular networks has been traditionally associated to the provision of voice
(and low-rate data) service to mobile users. The exclusivity of this purpose, however, is in conflict
with the ubiquitous availability of wireless equipment and the steadily increasing traffic demands
arising from new interactive, multimedia services, which have opened the door to a plethora of
new potential network scenarios. From interactive gaming to wireless broadband access, different
services with heterogeneous quality of service (QoS) requirements shall converge to the same
service network. Regarding this paradigm, we identify three central issues in prospective network
design which motivate the work of this chapter:
• How to characterize the user experience of the different services of the network using
homogeneous performance measures?

• How to dynamically arbitrate on the shared use of the limited transmission resources of
the network by competing flows which are of different nature?
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• How to extract the largest possible system spectral efficiency from the physical layer?
With this in mind, the optimization of the operation of the network is hence a matter of allocating
resources (power, bandwidth, rate, transmission time) efficiently for uplink (UL) and downlink
(DL) scheduled transmissions among the serving users such that some network-wide cost function
involving their service experience is maximized along time.

4.1.2

Adopted network setup

In this chapter, we tackle the network design problem adopting a cell-by-cell approach. Hence, we
focus on a cell consisting of one base station (BS) serving M mobile stations (MS’s, or users). To
enable the realization of high spectral efficiencies and boost network performance, we assume that
R relay stations (RS’s) are deployed within the cell coverage area to enhance the communication
between the users and the BS [Cov79, Cov06, Nab04, Wan05, Och06]. Interpreting the presence
of relays as an extension of the network infrastructure enabling relay-assisted transmission, their
locations are assumed to remain fixed, although they can indeed be optimized beforehand. All
the terminals are assumed half-duplex for practical reasons.
Since the capacity of the relay channel is still an open problem (so is determining the optimal
relaying strategy) we shall adopt here the cooperation protocol of [HM05, Prop. 2], based
on the decode-and-forward strategy [Yu05], which comprises essentially some of the protocols
in [Nab04, Och06, Val03, Doh04b] as particular cases and is able to work with partial knowledge
of the channel state. To make our approach more general, we let the BS, the RS’s, and the
MS’s be equipped with an arbitrary number of antennas, denoted by nBS , nRS , and nMS,m ,
respectively (nMS,m is the number of antennas of the m-th MS, 1 ≤ m ≤ M) such that extra
performance gains arising from MIMO [Big04, Tse05, Big07a] can be also captured.

Pursuing the application of our results to practical scenarios we are led to two important choices, the first one being the adoption of orthogonal frequency division multiple-access
(OFDMA). OFDMA can be efficiently implemented via FFT/IFFT, and it is able to combat
the inherent frequency selectivity of wireless channels while at the same time allowing a modular tone-based multiplexing of users. Additionally, it improves upon TDMA with respect to
achievable rates and data latency, and allows for finer granularity in resource allocation [YJC07],
a must in wideband systems. For these and other reasons, it results appealing for upcoming
wireless networking standards [Gro06, Gro07, 20005].
The second choice is related to the availability and quality of channel state information (CSI)
at each network location (BS, RS’s, and MS’s). In relayless OFDMA networks, centralized
perfect CSI of all the links (in the form of per-tone fading state knowledge) can be used to
allocate resources adaptively. Hence, bandwidth, power, and rate can be optimally assigned to
align with the instantaneous network conditions [Yu06], yielding enormous performance gains.
However, such perfect CSI is likely not to be available in all the (R+M+RM) links of our scenario.

60

Chapter 4. Optimal Resource Allocation in Cellular Networks with Partial CSI

On the one hand, the amount of processing required to take advantage of perfect CSI can be
formidable (the complexity has been shown to be NP-hard even for a relayless network [Won99])
and possibly non-affordable. On the other hand, for sufficiently fast time-varying channels, the
necessary CSI refresh interval can happen to exceed the capacity of the limited-rate feedback
channels of the network. Even worse, propagation and processing delays on the feedback channels
may result in outdated, useless CSI at the beginning of a resource allocation phase. Thus,
unlike other works [Yu06, Won99, Bae06, Lee06, Ng07] we shall study the network scenario of all
transmitters having perfect knowledge of the path loss of each of the channels, a slowly varying
scalar parameter, but being ignorant of each per-tone fading state. Although explicit path loss
estimation techniques are out of the scope of this thesis, its accurate estimation seems reasonable
provided that some pilot tones are placed within the transmission bandwidth, which is a common
practice in OFDM-based standards such as the IEEE 802.16 suite [Gro06, Gro07, 20005], the
3GPP LTE [36.], and WiMAX [Teo07] for synchronization purposes.
With this setup, we aim at optimizing the network operation for maximizing network utility
[Ng07, Kel98, Lin06, Pal07, Xue06] in a cell-by-cell approach. Centralized optimization is hence
performed at each BS which, upon collection of CSI, takes scheduling decisions and implements
resource allocation strategies shaping the instantaneous rates of all the users involved in its cell.
One nice feature of our network operation design framework is that the network resources (time,
frequency, power, and rate) devoted to UL and DL transmissions are optimized jointly, instead
of allocating a given portion of total resources to each direction in each transmission frame and
optimizing them separately.

4.1.3

Summary of contributions

We propose a centralized optimization framework for the maximization of the cell performance
based on the user experience of each serving MS. Under the setup of Section 4.1.2, the CSI of all
the links (path loss) is collected at the BS which, together with the QoS requirements of each
UL and DL flow1 and its current degree of fulfillment, decides the resource allocation strategy to
be followed during some period of time. This strategy is based on the maximization of network
utility, a cell-wide performance measure which combines the service satisfaction of all the users,
and has given rise to the following contributions to the problems raised in Section 4.1.1:
• User satisfaction is measured using utility functions. Thus, the same network infrastructure

can flexibly reconfigure to optimally serve a variety of scenarios by properly choosing the
user utility function of each service under operation such that their different profiles are
conveniently reflected.

1

We consider here that each user requires to send and receive information, hence generating one UL flow and

another DL flow. The generalization to the setup where users may require more than one flow per direction (e.g.
when accessing different services simultaneously using the same equipment) is straightforward as each pair of UL
and DL flows can be treated as a different virtual user.

4.2. System Model and Preliminaries
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• An algorithm to efficiently compute a global optimal resource allocation strategy in polynomial time (by solving a series of convex optimization problems) is proposed. It is benchmarked against other simpler, suboptimal strategies able to retain a large fraction of
performance with significant complexity savings.
• The optimal operation of the network that maximizes network utility is essentially cross-

layer, as the joint optimization of user scheduling, resource allocation, and relay-assisted
transmission is involved for UL and DL directions.

• In characterizing the performance of the adopted relay-assisted transmission protocol, tight
concave lower bounds to the ergodic capacity of MIMO and distributed MIMO channels
are obtained which may find applications outside the problems addressed in this thesis.
The rest of the chapter is structured as follows. Section 4.2 describes the adopted transmission strategy for OFDMA with partial CSI and some preliminaries regarding key system
parameters. Next, Section 4.3 addresses the transmission protocol for relay-assisted communication. Its cell-wide short term performance is analytically characterized in Section 4.4 in terms
of instantaneous achievable rate regions. Then, Section 4.5 builds upon this to i) introduce
user utility functions as a useful tool to characterize user satisfaction with services of different
nature, ii) pose optimal network strategy as the solution to an optimization problem which aims
at maximizing network utility, and iii) propose an iterative algorithm to compute a global optimal solution to this problem in polynomial time. Additionally, a reduced-complexity algorithm
computing a suboptimal network strategy is also proposed and benchmarked against the global
optimal in Section 4.6, where simulation results of practical scenarios are provided. Finally,
Section 4.7 concludes the chapter summarizing results and sketching lines for future work.

4.2

System Model and Preliminaries

Consider the network setup described in Section 4.1.2, where the BS, the RS’s, and the MS’s are
max
max
power constrained to pmax
BS , pRS , and pMS , respectively. In every transmission frame interval,

denoted by T , the same network bandwidth B is used in the UL and DL phases, of adjustable
duration via TDD2 . In each of them, the communication of each BS-MS pair is assisted by
one RS. Let us denote the RS attached to the m-th MS by RS(m) ∈ {1, . . . , R}. The RS
assignment of the network is hence described by the connectivity matrix L ∈ {0, 1}R×M , where

Lr,m = δ[r − RS(m)] and δ[·] is the Kronecker delta. Note that each BS-MS pair is assisted
by one RS, but the same RS can serve more than one BS-MS pair. In fact, the number of

BS-MS’s pairs assisted by the r-th RS equals the number of non zero entries of the r-th row of
the connectivity matrix L.
2

Although the proposed optimization framework can be extended to the FDD mode, we have ruled it out

because it poses more restrictive complexity requirements on the RS’s, which should be able to receive and
transmit simultaneously on different frequency bands.
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M×1
We shall use the vectors `1 (t) ∈ RM×1
, `2 (t) ∈ RR×1
to denote the CSI
+
+ , and `3 (t) ∈ R+

collected at the beginning of the t-th frame. While `1,m (t) stands for the path loss between the

BS and the m-th MS, `2,r (t) is the path loss between the BS and the r-th RS, and `3,m (t) is the
path loss between the m-th MS and its associated RS (which is the RS(m)-th). All of them are
assumed to satisfy reciprocity.
When OFDM is employed with the only knowledge of the link path loss at each transmitter,
one practical strategy is to perform uniform power allocation among groups of tones sufficiently
far apart such that their individual fading states are uncorrelated and frequency diversity is
enabled. This is the case in the IEEE 802.16e - PUSC and FUSC standards [20005]. With this
approach, coding across a sufficiently large number of tones makes the instantaneous achievable
rate, denoted by r(t), be upper bounded by the ergodic (or average) mutual information thanks
to the law of large numbers3 . By ergodic capacity we understand the instantaneous capacity
given some fading state in the frequency domain averaged over all possible fading realizations in
this domain. Therefore, no matter how short the transmission interval is nor how fast the channel
response varies, the ergodic capacity will exclusively depend on the transmission bandwidth and
the link signal-to-noise ratio, snr. The snr suffices to characterize the quality of a link since
interference between neighboring transmitters is prevented by allocating bandwidth among the
different BS-RS-MS triplets in a disjoint manner4 : each BS-MS-RS triplet is assigned a fraction
of the total bandwidth in exclusivity. This fraction may vary from UL to DL phases and also
within each of them, depending on whether the RS is active (relay-transmit subphase) or not
(relay-receive subphase). Whichever subphase we focus on, the snr of any link is given by

snr =

`Gp
,
N0 F b

(4.1)

where ` is pathloss, G is antenna gain, p is transmit power, N0 is the AWGN one-sided power
spectral density, F is the noise factor, and b is bandwidth. Whereas the specific values of p and
b are subject to optimization by the BS and N0 and ` are given, we distinguish between FBS
(GBS ), FRS (GRS ), and FMS,m (GMS,m ) to consider the general case of nodes equipped with RF
front-ends of diverse quality.
3

Consider a SISO point-to-point link for simplicity. When the transmit power is uniformly allocated over N

tones spanning some total bandwidth B, the per-tone snr is constant. If {hi }N
i=1 denote the fading states of each
tone (assumed i.i.d and unknown), the achievable rate satisfies

r(t) ≤

N
N
X
(a)
B
1 X
log2 (1 + snrhi ) =
B log2 (1 + snrhi ) −→ E{B log2 (1 + snrh)},
N
N
i=1
i=1

where (a) follows for large N from the law of large numbers and convergence is in probability. For finite moderate
values of N , outage events are not precluded. Its impact on system design, however, is beyond the scope of this
thesis.
4
Inter-cell interference due to frequency reuse in neighboring cells is not considered in this work.
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4.3. Relay-Assisted Transmission

4.3
4.3.1

Relay-Assisted Transmission
Maximum instantaneous achievable rates

The use of RS’s in our network setup has the advantage of realizing performance gains arising
from relay-assisted transmission. As the bandwidth is assigned orthogonally (disjointly) to each
BS-RS-MS triplet, intra-cell interference is completely nulled and it suffices to study one single
triplet to describe the overall behavior of the cell.
Considering that every RS operates in the half duplex mode, then for a given time duration
the relay is in the receive mode (we call this period the relay-receive subphase), and in the
transmit mode for the rest (we call this period the relay-transmit subphase)5 . To illustrate the
cooperation protocol, which is that of [HM05, Prop. 2], consider the specific BS-RS-MS triplet
shown in Figure 4.1, where the DL phase is described and the MS and RS index are omitted for
simplicity. The matrices H1 ∈ CnMS ×nBS , H2 ∈ CnRS ×nBS , and H3 ∈ CnMS ×nRS represent the

instantaneous fading states of each of the links at a given tone6 .


RS

√

`2 H2


√


√

BS



`1 H1

relay-rx subphase
relay-tx subphase
`3 H3

R
- MS


Figure 4.1: DL cooperation protocol: the DL phase is split into two subphases attending to the
half duplex nature of the RS.
Although the details of the coding scheme can be found in [HM05, App. A], we provide
here a brief sketch of it for the sake of clarity. The BS splits its message into two independent
components: one which is transmitted directly to the MS without the help of the RS, and
another which is transmitted through the RS to the MS. During the relay-receive subphase,
of duration τ1 , the BS transmits one codeword related to the latter message component using
some power p1 while the RS and the MS listen. At the end of this subphase, the RS attempts
to decode this message component. If successful, a relay-transmit subphase of duration τ2 starts
where both the RS (which re-encodes the decoded message component) and the BS (which
now transmits a codeword associated to its other message component) transmit using powers
p3 and p2 , respectively. Otherwise the RS remains silent during this subphase. The receiver
performs successive decoding: it first attempts to decode the relayed message component from
the signal of both subphases and, if successful, it subtracts the signal transmitted by the RS
in the second subphase prior to decoding the unrelayed message component. Assuming that
5
6

We shall also refer to the protocol subphases as subphase 1 (relay-receive) and subphase 2 (relay-transmit).
When UL cooperative transmission is considered, the instantaneous fading states can be described by using

the transposed matrices {HTj }3j=1
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communication takes place over bandwidths B1 (relay-receive subphase) and B2 (relay-transmit
subphase) and that uniform power allocation across antennas is performed (see [Lia07] for relayassisted communication protocols where power allocation is performed assuming perfect CSI),
the achievable rate rDL in [bit/s] satisfies [HM05]
(1)

(2)

rDL ≤ min{rDL , rDL },

(4.2)

where the min function models whether it is the source-relay or the source-destination who act
as information bottlenecks for the relayed message component, and
n

o
n

o
snr1,2
snr2
(1)
H2 H†2
H1 H†1
rDL = τ1 B1 E log2 det InRS +
+ τ2 B2 E log2 det InMS +
(4.3)
nBS
nBS
o
n

snr1,1
(2)
H1 H†1
(4.4)
rDL = τ1 B1 E log2 det InMS +
nBS
n

o
snr1,2
snr3
+ τ2 B2 E log2 det InMS +
H1 H†1 +
H3 H†3 ,
(4.5)
nBS
nRS
where the snr’s amount to
snr1,j =

`1 GBS pj
,
N0 FMS Bj

snr2 =

`2 GBS p1
,
N0 FRS B1

snr3 =

`3 GRS p3
,
N0 FMS B2

(4.6)

where j = 1, 2.
While the success of decoding the relayed message component at the relay indeed impacts
on the success of decoding at the destination, the behavior of the destination is independent of
whether the relay was able to decode or not. The destination will attempt to decode first the
relayed component, perform successive interference cancellation, and go for the direct component
afterwards, no matter what happened to the relay. This makes the relay a transparent network
feature as seen by the MS, as no signalling between them is required whatsoever. In fact, as we
rely on the ergodic capacities to characterize performance (see Section 4.2), it can be assumed
that all the transmissions are reliable as long as their information rates lie below capacity.
Consequently, the performance (4.2) of the strategy [HM05] for the one-way relay channel with
half-duplex relay is such that the transmission rate of the relayed message component always
results in successful decoding at the relay.
It is important to remark that the upper bound (4.2) is only tight for Gaussian codes of infinite blocklength. When practical discrete alphabet codes of finite blocklength are used instead,
decoding errors at the RS and the MS cannot be disregarded at rates below the corresponding
ergodic capacities. However, expression (4.2) can still be used by introducing a penalizing gap
Γ such that snrpractical = snr/Γ in (4.3)-(4.5)7 . We will hence use the gap from now on and omit
the subscript ‘practical’ in snr for simplicity. When UL transmission is considered, an analogous
(1)

(2)

expression to (4.2) of the form rUL ≤ min{rUL , rUL } readily follows by exchanging the roles of

the MS and the BS and transposing the matrices {Hj }3j=1 .
7

The gap can be further increased to model the impact of inter-cell interference on final performance via snr

degradation.
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Oppositely to [Ng07], where relays explicitly switched between amplify-and-forward and
decode-and-forward depending on the achievable rates, the adopted cooperation protocol has
the advantage of comprising other well-known cooperation strategies as particular cases such that
the best one is implicitly selected when the resource allocation is optimized. While it mimics
the philosophy of protocol I of [Nab04] and transmit diversity [Och06], it can also accommodate
the following:
• Protocol III [Nab04], simplified transmit diversity [Och06] - Set p1 to be too small to enable
direct BS-MS reliable communication in the relay-receive subphase.

• Protocol II [Nab04], receive diversity [Nab04] - Set p2 = 0.
• Multihop relaying [Och06, Doh04a, Cal07e] - Set p2 = 0 and p1 to be too small to enable
direct BS-MS reliable communication in the relay-receive subphase.

• Direct transmission - Set p3 = 0 and/or τ2 = 0 and/or B2 = 0.

4.3.2

Universal concave lower bounds on the achievable rates

Transmission over multiple tones with uncorrelated fading makes the ergodic (or average) rates
show up in (4.3)-(4.5). They involve computing three MIMO channel ergodic capacities and
one distributed MIMO channel ergodic capacity (the τ2 term in (4.5)). After averaging over
the fading distribution, i.e., the distribution of the matrices {Hj }3j=1 , the resulting expectations

depend only on the link snr’s and the τj Bj products, and admit closed form expressions for both
the MIMO [Shi03, Big04] and the distributed MIMO [Kie05] channel in case of Rayleigh fading.
However, analytical expressions cannot be derived for other fading distributions like Ricean,
that are common in the BS-RS link and include line-of-sight components (LOS). On top of that,
equations (4.3)-(4.5) are not concave functions of the duration of the subphases, the allocated
bandwidths, and the transmit powers. This prevents efficient methods to be applied for rate
allocation in global optimization approaches.
(1)

(2)

Alternatively, we develop universal, simpler concave lower bounds of rDL and rDL that ease
prospective optimization methods and allow for an easy concavity test. Here, by universal
we mean that parametric lower bounds with the same structure can be applied to any fading
distribution by changing the parameter values and not that the same expression holds for all of
them. Other parametric approaches have been taken to approximate MIMO ergodic capacities
[Doh05], but oppositely to our needs, concavity with respect to durations, bandwidths, and
powers was not guaranteed, parameter values were not systematically found (i.e., curve fitting
was performed), and the distributed MIMO case was not tackled. To start with, consider the
following results upon which our lower bounds are based. Their concavity analysis will be left
to the next section.
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Lemma 4.1 A lower bound to the ergodic capacity of an nt × nr MIMO channel is
nr
o X
n

snr
HH†
≥
log2 (1 + ρi (fH )snr/nt ),
E log2 det Inr +
nt

(4.7)

i=1

 
where ρi (fH ) , exp E{log λi HH† ) } and fH (·) denotes the pdf of the channel matrix H8 .
Proof. Proceeding as in [Big04, App. E.1], we start from the expression that relates the ergodic
capacity with the ordered eigenvalues of HH† to obtain
nr
n

o
X
snr
†
HH
=
E{log2 (1 + λi (HH† )snr/nt )}
E log2 det Inr +
nt

=
≥

i=1
nr
X
i=1
nr
X

(4.8)

E{log2 (1 + exp(log λi (HH† ))snr/nt )}

(4.9)

log2 (1 + exp(E{log λi (HH† )})snr/nt ),

(4.10)

i=1

where (4.10) follows from Jensen’s inequality and the convexity of the function I(x) = log2 (a +
b exp(x)) for all a, b ≥ 0.



Lemma 4.2 A lower bound to the ergodic capacity of an nt,1 × nr and nt,2 × nr distributed
MIMO channel is

nr
n

o X
snr1
snr2
†
†
E log2 det Inr +
H1 H1 +
H2 H2
≥
log2 (1 + ρi (fH1 )snr1 /nt,1 + ρi (fH2 )snr2 /nt,2 ).
nt,1
nt,2
i=1
(4.11)

Proof. Since 1 + λi (H1 H†1 )snr1 /nt,1 + λi (H2 H†2 )snr2 /nt,2 ≥ 0 for 1 ≤ i ≤ nr and both H1 H†1
and H2 H†2 are Hermitian matrices, it follows from [Fie71] that

n

o
snr1
snr2
E log2 det Inr +
H1 H†1 +
H2 H†2
≥
nt,1
nt,2
nr
X
E{log2 (1 + λi (H1 H†1 )snr1 /nt,1 + λi (H2 H†2 )snr2 /nt,2 )}. (4.12)
i=1

The lemma follows by similarly applying Jensen’s inequality resorting twice to the function I(x).

Lemmas 4.1 and 4.2 lower bound the MIMO channel capacities with expressions that mimic
equivalent transmissions through virtual parallel AWGN channels of gains ρi (·), which depend
on the antenna configuration and the fading distribution, and whose tightness is analyzed in
figures 4.2 and 4.3. As for the MIMO channel, Lemma 4.1 lower bound is extremely tight. The
tightness of Lemma 4.2 lower bound with respect to the distributed MIMO channel capacity,
however, depends on the snr.
8

Note that since rank{HH† } ≤ min{nt , nr }, ρi (fH ) = 0 for min{nt , nr } < i ≤ nr .
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Figure 4.2: Exact ergodic capacity (solid lines) and Lemma 1 lower bound (dashed lines) vs snr
for different antenna configurations and Rayleigh fading.
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Figure 4.3: Exact ergodic capacity (solid lines) and Lemma 2 lower bound (dashed lines) vs snr1
for different values of snr2 and Rayleigh fading. The antenna configuration is nr = nt,1 = nt,2 =
2.
The computation of the channel-dependent coefficients ρi (·) can be accurately performed
offline by using Monte Carlo methods. However, as for Rayleigh fading and an n × 1 or 1 × n

antenna configuration, results on the expectation of the logarithm of a Chi-square random
variable [Lap03] can be applied to show that
−Ψ+

ρi (n) = e

Pn−1

1
j=1 j

δ[i − 1],

(4.13)

where Ψ ≈ 0.577 is the Euler-Mascheroni constant [Gra00, 4.352-1]. In any case, once the

channel-dependent coefficients are computed, lemmas 1 and 2 allow us to state the main result
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of this section.
Corollary 4.1 A lower bound on the maximum DL achievable rates of the adopted relay-assisted
transmission protocol is
(1)

(2)

rDL ≤ min{rDL , rDL },

(4.14)

where
nRS
n
MS


X
X
snr1,2 
snr2 
(1)
(1)
rDL = τ1 B1
log2 1 + ρi (fH2 )
+ τ2 B2
log2 1 + ρi (fH1 )
≤ rDL
nBS
nBS
i=1
n
MS
X

(2)

rDL = τ1 B1

i=1

≤

i=1
n
MS
X


snr1,1 
log2 1 + ρi (fH1 )
+ τ2 B2
nBS

i=1

(4.15)


snr1,2
snr3 
+ ρi (fH3 )
log2 1 + ρi (fH1 )
(4.16)
nBS
nRS

(2)
rDL .

(4.17)

A similar lower bound on the maximum UL achievable rates holds by exchanging the roles of the
BS and the MS and transposing {Hj }3j=1 .

4.4

Achievable Instantaneous Rates

Given the CSI at the beginning of the t-th frame, {`j (t)}3j=1 , the instantaneous performance of

the network is given by the DL and UL achievable rate regions, i.e., the set of all rate vectors
rDL (t), rUL (t) ∈ RM×1
that can be sustained during one frame duration. The achievable rates
+

depend upon the frame format as described by the vector of fractional durations τ ∈ R4+ ,

1T4 τ = 1, whose components account for the DL subphase 1 (τ1 ), DL subphase 2 (τ2 ), UL
subphase 1 (τ3 ), and UL subphase 2 (τ4 ). Each subphase duration shapes and couples the
instantaneous achievable rate regions, denoted by RDL (t; τ ) (DL) and RUL (t; τ ) (UL), and will

be subject to optimization later on, when rate allocation policies come into play in the next
section. In this section, however, we shall focus on the dependence of the achievable rates on
the disjoint allocations of power among transmitters and bandwidth among BS-RS-MS triplets.

4.4.1

DL instantaneous achievable rate region

Assuming that the duration of the DL subphases is fixed to τ1 T and τ2 T , the instantaneous achievable rates depend upon the allocation of bandwidth and transmit power among
the M competing flows.
p1 , p2 , p3 , b1 , b2 ∈

RM×1
,
+

Let us describe the DL resource allocation by using the vectors
which represent the fractional BS power allocation in subphases 1

and 2, the fractional RS’s power allocation in subphase 2 (p3,m is the fraction of power transmitted by the RS(m)-th RS in assisting the m-th MS), and the fractional bandwidth allocation in
subphases 1 and 2, respectively. By imposing non-negativity on each fraction and constraining
the sum of resources it follows that
p1 , p2 , p3 , b1 , b2 ≥ 0M ,

(4.18)
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1TM pj ≤ 1,

Lp3 ≤ 1R ,

1TM bj ≤ 1,

(4.19)

where j = 1, 2 and L is the connectivity matrix defined in Section 4.2. Thus, applying Corollary
4.1 the DL achievable rate in [bit/s] of the m-th user, rDL,m (t), satisfies
(1)

(2)

rDL,m (t) ≤ min{rDL,m (t), rDL,m (t)},

(4.20)

where
(1)

rDL,m (t) = Bτ1 b1,m

nRS
X

nMS,m


X
p1,m 
p2,m 
log2 1 + ci2,m (t)
+ Bτ2 b2,m
(4.21)
log2 1 + ci1,m (t)
b1,m
b2,m

i=1
nMS,m
(2)

rDL,m (t) = Bτ1 b1,m

X

i=1



log2 1 + ci1,m (t)

i=1

p1,m
b1,m



(4.22)

nMS,m

+ Bτ2 b2,m

X
i=1


ci1,m (t)p2,m + ci3,m (t)p3,m 
log2 1 +
b2,m

(4.23)

condense CSI into the equivalent channel gains
ci1,m (t) =
ci2,m (t) =
ci3,m (t) =

ρi (fH1,m )`1,m (t)GBS pmax
BS
nBS ΓN0 FMS B
ρi (fH2,RS(m) )`2,RS(m) (t)GBS pmax
BS
nBS ΓN0 FRS B
ρi (fH3,m )`3,m (t)GRS pmax
RS
.
nRS ΓN0 FMS B

(4.24)
(4.25)
(4.26)

Following the notation of Section 4.3, we have used fH1,m to denote the DL fading distribution
between the BS and the m-th MS, fH2,RS(m) for the DL fading distribution between the BS and
the serving RS of the m-th MS, and fH3,m for the DL fading distribution between the m-th MS
and its serving RS. The DL achievable rate region is hence given by
RDL (t; τ ) =

[
(1)
(2)
{0M ≤ rDL (t) ≤ min{rDL (t), rDL (t)}},

(4.27)

where the union is taken over the allocations satisfying (4.18)-(4.19).
Lemma 4.3 The DL instantaneous achievable rate region RDL (t; τ ) is convex.
Proof. For fixed τ1 , τ2 , some properties of convex functions [Boy04] can be used to show that
the right hand side of (4.20) is concave: the minimum of concave functions is concave, and the
concavity of (4.21)-(4.23) can be shown resorting to the function G(x, y) = ax log(1 + by/x),
which is concave in x, y ≥ 0 ∀a, b ≥ 0. This implies convexity of RDL (t; τ ) for fixed τ [Boy04],

which will turn out to be useful in ensuring global optimality in rate allocation problems. This
desirable property, which follows from the use of the universal lower bounds derived Section 4.3.2,
vanishes when the frame format (here in the form of the relative durations τ1 , τ2 ) is subject to
optimization too. However, this can be circumvented with the following variable change
qj , τj pj ,

q3 , τ2 p3 ,

wj , τj bj ,

(4.28)
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where j = 1, 2. This variable change gives rise to a new set of allocation variables, in terms of
which (4.21)-(4.23) become
#
"
nMS,m
nRS


X
X
q2,m 
q1,m 
(1)
i
i
(4.29)
+w2,m
log2 1+c1,m (t)
rDL,m (t) = B w1,m
log2 1+c2,m (t)
w1,m
w2,m
i=1
i=1
#
"
nMS,m
nMS,m

 ci (t)q2,m +ci (t)q3,m 

X
X
q
1,m
3,m
1,m
(2)
,(4.30)
+w2,m
rDL,m (t) = B w1,m
log2 1+
log2 1+ci1,m (t)
w1,m
w2,m
i=1

i=1

both of them concave functions regardless of τ1 , τ2 . The new set of feasible allocations transforms
accordingly into
(4.31)

q1 , q2 , q3 , w1 , w2 ≥ 0M ,
1TM qj ≤ τj ,

Lq3 ≤ τ2 1R ,

1TM wj ≤ τj ,

(4.32)

where j = 1, 2 again. Formulated in terms of the new allocation variables, the region RDL (t; τ )

can be equivalently obtained by taking the union in (4.27) over (4.31)-(4.32), where (4.29)(4.30) are used instead of (4.21)-(4.23). This way, the convexity of RDL (t; τ ) with respect to

τ is unveiled: (4.29)-(4.30) are concave and the feasible set (4.31)-(4.32) is the intersection of
halfspaces and hence convex, something that was hidden with the original allocation variables.
Needless to say, the variable change (4.28) can be straightforwardly reversed to obtain the
allocated fractions of bandwidth and power.

4.4.2



UL instantaneous achievable rate region

Proceeding similarly, if the relative duration of the subphases is fixed to τ3 T and τ4 T , the UL
resource allocation can be characterized in terms of the vectors p1 , p2 , p3 , b1 , b2 ∈ RM
+ . While
the meaning of b1 , b2 , and p3 is identical, p1 and p2 refer now to the fractional MS’s transmit

power in subphases 1 and 2. Thus, the feasible set of UL resource allocations is
(4.33)

p1 , p2 , p3 , b1 , b2 ≥ 0M
pj ≤ 1 M ,

Lp3 ≤ 1R ,

1TM bj ≤ 1,

(4.34)

where j = 1, 2. The application of Corollary 1 to the UL achievable rate in [bit/s] of the m-th
user implies that rUL,m (t) satisfies
(1)

(2)

rUL,m (t) ≤ min{rUL,m (t), rUL,m (t)},

(4.35)

where
(1)

rUL,m (t) = Bτ1 b1,m

nRS
X

i=1
nBS,m

nBS,m


X
p1,m 
p2,m 
log2 1 + di3,m (t)
+ Bτ2 b2,m log2 1 + di1,m (t)
(4.36)
b1,m
b2,m
i=1


X
p1,m 
(2)
rUL,m (t) = Bτ1 b1,m log2 1 + di1,m (t)
b1,m

(4.37)

i=1
nBS,m

+ Bτ2 b2,m


X
di1,m (t)p2,m + di2,m (t)p3,m 
log2 1 +
b2,m
i=1

(4.38)
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use the equivalent channel gains
di1,m (t)

ρi (fHT )`1,m (t)GMS pmax
MS

=

1,m

nMS ΓN0 FBS B
ρi (fHT
)`2,RS(m) (t)GRS pmax
RS

di2,m (t) =

2,RS(m)

ρi (fHT

di3,m (t) =

3,m

nRS ΓN0 FBS B
)`3,m (t)GMS pmax
MS

nMS ΓN0 FRS B

.

(4.39)
(4.40)
(4.41)

Note that by transposing the DL fading state matrices, the fading distributions account for UL
transmission. The UL achievable rate region can finally be expressed as
RUL (t; τ ) =

[
(1)
(2)
{0M ≤ rUL (t) ≤ min{rUL (t), rUL (t)}},

(4.42)

where the union is over (4.33)-(4.34).
Lemma 4.4 The UL instantaneous achievable rate region RUL (t; τ ) is convex.
Proof. As happened in the DL, the achievable rate region RUL (t; τ ) is convex when the frame

format τ is fixed, but not when it becomes an optimization variable. To avoid this handicap,
the same variable change as in (4.28) is proposed. This leads to the concave expressions
"
(1)
rUL,m (t)

= B w1,m

nRS
X

log2

i=1

#
nBS,m



X
q
q
1,m
2,m
1+di3,m (t)
+w2,m log2 1+di1,m (t)
w1,m
w2,m

(4.43)

i=1

nBS,m

#
nBS,m

 di (t)q2,m +di (t)q3,m 
X
X
q1,m 
1,m
2,m
i
= B w1,m log2 1+d1,m (t)
+w2,m log2 1+
(4.44)
w1,m
w2,m
"

(2)
rUL,m (t)



i=1

i=1

and the new feasible set
q1 , q2 , q3 , w1 , w2 ≥ 0M
qj ≤ τj 1M ,

Lq3 ≤ τ2 1R ,

1TM wj ≤ 1,

(4.45)
(4.46)

where j = 1, 2. Thus, a convex representation of RUL (t; τ ) follows by replacing (4.36)-(4.38) by
(4.43)-(4.44) in (4.42) and performing the union over the allocations satisfying (4.45)-(4.46). 

4.5

Maximum Network Utility Rate Allocation Policies

In a cellular network handling users of services with different QoS requirements, some users
might exhibit large sensitivity to transmission delays while others might only pay attention to
their experienced long-term throughput. And still other key performance indicators may play a
role, such as transmit buffer overflow probability, energy consumption... etc; even users of the
same service, attending to their contract terms, can ask for differentiated QoS requirements.
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This poses a challenging problem: upon collection of CSI at the beginning of the t-th frame,

the BS must decide by whom, when, and at which rate any information will be transmitted/received until the next CSI refresh arrives. Assuming that CSI updates are received periodically every D frames, user scheduling and resource allocation needs to be jointly optimized for
UL and DL transmission during the frames {t, t+1, . . . , t+D −1}. On the one hand, flows of dif-

ferent nature may require completely different management policies; on the other, the network
operation should seamlessly reconfigure as the scenario (users, services, QoS requirements...)
varies with time.
We address this problem by using utility functions [Kel98, Ng07] that evaluate each user’s
satisfaction given the achieved throughput as compared to its requirements. By properly characterizing QoS requirements with the dependency of the utility on the throughput for each service
under operation, the different nature of the serving flows is incorporated into the BS arbitrage.
An arbitrage that will use the utility function of each user to allocate resources and perform
scheduling decisions.

4.5.1

User utility functions

Utility functions were first used in [Kel98] to introduce the proportional fair criterion in
resource allocation problems, and allow us to describe the satisfaction of one user given
its served throughput.

Although many schemes implicitly assume utilities proportional

to throughputs [Yu06, Bae06, Cal07e], we shall adopt here a more general approach as in
[Lee06, Kel98, Lin06, Pal07, Xue06, Ng07]. We define a user utility function U (R) as a concave
function of the (long-term) throughput R, which is computed using the exponentially weighted
smoothing
R(t + 1) = λR(t) + (1 − λ)r(t),

(4.47)

where R(t + 1) stands for the throughput as seen at the beginning of the (t + 1)-frame, λ represents the smoothing memory, and r(t) is the instantaneous rate achieved in the t-th frame. If
for any reason the user satisfaction profile of a service cannot be described using a concave function (e.g, an S-type curve), the finding of efficient methods for network utility maximization is
compromised. Fortunately, a plethora of common services comply with the concavity constraint.

4.5.1.1

QoS-oriented utility functions

We say a utility function is QoS-oriented whenever the QoS requirements of the service appear
explicitly in its expression. Although we are not constrained to it for operational reasons,
we focus on utility functions upper-bounded by 1. This way, we set the same maximum user
satisfaction level as a reference for all the services under operation in the network. Otherwise,
the use of unbounded utilities for the different services might cause the BS to bias its attention
towards services with favored utility scales. The following examples show that this is not a
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major impairment to describe the satisfaction profile of services of different nature.
• Example 1: Best-effort data service

The user satisfaction of a best-effort data service (e.g., ftp, http) without any data latency
or other QoS constraints than achieving the largest possible throughput can be modeled with
the utility function
U (R) = 1 − e

log(1−U0 ) RR

0

R

= 1 − (1 − U0 ) R0 .

(4.48)

This utility is parameterized by the satisfaction level 0 < U0 < 1 achieved when the throughput
is R0 .
• Example 2: Delay-sensitive service
The user of a delay-sensitive service is interested in achieving some target throughput under
the constraint that data latency remains below some critical threshold: in practical applications
(e.g. voice service, video streaming), bits exceeding the maximum allowed delay are dropped.
Since such applications are usually of constant bit rate, allocation of rates larger than the
target throughput renders suboptimal. In other words, an overusing of resources makes no
real improvement for this user but compromises the QoS provision to the rest. This can be
alternatively viewed in terms of imposing the instantaneous rate to be as constant as possible,
thus avoiding bursty transmissions yielding the same throughput at the expense of larger idle
periods (and hence delays). One suitable utility function is
U (R) = 1 −



R − R0
σ

2
,

(4.49)

where R0 is the target throughput and σ depends on the maximum allowable delay W0 (in
number of frames). To select σ, we choose to set the utility of one user that was initially served
R0 but is laid aside W0 frames idle equal to U0  1. This forces the satisfaction index of this

user to move from the peak of (4.49), where utility was 1, to some unacceptable value U0 . This
way, each frame one such user is idle it is able to warn the BS about its urgency for being
scheduled by decreasing its utility. With this criterion, the appropriate σ is
σ=

(1 − λW0 )R0
√
.
1 − U0

(4.50)

In case users of several delay-sensitive services with different QoS requirements (as specified by
R0 and W0 ) are present in the network, one has only to adjust σ according to (4.50) and use
the resulting utility function (4.49).

4.5.1.2

Best-effort utility functions

In situations where the utility function of a service does not depend on the QoS requirements,
we say that utility is best-effort. As we are not able to quantify how far we are from the user
expectations, we rather use utility as a qualitative satisfaction index. Additionally, if there is
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only one service under operation in the network, there is no reason to focus on functions upperbounded by 1. This can allow us to consider a wider class of utility functions. A useful example
of best-effort utility function is the family [Mo00]

 log(R) if α = 1
,
U (R) =
 R1−α if α 6= 1
1−α

(4.51)

where the choice of the parameter α governs the way resources are shared among users, and its
role shall be discussed later at the end of Section 4.6.

4.5.2

Network utility maximization

To account for services with asymmetric requirements, consider different DL and UL utility functions, denoted by UDL,m and UUL,m respectively for the m-th user. Let RDL (t), RUL (t) ∈ RM×1
+

denote the vectors corresponding to the vertical stacking of DL and UL per-user throughputs
at the beginning of the t-th frame, respectively. As user throughput varies with time, so does
user utility. A global snapshot is given by the vectors UDL (t), UUL (t) ∈ RM×1
, where
+
[UDL (t)]m = UDL,m (RDL,m (t))

(4.52)

and a similar expression holds for UL utilities. Using (4.52), we define network utility as any
concave non-decreasing function of the user utilities NU(t) ≡ NU(UUL (t), UDL (t)). It provides

a cell-wide aggregate indicator rating the goodness of the scheduling and resource allocation
strategy carried out at the BS as far as satisfaction of all the users of the cell is concerned. For
instance, we could take a maxmin approach and set network utility as the minimum among all
the users’ satisfaction in either UL or DL directions, i.e.,
n
o
NU(t) = min min{[UUL (t)]m , [UDL (t)]m } .
1≤m≤M

(4.53)

Thanks to the concavity of each user utility on the throughput and the fact that NU is a concave
non-decreasing function of the utilities, it follows from the convexity properties of composite
functions [Boy04] that (4.53) is a concave function of (RUL (t), RDL (t)). This is an important
property since concavity of network utility is necessary for obtaining global optimal allocation
strategies in polynomial time. Alternatively, if there is no pressure to focus on the utility
achieved by the worst user, we can take a simpler choice and set network utility as the sum of
all the user’s utilities
NU(t) = 1TM (UUL (t) + UDL (t)).

(4.54)

When (4.54) is used in conjunction with (4.50), the parameter α is said to enable α-fairness
[Mo00]. Fairness is a wide concept which refers to the fact of not penalizing some users arbitrarily, and by tuning α from 0 to +∞ the network planner is given a tool to easily switch between
popular fair schemes. While α = 0 yields utilities equal to throughputs and therefore the objective becomes maximizing the cell throughput, α = 1 yields proportional fairness [Kel98], and as
α → +∞ the network operation tends to apply the maxmin criterion to the user throughputs.
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4.5.2.1

Optimal strategy

For a given CSI, the task of the BS is to maximize network utility until the CSI becomes outdated
and a new one is received (this period spans D frames). Afterwards, the following CSI update
triggers another network utility maximization procedure for the subsequent D frames, and so
on. Expressed succinctly, the optimal strategy for a given CSI is the solution to the following
optimization problem9
maximize
{τ i ,rUL (t+i),rDL (t+i)}D−1
i=0
{UUL (t+i),UDL (t+i)}D
i=1

subject to

{NU(t + 1), NU(t + 2), . . . , NU(t + D)}

(4.55)

i−1


X
[UDL (t + i)]m ≤ UDL,m λi RDL,m (t)+(1 − λ) λi−1−j rDL,m (t + j) (4.56)
j=0

[UUL (t + i)]m

i−1


X
i
≤ UUL,m λ RUL,m (t)+(1 − λ) λi−1−j rUL,m (t + j) (4.57)
j=0

rUL (t + i) ∈ RUL (t; τ i )

(4.58)

1T4 τ i = 1, τ i ≥ 04 ,

(4.60)

rDL (t + i) ∈ RDL (t; τ i )

(4.59)

where (4.56)-(4.57) apply for 1 ≤ m ≤ M and 1 ≤ i ≤ D, and (4.58)-(4.60) for 0 ≤ i ≤ D − 1.

Note that in (4.55)-(4.60) we have made implicit the resource allocation optimization with the
use of the instantaneous achievable rate regions RUL (t; τ i ) and RDL (t; τ i ).
Determining the best rate allocation for the D frames under consideration amounts to solving
the multiobjective optimization problem (4.55)-(4.60). Multiobjective problems do not usually
have unique optimal solutions, and one usually selects one solution from the set of Pareto
optimal solutions10 according to some priorization of the objectives in conflict in the problem.
Since network utility represents cell-wide quality of service, our approach will be to provide the
largest possible network utility in each of the frames under optimization indistinctly. Hence,
we will first aim at maximizing the minimum network utility during D frames, then maximize
the second smallest network utility with no penalty to the previous one, and so on. Under this
criterion, one global optimal solution11 can be iteratively computed using Algorithm 4.1.
Proposition 4.1 The solution computed by Algorithm 4.1 is Pareto optimal.
Proof. See Appendix 4.A.
9



Note that we have omitted the dependence of network utility on each of the user utilities in (4.55) for the

sake of simplicity.
10
Some resource allocation achieving {NU(t + 1), NU(t + 2), . . . , NU(t + D)} belongs to the Pareto optimal
set if for any other allocation achieving {NU0 (t + 1), NU0 (t + 2), . . . , NU0 (t + D)} it will never happen that
NU0 (t + i) ≥ NU(t + i) for all 1 ≤ i ≤ D and NU0 (t + i) > NU(t + i) for some 1 ≤ i ≤ D.
11
In case more than one global optimal resource allocation solution exists, their achieved network utility values
are permuted versions of some reference {NU? (t + 1), NU? (t + 2), . . . , NU? (t + D)} (see the proof of Proposition
4.1 in Appendix 4.A).
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Algorithm 4.1 Global maximization of network utility
1: Initializations: S = ∅, NUmin (t + i) = −∞ for 1 ≤ i ≤ D.
2:
3:

while |S| < D do
Solve

min

maximize
{τ i ,rUL (t+i),rDL (t+i)}D−1
i=0
{UUL (t+i),UDL (t+i)}D
i=1

subject to

{NU(t + i)}

(4.61)

constraints (4.56)-(4.60)

(4.62)

i∈{1,2,...,D}\S

NU(t + i) ≥ NUmin (t + i)
4:

Compute imin = arg

min

i∈{1,2,...,D}\S

NU? (t + imin ).

∀i ∈ S.

(4.63)

{NU? (t+i)} and update S = S ∪imin , NUmin (t+imin ) =

5:

end while

6:

Use the optimal resource allocation to compute the UL and DL exact achievable rates (4.2):
{r?UL (t + i), r?DL (t + i)}D−1
i=0 .

7:

Update throughputs for 1 ≤ m ≤ M, 1 ≤ i ≤ D:
RUL,m (t + i) = λ RUL,m (t) + (1 − λ)
D

RDL,m (t + i) = λ RDL,m (t) + (1 − λ)
D

i−1
X

?
λi−1−j rUL,m
(t + j)

(4.64)

?
λi−1−j rDL,m
(t + j).

(4.65)

j=0
i−1
X
j=0

Remark 4.1 Algorithm 4.1 is able to compute one global optimal solution in polynomial time.
To see this, it is sufficient to show that each of the subproblems (4.61)-(4.63) are convex. We first
require that the objective (4.61) is concave, which follows from the concavity of network utility
and the fact that the minimum of concave functions is concave. Then, the left hand side of each
of the inequality constraints in (4.62)-(4.63), when rephrased as a function of some optimization
variables less than or equal to zero, should be convex. This follows from the concavity of the
user utility functions with respect to throughput, the fact that the throughput relates linearly
to the instantaneous rates, and the convexity of the UL and DL achievable rate regions (see
Section 4.4).
Remark 4.2 In each of the problems (4.61)-(4.63) a three-fold optimization in each of the
frames under consideration is performed: first, the frame formats (relative durations of each
relay-assisted transmission subphase for UL and DL) as described by the corresponding fourD−1
dimensional vectors {τ i }i=0
; second, the allocated instantaneous rates, which implicitly account

for user scheduling (note that rDL,m (t+i) = 0 implies that the m-th user shall not receive any DL
data in the (t+i)-th frame); and third, the allocated resources (bandwidth and transmit power),

which are implicit in the definition of the DL and UL achievable rate regions (4.58)-(4.59) as
defined in (4.27) and (4.42).
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Remark 4.3 In order to pose the maximization of network utility as a series of convex optimization problems, we have resorted to the concave lower bounds on the achievable rates derived
in Section 4.3.2. However, the throughput updates are performed evaluating the exact ergodic
rates (4.2) achieved by the optimal resource allocation, and not their lower bounds (4.14). As
for Rayleigh fading, we resort to [Kie05] for their computation.

4.5.2.2

Reduced-complexity suboptimal strategies

Although Algorithm 4.1 provides the best network strategy from a network utility point of view,
its computational load may become prohibitive in systems either serving a large number of users
per cell (large M) or refreshing the CSI slowly with respect to the frame duration (large D).
To see this, consider the fact that D convex problems of (14M + 4)D variables each (where we
have considered utilities, rates, frame formats, power allocations, and bandwidth allocations)
are involved in each optimization instance. Hence, two directions may be taken to cut down
complexity: either reduce the optimization window D or the number of users M to be scheduled.
How to deal with the first one is immediate: simply replace D by D0 in Algorithm 4.1 such
that D0 divides D (this is required to avoid optimization windows requiring CSI not received
yet). The second direction requires the implementation of a time-domain scheduler on top of Algorithm 4.1 such that only a subset of the M MS’s are selected for network utility maximization.
We choose to select the M0 < M users that would have the smallest utilities at the end of the
optimization window if not scheduled. Despite this may have an impact on final performance
since scheduling decisions are no longer optimal, time-domain pre-scheduling renders crucial in
scenarios with a large number of users. On top of the aforementioned complexity issues, in practice, the frame structure needs to be signalled to the MS’s, and this represents and additional
overhead. If all users are allowed to transmit and/or receive in the same frame, the average
quantity of the allocated resource per user and frame may go down below practical operational
values while this signalling overhead may increase significantly and thus hamper network utility.
We benchmark the global optimal solution of Algorithm 4.1 against the suboptimal strategy
which takes D0 = 1 and attempts to maximize network utility sequentially in a frame-by-frame
basis. Thus, Algorithm 4.2 is run at the beginning of each frame, which allocates resources
among the subset of M0 users selected by a time-domain pre-scheduler. This way, we are able to
quantify the performance loss of sequential optimization versus global optimization.
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Algorithm 4.2 Sequential maximization of network utility
1: Solve
NU(t + 1)

maximize

(4.66)

τ ,rUL (t),rDL (t),

UUL (t+1),UDL (t+1)



[UDL (t + 1)]m ≤ UDL,m λRDL,m (t) + (1 − λ)rDL,m (t)
(4.67)


[UUL (t + 1)]m ≤ UUL,m λRUL,m (t) + (1 − λ)rUL,m (t)
(4.68)

subject to

rUL (t) ∈ RUL (t; τ )

(4.69)

1T4 τ = 1, τ ≥ 04 ,

(4.71)

rDL (t) ∈ RDL (t; τ )

2:

(4.70)

Use the optimal resource allocation to compute the UL and DL exact achievable rates (4.2):
r?UL (t), r?DL (t).

3:

Update throughputs for 1 ≤ m ≤ M:
?
RUL,m (t + 1) = λRUL,m (t) + (1 − λ)rUL,m
(t)

?
RDL,m (t + 1) = λRDL,m (t) + (1 − λ)rDL,m
(t).

4.6

(4.72)
(4.73)

Simulation Results

We focus on two different scenarios sharing the same target cell spectral efficiency but having
different user population sizes. In either case, we simulate a circular cell of 500 m radius, with
R = 5 relays uniformly spaced along a circle at 375 m from the BS, which is located in the cell
center. We assume that the MS-RS links are in line-of-sight and have path loss exponent 2.6,
while the rest of links (BS-MS and MS-RS) are in non line-of-sight with path loss exponent 4.05.
All links are hampered by Rayleigh fading. See Table 4.1 for a complete list of values of the rest
of physical parameters involved.
All the users of the cell are mobile. If xm (t) ∈ R2+ denotes the position of the m-th MS at

the beginning of the t-th frame in Cartesian coordinates, then

xm (t + 1) = xm (t) + vm T 

cos(ϕ(t))
sin(ϕ(t))


,

(4.74)

where vm is its speed (assumed constant) and ϕ(t) is an AR(1) stochastic process describing its
direction,
ϕ(t + 1) = 0.9ϕ(t) + 0.02ψt ,

(4.75)

where {ψt } are i.i.d. uniform random variables on −[π, π). Whenever a MS happens to exceed

the limits of the cell, it is forced to bounce on the cell edge by changing its instantaneous
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B

10 MHz

T

25 ms

max
max
pmax
BS , pRS , and pBS

33, 30, and 24 dBm

GBS , GRS , and GBS

10.6, 5, and −1 dB

FBS , FRS , and FBS

4, 4, and 7 dB

nBS , nRS , and nMS

2, 2, and 1

BS, RS, and MS heights

15, 5, and 0 m

N0

−114 dBm/MHz

Γ

4 dB

λ

0.95

Table 4.1: Physical layer setup of the simulated scenario
direction in order to keep constant the total number of users. As a simplifying assumption we
set the same speed of v = 3 kmph for all the MS’s, and consider a feedback update rate of 100
ms, i.e., D = 4. Each time CSI is refreshed, each MS is attached to the RS towards which the
path loss is the smallest. The connectivity matrix L is updated accordingly.
With this setup, we first simulate an scenario consisting of M = 6 best-effort users (4.48) of
gold, silver, and bronze QoS classes. Gold users experience 0.9 utility when they are given 30
Mbps (DL) and 6 Mbps (UL) throughput. Silver users have the same utility level when served
20 Mbps (DL) and 4 Mbps (UL) throughput. Finally, bronze users require 10 Mbps (DL) and
2 Mbps (UL) throughput for 0.9 utility. There are two users of each QoS class and, under a
maxmin choice (4.53), if a network utility of 0.9 was realized, the cell spectral efficiency would
amount to 14.4 bps/Hz.
Figure 4.4 shows the deployment layout and compares the network utility achieved by global
and sequential optimization. To quantify separately the performance gains provided by the
presence of relays from those achieved by the optimization approach itself, we benchmark the
global and the sequential optimization algorithms against their counterparts without RS’s. That
is, we also simulate resource allocation where the relay-transmit phase is always forced to have
zero duration. To make this comparison fair, we increase the transmit power constraint at the
BS and the MS’s such that, frame by frame, the total UL and DL power is equal with and
without RS’s in both optimization strategies. Since the number of users is relatively small,
there is no need for a time-domain pre-scheduler.
As a general trend, global optimization dominates sequential optimization in the long term,
although at the beginning the opposite holds. This is because in the first frames, the resource
allocation of sequential optimization benefits from evaluating the actual ergodic rates often
(frame by frame) as compared to global optimization, where this evaluation is carried out every
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Network Utility
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Figure 4.4: Network utility achieved by global (blue) and sequential (red) optimization, with
(solid) and without (dashed) relaying infrastructure, and deployment layout.
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Figure 4.5: Per-user served throughput of global (blue) and sequential (red) optimization, with
(solid) and without (dashed) relaying infrastructure.
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Seq. Opt. w/o RS’s

Global Opt. w/o RS’s

Seq. Opt. w/ RS’s

Global Opt. w/ RS’s

1

1

2.6

33

Table 4.2: Relative execution times per transmission frame of the MATLAB implementations
of all the resource allocation strategies.
group of D frames. This has a positive impact on user throughput, although this advantage
vanishes quickly as confirmed also by Figure 4.5, where the per-user throughput achieved by
global optimization becomes the largest in less than 2 s of network operation (80 frames).
Interestingly, sequential and global optimization perform almost undistinguishably without
relays: as the ergodic capacity lower bounds are very tight in this setup (see Figure 4.2), the
previous effect does not apply. In any case, the target spectral efficiency of 14.4 bps/Hz is
achieved only with relaying infrastructure, as the steady-state performance without RS’s falls
roughly 25% below QoS targets. Indeed, as showed in Table 4.2 the price to pay is an increase
in computation complexity.
Next, we focus on a practical scenario with the same target spectral efficiency at 0.9 network
utility as before, adopting the maxmin utility criterion (4.53) again, but now serving 10 times
more users with rate requirements reduced to 10% of the previous. Thus, M = 60 best-effort
MS’s are present in the cell which split into 20 users per QoS class. Now, at 0.9 user utility gold
users require 3/0.6 Mbps (DL/UL) throughput, silver users 2/0.4 Mbps (DL/UL) throughput,
and bronze users 1/0.2 Mbps (DL/UL) throughput. With this system size, global optimization
renders unfeasible and we restrict our attention to sequential optimization with time-domain
pre-scheduling. In particular, we study the performance degradation as a function of M0 , the
maximum number of users per frame. In this respect, Figure 4.6 shows the deployment layout
and the network utility achieved with M0 = 12, 8, and 4. Clearly, the larger M0 , the larger
network utility but also the algorithm complexity and signalling overhead. Assuming negligible
this last effect for the range of values of M0 studied12 , the steady-state network utility loss
between M0 = 12 and M0 = 4 is on the order of 0.1.
In Figure 4.7 we show the per-user throughput averaged per QoS class, to show that, although
the general trend is similar for each value of M0 , the performance degradation when M0 = 4 is due
to the fact that gold users are served far below their 0.9 target while bronze users are satiated
more than necessary. As M0 decreases, the average number of idle frames between transmissions
for a given user increases, but the instantaneous rate per user in an active frame increases.
12

For each direction (UL and DL), each user should be signalled about the transmission rate, the fractional

bandwidth allocation, the fractional power allocation, and the duration of the protocol subphases. Assuming that
each of these parameters is quantized to nb bits, the throughput penalty per user and direction is nb (6 + 2/M0 )
which decreases with M0 since the subphase durations are common. Hence, although the global signalling overhead
increases in M0 , the per-user penalty decreases. In particular for a practical value of nb = 5 bits, this penalty is
on the order of 1 kbps and, hence, negligible.
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Figure 4.6: Network utility achieved by sequential optimization with time-domain pre-scheduling
allowing a maximum of 12 (black), 8 (blue), and 4 (red) users per frame, and deployment layout.
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Figure 4.7: Average per-user served throughput per QoS class achieved by sequential optimization with time-domain pre-scheduling allowing a maximum of 12 (black), 8 (blue), and 4 (red)
users per frame.
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Figure 4.8: Maximum user delay (number of frames idle) achieved by sequential optimization
with time-domain pre-scheduling allowing a maximum of 12 (black), 8 (blue), and 4 (red) users
per frame.
The conclusion from Figure 4.7 is that if M0 is too low the global effect is negative. Finally,
Figure 4.8 addresses the maximum per-user delay in each setup, which is shown to be roughly
proportional to 1/M0 in average.
So far, we have only explored maxmin network utility and QoS-oriented utility functions.
To conclude this section, however, we shall modify the previous system with a total of M = 60
users and M0 = 4 users at most per frame and explore the inherent tradeoff between fairness
and throughput when other network utility functions are used. In particular, we now consider
the situation where the UL and DL utility functions of every user are given by (4.51) and
network utility is sum utility (4.54). Thus, by changing the parameter α we have a way of
trading fairness and throughput. We capture this relation in Figure 4.9, where we focus on the
average steady-state per-user and link direction throughput (UL and DL directions are averaged
together as their utilities are the same). It is plotted against Jain’s fairness index [Jai84] in each
direction for a given cell deployment. This index rates the degree of fairness incurred in serving
n competing flows with a real number between 1/n (worst case: one user gets it all) and 1 (best
case: resources are equally shared). Figure 4.9 confirms that a simultaneous increase in both
fairness and throughput cannot be achieved and quantifies the explicit tradeoff. Notice that the
time-domain pre-scheduler prevents the fairness index to fall below acceptable levels.
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Figure 4.9: Average steady-state per-user and link-direction throughput versus fairness index.
The corresponding values of α are 0.25, 0.50, 0.75, 1, and 5.

4.7

Conclusions

The work of this chapter concerns the performance characterization of a relay-assisted network
deployment under practical constraints. In particular, terminals are half-duplex MIMO and path
loss is the only CSI assumed to be known at the transmitters. Network performance is evaluated
in terms of ergodic achievable rates by the development of novel lower bounds. These bounds are
employed to derive two efficient algorithms for resource allocation optimization under heterogeneous QoS requirements. The first one provides one Pareto optimal solution whereas the second
one performs a simpler frame by frame optimization by means of a sequential algorithm. The
performance of both schemes has been evaluated showing that, whenever global optimization
can be afforded, significant performance gains can be achieved with respect to sequential optimization. When systems dimensions are large, however, the complexity of sequential network
optimization can be tuned by using time-domain pre-scheduling.
The proposed network resource optimization schemes could be generalized in at least two
ways. First, by incorporating outage events into system design in those scenarios where the
number of tones is limited and moderate. Second, by considering a multi-cell configuration
allowing the incorporation of a prescribed maximum inter-cell interference as an additional
constraint.
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Let {NU? (t+1), NU? (t+2), . . . , NU? (t+D)} denote the network utility achieved by the solution

of Algorithm 4.1, and define i1 , i2 , . . . , iD such that NU? (t+i1 ) ≤ NU? (t+i2 ) ≤ . . . ≤ NU? (t+iD ).

Assume it is not Pareto optimal. Hence there exists at least another allocation achieving {NU(t+

1), NU(t + 2), . . . , NU(t + D)} and integers j1 , j2 , . . . , jD such that NU(t + j1 ) ≤ NU(t + j2 ) ≤
. . . ≤ NU(t + jD ),

NU(t + i) ≥ NU? (t + i),

NU(t + i) > NU? (t + i),

1 ≤ i ≤ D,

for some i.

(4.76)
(4.77)

Then,
NU? (t + i1 )

(a)

≥

(b)

(c)

NU(t + j1 ) ≥ NU? (t + j1 ) ≥ NU? (t + i1 )

(4.78)

where (a) follows by construction of the solution of Algorithm 4.1, (b) from (4.76), and (c) from
the definition of {in }. Equation (4.78) implies that NU? (t + i1 ) = NU(t + j1 ). Two cases arise
now:

• Case i1 6= j1 :
(a)

(b)

(c)

NU? (t + j1 ) ≥ NU? (t + i1 ) = NU(t + j1 ) ≥ NU? (t + j1 ),

(4.79)

where (a) follows from the definition of {in }, (b) is a consequence of (4.78), and (c) follows
from (4.76). Then, NU? (t+j1 ) = NU(t+j1 ). Without loss of generality we can set i2 = j1 ,
j2 = i1 and obtain NU? (t + i2 ) = NU(t + j2 ).
• Case i1 = j1 :
(a)

(b)

(c)

NU? (t + i2 ) ≥ NU(t + j2 ) ≥ NU? (t + j2 ) ≥ NU? (t + i2 )

(4.80)

where (a) follows by construction of the solution of Algorithm 4.1, (b) is derived from
(4.76), and (c) follows from the fact that j2 6= j1 = i1 and the definition of {in }. Expression
(4.80) also implies NU? (t + i2 ) = NU(t + j2 ).
Proceeding similarly, we can iteratively show that
NU? (t + in ) = NU(t + jn ),

1 ≤ n ≤ D,

(4.81)

which implies that the network utility values of both strategies are either equal or related by
an arbitrary permutation. In either case, this contradicts (4.76)-(4.77), hence implying that the
solution to Algorithm 4.1 is Pareto optimal.



Chapter 5

Multiuser Interference and
Evaluation of Capacity Regions
The computation of the channel capacity of a discrete memoryless channel is a convex problem
that can be efficiently solved using alternate maximization methods. The presence of multiuser
interference, however, complicates the extension of these methods to the evaluation of the capacity region of multiterminal networks. To start with, the capacity region of a general network
is unknown, and we are left with only the cut-set outer bound [Cov06, Sec. 15.10]. Although
many major breakthroughs in the field have been achieved (see [Cov06, Ch. 15] and [Wei06] and
references therein), there are many open problems on single-letter characterizations of capacity
regions. Second, not in all the particular setups where the capacity region is known it admits
a computable characterization. By computable characterization we mean that the number of
degrees of freedom that need to be explored in the evaluation of the achievable rates are finite
(see Chapter 3, Section 3.2, for an example non-computable capacity region). Let alone the fact
that, when computable expressions of capacity regions are known, multiuser interference makes
their evaluation depend on the solution to non-convex problems.
Problems that are initially regarded as non-convex need not be necessarily difficult to be
solved, as some hidden convexity enabling the use of efficient optimization methods can sometimes be found. This chapter is hence devoted to study the nature of the non-convexities that
arise in the problems associated to the evaluation of the performance limits (capacity regions)
of multiuser channels. The interest in doing so is three-fold:
1. By characterizing the class of non-convexities involved in the capacity region of a network
setup, we can accurately quantify the impact of multiuser interference on the computational complexity of the evaluation of the achievable rates.
2. The study of these optimization problems often gives back some insight on the structure
of the transmission strategies that achieve boundary points of capacity regions.
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3. In some cases, upon unveiling the structure of the optimization problem at hand, efficient
methods to compute inner and outer bounds on the capacity regions can be found.
Constrained by the limited amount of results on single-letter characterizations of capacity

regions, our approach will not be general and we shall rather restrict our focus to two specific network configurations: the discrete memoryless multiple access channel (DMAC) and the
degraded discrete memoryless broadcast channel (dDMBC). Neither the general broadcast nor
interference channels shall be tackled due to the lack of capacity results.

5.1

Introduction

The evaluation of the capacity of an arbitrary single-user memoryless channel is a problem that
admits a single-letter representation in the form of a maximization of a concave function over a
convex set, e.g., a probability simplex for the Discrete Memoryless Channel (DMC). This is a
convex problem that can be numerically evaluated efficiently in practice (i.e., with polynomial
time worst-case complexity) [Boy04]. For the continuous Gaussian channel, for example, the
solution admits a simple closed-form characterization as already obtained by Shannon in 1948
[Sha48]. For the DMC there is no closed-form expression but the popular practical ArimotoBlahut (AB) algorithm [Ari72, Bla72], dating back to the early 1970s, can be efficiently used.
Things are quite different in the multiuser case.

5.1.1

The DMAC

Fortunately, for the multiple-access channel (MAC) we have a single-letter representation of the
capacity region [Ahl71, Lia72]. However, the characterization is not generally in the form of a
convex optimization problem as happened in the single-user case. Again, for the continuous
Gaussian channel, the characterization simplifies to a convex problem which can always be
numerically evaluated in an efficient way [Yu04]. For the DMAC, however, the characterization
is not in the form of a convex problem and, as a consequence, there is no efficient algorithm to
compute the capacity region in practice. In this context, many authors have recently contributed
toward the computation of the sum-capacity (or total capacity) of an arbitrary DMAC [Wat96,
Wat02], and an algorithm for its exact computation has been found [Rez04].
It was shown in [Wat96] that any two-user DMAC can be decomposed into a finite number
of elementary (two-user binary-input and binary-output) DMACs for which their total capacity
can be computed by applying a necessary and sufficient condition for optimality of the input
probability distributions. In addition, [Wat96] showed that for any 2-user non-binary inputs and
binary output DMAC, the total capacity can be determined by computing the total capacities
of the elementary DMACs of its decomposition, and provided an iterative algorithm. In a later
work, [Wat02] extended the decomposition result for the K-user DMAC (with arbitrary input
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and output alphabets), which allowed [Rez04] to propose an algorithm for the computation
of the total capacity based on a generalization of the AB algorithm. Other applications of
generalizations of the AB algorithm can be found in the context of the computation of channel
capacity with side information [Dup04].
Regarding the computation of the whole capacity region of the DMAC, not much work
has been done due to the intractability of the problem because of its non-convexity. As a
consequence of the non-convexity, brute-force algorithms or random search methods seem to be
the only alternative to compute inner bounds on the capacity region with no quantification on
the suboptimality.
In this chapter, we shall show that the key difficulty in computing the capacity region of
an arbitrary DMAC can be identified as a rank-one constraint (a non-convex constraint) in an
otherwise convex optimization problem. Optimization problems with this kind of constraint
arise in areas such as control theory [Apk99, Hen01, Ors04] and signal processing [Jal03, Ma02],
and cannot be solved optimally in polynomial time with state of the art knowledge. Hence,
alternative suboptimal methods must be used to obtain good approximations of the capacity
region. One approach that has reported near optimal performance when dealing with rank-one
constraints in maximum-likelihood single-user [Jal03, Wie05] and multiuser [Ma02] detection
is the use of relaxation methods. Relaxation methods are based on i) replacing the rankone constrained problem by an approximate (not equivalent) tractable convex problem and
ii) generating a potential solution to the original problem from the solution to the relaxed
problem. This way, the use of computationally demanding algorithms is avoided since efficient
interior point methods can be used to solve the convex approximation of the original problem
in polynomial time.
We propose two efficient methods for the computation of both an inner and an outer bound of
the capacity region of any arbitrary DMAC. The outer bound follows from removing the rank-one
constraint and corresponds to the achievable rates in the situation of full transmit cooperation,
since user codewords can thus be arbitrarily correlated. To generate potential solutions to the
original problem, we first focus on randomization, an approach that has shown near optimal
numerical performance in the previously mentioned areas. In essence, several rank-one input
probability distributions are generated close (in the mean sense) to the optimal solution of the
relaxed problem and the one yielding the largest achievable rates is kept. This can be viewed as
a random search algorithm with guidance on the correlation matrix of the potential solutions.
Pursuing a simpler method allowing for performance analysis, we then study a deterministic
alternative in which the solution to the relaxed problem is projected onto the feasible set via
a minimum divergence criterion. This criterion yields a candidate solution which turns out
to be the marginalization of the relaxed solution, a very simple operation scalable with the
number of users. Regarding analytical results, there exists a class of channels for which this
algorithm is able to compute exactly the capacity region. It comprises the subclass of channels
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with identical inner and outer bounds and the subclass of channels with strict outer bound and
tight inner bound. Given a channel, we derive necessary and sufficient conditions for checking
whether it belongs to the first subclass and sufficient conditions for verifying whether it belongs
to the second subclass. These conditions are used to show that for all the two-user binary-input
deterministic DMACs as well as for some non-deterministic channels simple marginalization
of the full cooperation solution achieves capacity. Although we have not been able to fully
characterize analytically the class of channels for which marginalization is optimal, numerical
simulations for various channels show that, in practice, both randomization and marginalization
perform indistinguishably to the optimal solution obtained with a computationally intensive
brute-force full search.

5.1.2

The dDMBC

The two-user discrete memoryless broadcast channel (DMBC) [Cov72] models the situation in
which one sender wishes to send information to two receivers. Although a single-letter characterization of the capacity region of this channel is not known in general, some achievable
rate regions and outer bounds have been derived by Cover and van der Meulen [Meu75, Cov75],
Marton [Mar79], and Nair and El Gamal [Nai07].
Achievable rate regions and outer bounds for this channel are usually expressed in terms
of auxiliary random variables. We say a region is computable whenever the cardinalities of the
support set of all the random variables involved are bounded. In this respect, Nair’s outer bound
and Cover-van der Meulen’s achievable region in case of binary inputs [Haj79] are computable.
However, apart from showing the feasibility of the evaluation of the regions, little work has been
done towards finding efficient methods for their computation. We shall try to bridge this gap
in the specific setup where the DMBC is degraded and there is no common information to be
transmitted simultaneously to both receivers. Assuming these constraints, the capacity region
of the channel is known [Ber73, Wyn73, Gal74] and computable.
By posing the computation of the capacity region of the two-user degraded DMBC (dDMBC)
as a constrained optimization problem we show that it can be characterized as a difference of convex (DC) optimization problem [Hor99]. Since this kind of problems are not convex in general,
there is no efficient algorithm available to compute the capacity region in practice. Additionally,
the lack of convexity of this problem makes the Karush-Kuhn-Tucker (KKT) conditions [Boy04]
not sufficient, not even necessary (some regularity conditions are required), for claiming optimality of an input distribution. Regarding this, we are able to show that in this problem
they are necessary optimality conditions and, therefore, by choosing the best among those input
distributions satisfying the KKT conditions the capacity region can be optimally computed.
Moreover, since the dimensionality of the set of distributions satisfying the KKT conditions is in
general substantially lower than the original feasible set, the complexity involved in computing
the capacity region is greatly reduced. These results are applied to evaluate the capacity region
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of the BEC-BSC dDMBC.

5.1.3

Summary of contributions

The study of the efficient evaluation of multiuser capacity regions has led to the following
contributions:
• The problem of the computation of the capacity region of the MAC has been rephrased
in an alternative way that condensed all the non-convexities of the problem in a single
rank-one constraint.
• This alternative formulation, which applies to any number of users, has paved the way
to two efficient relaxation methods that provide inner and outer bounds on the capacity
region: marginalization and randomization.
• The mathematical amenability of marginalization has allowed to determine analytical conditions under which its bounds are tight. These conditions have been applied to rederive
existing capacity results but also to find the capacity region of new channels.
• The problem of the computation of the capacity region of the BC has been shown to be a
DC problem.

• Necessary conditions for the optimality of an input distributions have led to a way of

reducing the degrees of freedom that need to be explored to compute the capacity region,
as shown for the BEC-BSC dDMBC.

This chapter consists of three sections. First, Section 5.2 is devoted to the DMAC. In
particular, Section 5.2.1 introduces the problem of the computation of the capacity region of
the DMAC and reformulates it as a rank-one constrained optimization problem. Section 5.2.2
describes the proposed relaxation-based methods for the computation of inner and outer bounds
on the capacity region: randomization and marginalization. Analytical optimality conditions
that determine when the marginalization bounds are tight are provided in Section 5.2.3. Then,
the performance of the proposed algorithms among various channels is numerically compared to
that of a random search method in Section 5.2.4.
Second, Section 5.3 concerns the dDMBC. We start again by introducing the problem of
the computation of its capacity region in Section 5.3.1, where we also reformulate it as a DC
optimization problem. Next, Section 5.3.2 describes the necessary optimality conditions and how
they can be applied to obtain capacity-achieving distributions. Then, Section 5.3.3 provides the
capacity region of the BEC-BSC dDMBC by using the results of Section 5.3.2.
Finally, Section 5.4 concludes the chapter by sketching its main contributions.
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5.2
5.2.1

The DMAC
The capacity region as a rank-one constrained optimization problem

The computation of the capacity region of an arbitrary DMAC (a convex set) is a non-convex
problem. It can be formulated in a matrix form that reveals all the non-convexity of the problem
as a single rank-one constraint.

5.2.1.1

The problem of the capacity region for two users

The capacity region C of the two-user DMAC is the convex hull of the set1 of rate pairs (R1 , R2 )
satisfying

0 ≤ R1 ≤ I(X1 ; Y |X2 )

(5.1)

R1 + R2 ≤ I(X1 X2 ; Y )

(5.3)

0 ≤ R2 ≤ I(X2 ; Y |X1 )

(5.2)

for a distribution of the form PX1 X2 Y = PX1 PX2 PY |X1 X2 on X1 × X2 × Y, where the input
alphabets can be characterized as

(1)

(|Xk |)

Xk = {xk , . . . , xk

},

k = 1, 2.

(5.4)

PXk is the input probability distribution of the k-th user (k = 1, 2), and PY |X1 X2 is the given
conditional distribution that characterizes the channel. It is well known that C is a convex
set [Cov06, Thm. 14.3.2] and hence, by applying the supporting hyperplane theorem [Boy04, Sec.
2.5.2], the computation of the capacity region can be parameterized for θ ∈ [0, 1] as2
maximize θR1 + (1 − θ)R2

(5.5)

R1 ,R2 ,PX1 ,PX2

X
subject to 0 ≤ R1 ≤
PX1 (x1 )PX2 (x2 )PY |X1 X2 (y|x1 x2 ) log P
x1 ,x2 ,y

x01

X
0 ≤ R2 ≤
PX1 (x1 )PX2 (x2 )PY |X1 X2 (y|x1 x2 ) log P
x1 ,x2 ,y

x02

X
R1 +R2 ≤ PX1 (x1 )PX2 (x2 )PY |X1 X2 (y|x1 x2 )log P
x1 ,x2 ,y

X
xk
1

PXk (xk ) = 1 , PXk (xk ) ≥ 0 ∀xk ∈ Xk

PY |X1 X2 (y|x1 x2 )
(5.6)
PX1 (x01 )PY |X1 X2 (y|x01 x2 )
PY |X1 X2 (y|x1 x2 )
(5.7)
PX2 (x02 )PY |X1 X2 (y|x1 x02 )
PY |X1 X2 (y|x1 x2 )

(5.8)

PX1 (x01 )PX2 (x02 )PY |X1 X2 (y|x01 x02 )

x01 ,x02

k = 1, 2,

(5.9)

The convex hull is strictly necessary for convexification of C since otherwise it may not be convex in general

[Bie79].
2
Unless the logarithm basis is indicated, it can be chosen arbitrarily as long as both sides of the equation have
the same units.
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n
q

θ
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(R1? (θ), R2? (θ))

R1
Figure 5.1: The boundary of C is obtained solving (5.5)-(5.9) for each θ ∈ [0, 1].
where the expressions (5.6)-(5.8) correspond to (5.1)-(5.3), respectively, instantiated for the
DMAC. Note that the solutions PX? 1 (θ) and PX? 2 (θ) generally depend on θ. For each θ, the
problem (5.5)-(5.9) computes the intersection between the contour of the capacity region and
a tangent hyperplane with normal vector n = [θ, 1 − θ]T , as illustrated in Figure 5.1. Hence,
the capacity region is computed when (5.5)-(5.9) is solved for all θ ∈ [0, 1] and the convex hull

of {R1? (θ), R2? (θ)}∀θ∈[0,1] is taken; in other words, the solutions (R1? (θ), R2? (θ)) are samples of the
boundary of C.

5.2.1.2

A rank-one constrained optimization problem

The problem (5.5)-(5.9) of the computation of the capacity region is non-convex because the
constraints (5.6)-(5.8) are not jointly convex in PX1 and PX2 . For instance, the right hand side
of the constraint in (5.8) is not concave (note that it should be concave for the problem to be
convex). To see this, observe that even though x log(1/x) is concave, the composition with a
linear combination of terms of the form xy is not3 . Similar reasonings may be applied to the
constraints (5.6) and (5.7) to obtain again that the lack of convexity follows from the presence
of the product terms PX1 (x1 )PX2 (x2 ).
Although the problem (5.5)-(5.9) is not jointly convex in (PX1 , PX2 ), it is separately convex
in each of the input probability distributions. This would allow us to perform an alternate
(0)

(0)

(1)

(1)

(n)

optimization procedure: PX1 → PX2 → PX1 → PX2 → . . ., where PXk denotes the optimal

solution PXk at the n-th iteration. However, alternate optimization procedures applied to nonconvex problems do not generally converge to global maxima of the cost function, and for
this particular problem they do not yield acceptable results (as can be verified by numerical
simulations).
3

It is sufficient to note that the Hessian of f (x, y) = xy log(xy) has one positive and one negative eigenvalue
√
√
at (x, y) = (1/ 2, 1/ 2).
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Interestingly, if we allow the variables X1 and X2 to be dependent with distribution PX1 X2 ,

then problem (5.5)-(5.9) becomes convex (recall that x log(1/x) is a concave function).
We will now reformulate the problem with a matrix-vector notation. Each of the input
probability distributions PXk admits a vector representation of the form pk , where [pk ]i =
(i)

PXk (xk ), 1 ≤ i ≤ |Xk |, k = 1, 2, while the joint distribution admits a matrix representation of
(i)

(j)

the form P, where [P]i,j = PX1 X2 (x1 , x2 ), 1 ≤ i ≤ |X1 |, 1 ≤ j ≤ |X2 |. Then, we define Pprod
as the subset containing all the product distributions (PX1 , PX2 ) of X1 and X2 ,

o
n
(j)
(i)
Pprod = P ∈ R|X1 |×|X2 | [P]i,j = PX1 (x1 )PX2 (x2 ) for some feasible (PX1 , PX2 ) on X1 × X2 .(5.10)
For any joint probability matrix P ∈ R|X1 |×|X2 | , P ∈ Pprod is equivalent to rank(P) = 1, and
hence the following simpler equivalent description of Pprod can be given
n
Pprod = P ∈ R|X1 |×|X2 |

o
rank(P) = 1 , P ≥ 0 , 1T P1 = 1 ,

(5.11)

where ≥ denotes component-wise as well as scalar inequality indistinctly and 1 is an all-one

column vector of appropriate length. The original problem (5.5)-(5.9) can now be expressed in

an equivalent matrix form formulated in terms of P ∈ Pprod , the joint distribution of X1 and
X2 , and its marginals p1 and p2 , making use of expression (5.11) and the fact that
P1 = p1 ,

P T 1 = p2 ,

(5.12)

i.e., that PX1 and PX2 are the marginal distributions of PX1 X2 . The following reformulation
of the problem is the key point of the identification of (5.5)-(5.9) as a rank-one non-convex
optimization problem.

Proposition 5.1 The problem (5.5)-(5.9) of the computation of the capacity region of an arbitrary two-user DMAC is equivalent to the following rank-one non-convex optimization problem

maximize

θR1 + (1 − θ)R2

(5.13)

subject to

0 ≤ R1 ≤ f1 (P, p2 )

(5.14)

R1 + R2 ≤ f12 (P)

(5.16)

R1 ,R2 ,P,p1 ,p2

0 ≤ R2 ≤ f2 (P, p1 )

(5.15)

P1 = p1 , PT 1 = p2

(5.17)

P ≥ 0 , 1 P1 = 1

(5.18)

T

rank(P) = 1,

(5.19)
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where
(i) (j)

f1 (P, p2 ) ,

X
i,j,y

(i) (j)

[P]i,j PY |X1 X2 (y|x1 x2 ) log P

PY |X1 X2 (y|x1 x2 )[p2 ]j
(i0 ) (j)

i0

[P]i0 ,j PY |X1 X2 (y|x1 x2 )

(5.20)

(i) (j)

f2 (P, p1 ) ,

X
i,j,y

(i) (j)

[P]i,j PY |X1 X2 (y|x1 x2 ) log P

PY |X1 X2 (y|x1 x2 )[p1 ]i

j0

(i) (j 0 )

[P]i,j 0 PY |X1 X2 (y|x1 x2 )

(5.21)

(i) (j)

f12 (P) ,

X
i,j,y

PY |X1 X2 (y|x1 x2 )

(i) (j)

[P]i,j PY |X1 X2 (y|x1 x2 ) log P

i0 ,j 0

(i0 ) (j 0 )

[P]i0 ,j 0 PY |X1 X2 (y|x1 x2 )

(5.22)

are concave in (P, p2 ), (P, p1 ), and P, respectively.
Proof. See Appendix 5.A.



Observe that if (5.19) were removed, the resulting problem would be convex.
While (5.18) ensures that P is a feasible probability matrix, (5.19) constrains it to Pprod , and

(5.17) relates P with its marginals. The next results shows that, surprisingly, there is no need
to include (5.17) as long as (p1 , p2 ) are feasible probability vectors on X1 and X2 , respectively.

Lemma 5.1 The optimal solution to the optimization problem (5.13)-(5.19) does not change if
(5.17) is replaced by
pk ≥ 0 , 1 T pk = 1

k = 1, 2,

(5.23)

where (p1 , p2 ) are probability vectors associated to the distributions of X1 and X2 that need not
be the marginals induced by P.
Proof. We use p̃1 , p̃2 to denote the marginals induced by P. Since (p1 , p2 ) only affect the
functions f1 and f2 , it suffices to show that p̃2 is the vector distribution that maximizes f1 .
f1 (P, p2 ) = f1 (P, p̃2 ) − D(p̃2 ||p2 ) ≤ f1 (P, p̃2 ),

(5.24)

where D(a||b) is the Kullback-Leibler divergence between two probability distributions denoted
by a and b. By symmetry we can induce that p̃1 is the maximizing vector distribution of f2 . 
Remark 5.1 Note that (5.13)-(5.19) can be extended to include cost constraints. Let E1 and
E2 be the average expense requirements of user 1 and 2, respectively. By specifying the vectors
|X |

(i)

ek ∈ R+ k , where [ek ]i is the expense of using xk , the i-th letter of user k, the capacity region
at expenses (E1 , E2 ), C(E1 , E2 ), can be computed by introducing the constraints
eT1 p1 ≤ E1 ,
5.2.1.3

eT2 p2 ≤ E2 .

(5.25)

Extension to K users

The formulation of the computation of the capacity region as a rank-one constrained problem
introduced in Section 5.2.1.2 for two users can be extended to the K-user case. Using similar
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equivalences but now involving tensors [RT05] of dimensionality up to K, the rank-one constraint
applies to any number of users.
The capacity region C of the K-user DMAC is the convex hull of the set of rate tuples

(R1 , . . . , RK ) satisfying

0 ≤ RS < I(X(S) ; Y |X(S c ) ),

∀S ⊆ {1, 2, . . . , K}

(5.26)

for a distribution of the form PX1 ...XK Y = PX1 · . . . · PXK PY |X1 ...XK on X1 × . . . × XK × Y.

We denote by S c = {1, 2, . . . , K} \ S the complement set of S, X(S) = {Xk : k ∈ S}, and
P
RS = k∈S Rk . By defining N , {1, 2, . . . , K}, the computation of the capacity region can be
parameterized as

maximize

{Rk },{PX(S) }∀S⊆N

subject to

K
X

(5.27)

θk Rk

k=1

X
0 ≤ RS ≤ PX(N )(x(N ) )PY |X(N )(y|x(N ) )log P
x(N ) ,y

PX(S) (x(S) ) =

Y
k∈S

PY |X(N ) (y|x(N ) )
0
0
x0 PX(S) (x(S) )PY |X(N ) (y|x(S) ,x(S c ) )
(S)

PXk (xk ), ∀S ⊆ N

PXk (xk ) ≥ 0 ∀xk ∈ Xk ,

X

PXk (xk ) = 1,

xk

(5.28)
(5.29)

∀k ∈ N

(5.30)

The solution to (5.27)-(5.30) for any given θ = [θ1 . . . θK ]T such that θ ≥ 0 and 1T θ = 1 is a
? (θ)) of the boundary of the capacity region C.
point (R1? (θ), . . . , RK

Similarly to what happened in the two-user case, the problem (5.27)-(5.30) is not convex
because the constraints in (5.29) are not jointly convex in PX1 . . . PXK .

However, (5.27)-

(5.30) can be also reformulated as a rank-one non-convex optimization problem if we allow
the variables X1 , . . ., XK to be dependent with distribution PX(N ) . In doing so, it is useful to extend the matrix-vector notation of Section 5.2.1.2 by using the tensor P(S) to denote


(i|S| )
(i ) (i )
PX(S) , where [P(S) ]i1 ,i2 ,...,i|S| = PX(S) xk11 , xk22 , . . . , xk|S|
∀1 ≤ ij ≤ |Xkj |, 1 ≤ j ≤ |S|,
∀S = {k1 , k2 , . . . , k|S| } ⊆ N . PX(S) is the marginalization of PX(N ) into the set of user code-

words X(S) , i.e.,

PX(S) (x(S) ) =

X

PX(N ) (x(N ) )

(5.31)

x(S c )

or, equivalently in tensor notation,
X

P(N ) = P(S) .

(5.32)

i(S c )

Proposition 5.2 The problem (5.27)-(5.30) of the computation of the capacity region of an ar-
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bitrary K-user DMAC is equivalent to the following rank-one4 non-convex optimization problem:
K
X

maximize

{Rk },{P(S) }∀S⊆N

(5.34)

θk Rk

k=1

0 ≤ RS ≤ fS (P(N ) , P(S c ) ),
X
P(N ) = P(S) ∀S ⊆ N

subject to

(5.35)

∀S ⊆ N

(5.36)

i(S c )

P(N )  0 ,

X

P(N ) = 1

(5.37)

i(N )

rank(P(N ) ) = 1,

(5.38)

where the functions
fS (P(N ) , P(S c ) ) =

X

[P(N ) ]i(N ) PY |X(N )

i(N ) 
y|x(N
) log

i(N ) ,y

i(N ) 
c
PY |X(N ) y|x(N
) [P(S ) ]i(S c )

P

i0(S)

[P(N ) ]i0

,i c PY |X(N )
(S) (S )

i0

i

c

(S)
(S )
y|x(S)
, x(S
c)



(5.39)

are concave in (P(N ) , P(S c ) ).
Proof. This follows from extending the definition of Pprod (5.11) to suit the K-th dimensional
tensor P(N ) and noticing that the functions fS are the generalizations of f1 (5.20), f2 (5.21),

and f12 (5.22) to the K-user case. Hence, concavity of fS can be showed by the same arguments
than in the proof of Proposition 5.1.

5.2.2



Relaxation methods

Proposition 5.1 identified all the non-convexity of the problem of the computation of the capacity
region of an arbitrary DMAC as the rank-one constraint rank(P) = 1 in (5.19). Rank-one constrained optimization problems, even with linear matrix inequalities, are non-convex problems
that cannot be solved optimally in polynomial time. Thus, we first choose to relax (5.13)-(5.19)
by removing the rank-one constraint (5.19) to obtain a tractable, convex problem equivalent to
solving the capacity region of a DMAC with arbitrarily dependent codewords (full transmitter
cooperation). We will denote by Ro the outer bound on the true capacity region obtained with
the relaxed problem (5.13)-(5.18).

If the optimal solution to the relaxed problem happens to be rank one, then it will also be
an optimal solution to the original problem. Otherwise, this solution has to be projected onto
Pprod to obtain a candidate solution (not necessarily optimal). Many different approaches can
4

|X |×...|XK |

The K-th dimensional tensor P(N ) ∈ R+ 1

has rank one if and only if it can be written as

P(N ) = p1 ⊗ p2 ⊗ . . . ⊗ pK ,
|X |

(5.33)

where ⊗ denotes outer product and the vectors pk ∈ R+ k admit a similar equivalence to that of Section 5.2.1.2.
Again, rank(P(N ) ) = 1 is equivalent to imposing PX1 ...XK = PX1 · . . . · PXK .
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be applied to approximate an arbitrary joint distribution P by a reduced rank distribution of
the form q1 qT2 ; here we shall explore two of them: randomization and marginalization.

5.2.2.1

Randomization

A randomization approach generates random samples of candidate probability vectors (q1 , q2 )
such that E{q1 qT2 } = P, thus approximating the solution to the relaxed problem in the mean

sense. For each of the generated pairs, the achievable rates (5.5)-(5.9) are evaluated and the pair
of distributions yielding the largest objective value is kept as the solution. This is equivalent to
performing a random search on the original problem with guidance on the correlation matrix of
the distributions under test taken from the relaxed problem.
The nature of the random pairs (q1 , q2 ), which are input probability distributions, prevents
us from easily finding statistics for generating them yielding E{q1 qT2 } = P directly. Instead, we
first choose to approximate P by the convex combination of n rank-one distributions under a
minimum divergence criterion, i.e.,
P≈

n
X

(5.40)

λi ai bTi ,

i=1

where n is fixed, and
{λi , ai , bi } =

arg min

D(P||

{λi ,ai ,bi }

subject to

n
X

λi ai bTi )

(5.41)

i=1
n
X
i=1

λi = 1, λi ≥ 0

1T ai = 1, ai ≥ 0

1≤i≤n
1≤i≤n

1T bi = 1, bi ≥ 0 1 ≤ i ≤ n.

(5.42)
(5.43)
(5.44)

The problem (5.41)-(5.44) is not jointly convex in {λi , ai , bi } but is separately convex in {λi },

{ai }, and {bi }. Thus, a practical approximation as in (5.40) can be obtained through an
(0)

(0)

(0)

(1)

alternate optimization {λi } → {ai } → {bi } → {λi } → . . . until convergence is achieved
((.)(r) denotes value at the r-th iteration).

Second, given that N random samples (q1 , q2 ) must be generated, the approximation in the
mean sense E{q1 qT2 } = P can be achieved using (5.40) by drawing, i = 1 . . . n, N λi pairs from
a pair of independent distributions such that E{q1 } = ai , E{q2 } = bi (because of statistical
independence, this will imply E{q1 qT2 } = ai bTi ). To generate a random vector q with prescribed
average E{q} = q we use a distribution whose support Ωq is the largest sphere centered at q

such that all its boundary lies within the probability simplex, as illustrated in Figure 5.2 for the
3-dimensional case. While the radius r of such sphere can be analytically determined resorting
to the point-line and point-plane distance formulas, its expression is omitted here for the sake of
brevity. As for the distribution of q, we choose to project a random vector x drawn uniformly
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Figure 5.2: The support of the randomly generated probability distributions q is the largest
circle centered at E{q} = q that fits within the probability simplex.
over {x ∈ R|X |×1 : kx − qk22 ≤ r2 }5 onto the probability simplex6 , i.e.,
q=x+

1 − 1T x
1,
|X |

(5.45)

which results in a circularly symmetric distribution with average q.
The evaluation of the achievable rates (5.5)-(5.9) yields the randomization inner bound, Rirand

(see Algorithm 5.1 for a pseudocode description).

5.2.2.2

Marginalization

While the numerical performance of randomization is good, it is at the price of generating many
potential solutions at random. Therefore, it is desirable to explore other simpler (deterministic)
methods retaining most of its accuracy but also allowing for performance analysis.
To this end, we adopt a projection criterion based on the Kullback-Leibler divergence D(·k·).
It has been used in [Cho68] and [Ku69] as the criterion for approximating joint discrete probability distributions given a dependence tree, although here the purpose is different. The use
of the information divergence as the measure that quantifies the quality of the approximation
offers several advantages, the most useful one being that, for some fixed P (with marginals p̃1
and p̃2 ), the pair (p1 , p2 ) that minimizes D(P||p1 pT2 ) follows easily from
D(P||p1 pT2 ) = D(P||p̃1 p̃T2 ) + D(p̃1 ||p1 ) + D(p̃2 ||p2 ) ≥ D(P||p̃1 p̃T2 ),
5

(5.46)

To generate a vector x with uniform distribution on the sphere, we generate random vectors drawn uniformly




on the hypercube [q]1 − r, [q]1 + r × . . . × [q]|X | − r, [q]|X | + r until the condition kx − qk22 ≤ r2 is satisfied.
6
The projection onto a simplex usually has a water-filling form [Pal05], but, since by construction x belongs
to the non-negative orthant, it reduces to (5.45), where the water level has been analytically found.
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Algorithm 5.1 Randomization
1: for each value of θ ∈ [0, 1] do
2:

Solve (5.13)-(5.18): (R1o (θ), R2o (θ)) = (R1? , R2? ) and P(θ) = P? .

3:

Approximate P(θ) using (5.40) for some specified n: {λi , ai , bi }ni=1 .

4:

for i = 1 . . . n do

for j = 1 . . . N λi do

5:

Generate a random pair (q1 , q2 ) according to (5.45) such that E{q1 } = ai ,

6:

E{q2 } = bi .

10:

(i,j)

, R2

).

end for

8:
9:

(i,j)

Evaluate (5.5)-(5.9) using (q1 , q2 ): (R1

7:

end for
(i,j)

i
i
Choose the best pair: (Rrand,1
(θ), Rrand,2
(θ)) = max θR1
i,j

11:

end for

12:

i
i
Randomization inner bound: Rirand = Co({(Rrand,1
(θ), Rrand,2
(θ)), ∀θ}).

13:

(i,j)

+ (1 − θ)R2

Outer bound: Ro = Co({(R1o (θ), R2o (θ)), ∀θ}).

which shows that (p?1 , p?2 ) = (p̃1 , p̃2 ). Therefore, marginalization is the solution to the minimum
divergence criterion8 . In order to obtain an approximation of C, it is sufficient to solve (5.13)-

(5.18) (or its equivalent form given in Lemma 5.1), take the marginal distributions of the solution,
plug them into (5.5)-(5.9), and evaluate (R1 , R2 ) (the problem (5.5)-(5.9) is convex for fixed
input probability distributions). The solution to (5.5)-(5.9) in terms of (R1 , R2 ) defines the
marginalization inner bound Rimarg (see Algorithm 5.2).
Algorithm 5.2 Marginalization
1: for each value of θ ∈ [0, 1] do
2:

Solve (5.13)-(5.18): (R1o (θ), R2o (θ)) = (R1? , R2? ) and (p1 (θ), p2 (θ)) = (p?1 , p?2 ).

3:

Evaluate

(R1 , R2 )

(5.5)-(5.9)

for

fixed

distributions

(p1 (θ), p2 (θ)):

i
i
(Rmarg,1
(θ), Rmarg,2
(θ)) = (R1? , R2? ).

4:

end for

5:

i
i
Marginalization inner bound: Rimarg = Co({(Rmarg,1
(θ), Rmarg,2
(θ)), ∀θ}).

6:

Outer bound: Ro = Co({(R1o (θ), R2o (θ)), ∀θ}).

5.2.2.3

Remarks

Remark 5.2 The outer bound Ro can be further tightened by applying the algorithm of [Rez04]

for the exact computation of the sum-capacity, denoted by C sum . In particular, a tighter outer
8

Another deterministic strategy is to use the singular value decomposition (SVD) of P to choose q1 and

q2 as the suitably normalized left and right singular vectors associated to the largest singular value. However,
numerical simulations of this method performed over various channels have shown that it is outperformed by
marginalization.
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bound is Ro ∩ C sum , where
C sum = {(R1 , R2 ) ∈ R2 | R1 + R2 ≤ C sum }.

(5.47)

Remark 5.3 Both methods apply to the cost constrained case by adding the constraints in (5.25)
to (5.13)-(5.18) when solving the relaxed problem. As for randomization, cost constraints have
to be included also in (5.41)-(5.44) and the sphere radius r has to be chosen so as to belong to
the feasible set.

5.2.3
5.2.3.1

Performance analysis of marginalization
Analytical results

There exists a class of channels for which marginalization computes optimally the capacity
region. Although we have not been able to fully characterize this class analytically, we have
been able to show that some specific channels belong to it. For some channels, this can be
proved by showing Rimarg = Ro = C, while for others Rimarg = C ⊂ Ro . We restrict our attention
to the two-user case for the sake of simplicity of the expressions.

It is worth point out that Ro is also an outer bound of the capacity region of the two-user

DMAC with feedback (see [Oza84, Sec. IV]), and it follows that the class of channels for which
Rimarg = Ro is a subset of the class of DMACs for which feedback does not increase the capacity

region. Although the capacity region of the discrete memoryless MAC with feedback is not
known in general (it is known in the continuous memoryless Gaussian (scalar) case [Oza84]),
there are some achievability results [Bro05,Cov81a] and a class of DMACs for which the achievable region of [Cov81a] is tight (see [Wil82]). Let us start first with some optimality conditions
that will be key for obtaining subsequent results.

Lemma 5.2 A sufficient condition for optimality of the joint probability distribution PX1 X2 ,
defined on X1 × X2 , with respect to the relaxed problem (5.13)-(5.18) for any fixed (θ1 , θ2 ) =
(θ, 1 − θ), assuming θ2 ≥ θ1 , is9

θ1 D(PY |X1 =x1 ,X2 =x2 ||PY ) + (θ2 − θ1 )D(PY |X1 =x1 ,X2 =x2 ||PY |X1 =x1 )

= Lo (θ1 , θ2 ) if PX X (x1 , x2 ) > 0
1 2
≤ L (θ , θ ) if P
(x , x ) = 0
o

1

2

X1 X2

1

(5.48)

2

for all (x1 , x2 ) ∈ (X1 , X2 ) and some Lo (θ1 , θ2 ) ≥ 0, and
I(X1 ; Y |X2 ) + I(X2 ; Y |X1 ) ≥ I(X1 X2 , Y ).
9

If θ2 ≤ θ1 the user indexes of θ and X in (5.48) or (5.51) must be swapped.

(5.49)
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If (5.48) is satisfied by some joint distribution then it becomes also a necessary optimality condition with respect to the relaxed problem (5.13)-(5.18) and, since Lo (θ1 , θ2 ) is precisely its
objective value, it follows
Lo (θ1 , θ2 ) = Ro? (θ1 , θ2 ) =

max

θ1 R1 + θ2 R2 .

(R1 ,R2 )∈Ro

(5.50)

Proof. See Appendix 5.B.



Lemma 5.3 A sufficient condition for optimality of the input probability distributions PX1 and
PX2 , defined on X1 and X2 , with respect to the capacity region for any fixed (θ1 , θ2 ) = (θ, 1 − θ),
assuming θ2 ≥ θ1 , is9

θ1 D(PY |X1 =x1 ,X2 =x2 ||PY ) + (θ2 − θ1 )D(PY |X1 =x1 ,X2 =x2 ||PY |X1 =x1 )

= L(θ1 , θ2 ) if PX (x1 )PX (x2 ) > 0
2
1
, (5.51)
≤ L(θ , θ ) if P (x )P (x ) = 0
1

2

X1

1

X2

2

for all xk ∈ Xk , k = 1, 2. If (5.51) is satisfied for some pair of input probability distributions then

it becomes also a necessary and sufficient condition for optimality with respect to the capacity
region and to the relaxed problem and, since L(θ1 , θ2 ) is precisely its objective value, it follows
L(θ1 , θ2 ) = C ? (θ1 , θ2 ) =

max

(R1 ,R2 )∈C

θ1 R1 + θ2 R2 .

(5.52)

Proof. Lemma 5.3 follows from the particularization of Lemma 5.2 to a product distribution of
the form PX1 X2 = PX1 PX2 , which always satisfies (5.49). Since such product distribution is a
solution to the relaxed problem (5.13)-(5.18), it is capacity-achieving and hence optimal.



Corollary 5.1 Ro = C if and only if for each (θ1 , θ2 ) there exists at least one pair of distributions satisfying the conditions in Lemma 5.3.

Proof. The ‘if’ part is proved by noticing that existence of input distributions satisfying Lemma
5.3 for all (θ1 , θ2 ) is equivalent to Ro? (θ1 , θ2 ) = C ? (θ1 , θ2 ) ∀(θ1 , θ2 ), which implies Ro = C, since

both C and Ro are convex sets. The ‘only if’ part follows from the fact that Ro = C implies

that for each (θ1 , θ2 ) there must exist at least one product distribution which is optimal with
respect to the relaxed problem, and hence satisfies Lemma 5.3.



Corollary 5.2 Rimarg = C if for each (θ1 , θ2 ) there exist one or more joint distributions satisfying Lemma 5.2, all of them with product distributions induced by their marginals satisfying
Lemma 5.3.
Proof. Taking into account the fact that the relaxed problem (5.13)-(5.18) may have multiple
solutions not all of them product distributions, Corollary 5.2 implies that the inner bound Ri

of the capacity region provided by the relaxation method in Algorithm 5.1 is obtained with
capacity achieving product distributions for all (θ1 , θ2 ).
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Corollary 5.3 Rimarg = C = Ro if and only if for each (θ1 , θ2 ) there exists at least one pair of

distributions satisfying the conditions in Lemma 5.3 and all the joint (non-product) distributions
satisfying Lemma 5.2 (if any such distributions exist) have product distributions induced by their
marginals satisfying Lemma 5.3.
Proof. This follows from corollaries 5.1 and 5.2.

5.2.3.2



Applications

The previous results describe the conditions under which the bounds provided by the relaxation
method in Algorithm 5.1 are tight10 , and provide us with a test for quantifying optimality of
the marginalization approach. This test can be performed either analytically through any of the
corollaries, or numerically (by checking if the product distribution that achieves Rimarg satisfies
the conditions in Lemma 5.3, for example). In addition, they can also be used as a tool for

deriving new capacity results or for re-deriving existing ones, as will be illustrated with several
examples.

Example 1: The binary switching MAC

The binary switching MAC (BS-MAC) is a

binary-input ternary-output (Y = {0, 1, ∞}) deterministic multiple-access channel whose inputoutput relationship is



0 if (X1 , X2 ) = (1, 0)



Y = X2 /X1 ,
1 if (X1 , X2 ) = (1, 1) .




∞ if X1 = 0

(5.53)

Note that, given the channel output Y , the value of X1 is always decoded without ambiguity
(H(X1 |Y ) = 0). On the other hand, the information carried by X2 can only be conveyed when
X1 = 1, since otherwise Y = ∞ independently of X2 . Therefore, a hierarchy is established

among senders: sender 1 can always convey information to Y through the control of a switch
which is also responsible for allowing sender 2 for effectively transmitting information to Y .

Proposition 5.3 (Vanroose [Van86], Vinck [Vin85a]) The capacity region C of the BS-

MAC is given by

C =



(R1 , R2 ) ∈ R2 | {0 ≤ R1 ≤ log 2, 0 ≤ R2 ≤ 0.5 log 2}

∪ {R1 ≤ h(R2 / log 2), 0.5 log 2 < R2 ≤ log 2} ,

(5.54)
(5.55)

where h(x) , −x log x − (1 − x) log(1 − x) is the binary entropy function. The point
(R1? (θ), R2? (θ)) = arg
10

max

(R1 ,R2 )∈C

θR1 + (1 − θ)R2 ,

Note that the inner and outer bounds are always tight for θ = 0 and θ = 1.

(5.56)
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belonging to the boundary of the capacity region, is achieved by the input probability distributions
PX? 1 (1; θ) = p(θ) = 1 − PX? 1 (0; θ),

PX? 2 (0; θ) = PX? 2 (1; θ) = 1/2,

(5.57)

where
p(θ) , 1 + 2(1−1/θ)

−1

(5.58)

and the weight θ ∈ [0, 1].
Proposition 5.4 Marginalization achieves the capacity region for the BS-MAC and Rimarg =
C = Ro .

Proof. The proof follows from the application of Corollary 5.3 to this channel. See Appendix
5.C.



Vinck showed in [Vin85b] that the capacity region of the BS-MAC with and without feedback
were identical. Since this result is a necessary condition for allowing the inner and outer bounds
to coincide, it could have been inferred a posteriori from Proposition 5.4.
Not for all the channels for which the capacity region can be efficiently computed using
Algorithm 5.1 satisfy that both the inner and the outer bound are tight. In particular, for a
wider class of channels the capacity region can be computed by showing only that the outer
bound is tight through Corollary 5.1. This is the case of the non-deterministic noisy BS-MAC
considered next.

Example 2: The noisy binary-switching MAC

We denote by noisy binary-switching

MAC (nBS-MAC) the binary-input ternary-output (Y = {0, 1, ∞}) multiple-access channel

characterized by the transition probability distribution

δ/2 1 − δ
 δ/2

 δ/2
δ/2 1 − δ

PYnBS−MAC
≡

|X1 X2
 1−

0



1−
0






,




(5.59)

where the columns represent the different elements of Y and the rows correspond to the natural
ordering of the inputs (X1 , X2 ). This channel is a non-deterministic extension of (5.53) that
adds two random behaviors to the channel: i) a noisy switch, that with probability δ is not able
maintain open the circuit and outputs equally likely bits, and ii) a binary symmetric channel
with error probability  when the switch is closed. Clearly, when (δ, ) = (0, 0) the nBS-MAC
reduces to the BS-MAC addressed in Example 1.
Proposition 5.5 The outer bound is tight for the nBS-MAC, Ro = C, and one capacityachieving pair of distributions achieving the boundary point
(R1? (θ), R2? (θ)) = arg

max

(R1 ,R2 )∈C

θR1 + (1 − θ)R2

(5.60)
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is
PX? 1 (1; θ) = p(δ, ; θ) = 1 − PX? 1 (0; θ),
where
p(δ, ; θ) =

PX? 2 (0; θ) = PX? 2 (1; θ) = 1/2,

A(δ, ; θ) − δ/(1 − δ)
A(δ, ; θ) + 1

(5.61)
(5.62)

if 0 < θ ≤ 1/2 and
p(δ, ; θ) = {0 ≤ p < 1 : B(p, δ, ; θ) = θ(h(δ) − h() + log(2))}

(5.63)

otherwise, where


A(δ, ; θ) = exp(h(δ) + (1 − 1/θ)h())2

(1/θ−1)



1
1−δ

(5.64)

δ + (1 − δ)p
(5.65)
(1 − δ)(1 − p)

δ + (2 − 2 − δ)p
δ + (2 − δ)p 
+ (2θ − 1) (1 −  − δ/2) log
+ ( − δ/2) log
.(5.66)
(1 − δ)(1 − p)
(1 − δ)(1 − p)

B(p, δ, ; θ) = (1 − θ)(1 − δ) log

Proof. The proof follows from the application of Corollary 5.1 to this channel. See Appendix
5.D.



In Figure 5.3 we show the capacity region of the nBS-MAC for several values of δ and .
Typically, when δ is small, sender 1 has access to the channel in much better conditions than
sender 2, which is reflected in the shape of the capacity regions. This fact can be qualitatively
appreciated in Figure 5.4 also, where p(δ, ; θ) is plotted versus θ, the weight of R1 . When θ is
small, the rate of sender 2 is prioritized and hence sender 1 “opens the tap” for the transmission of
information of X2 by setting a large value for p(δ, ; θ). When θ increases, the tap is progressively
closed towards a value that maximizes R1 .
The derived analytical conditions for tightness of the marginalization bounds do not exhaust
all the situations for which the marginalization approach is optimal (Lemma 5.3 is sufficient
but not necessary for a capacity-achieving product distribution). Thus, it can happen for some
channels that none of the previous results applies but marginalization is still optimal: it may
occur that C ⊂ Ro but after marginalization Rimarg = C without satisfying the conditions in

Corollary 5.2. A representative example of this subclass of channels is the Binary Adder MAC
(BA-MAC) considered next.
Example 3: The binary adder MAC The binary adder MAC (BA-MAC) (or binary erasure

MAC, as named in [Cov06, Example 14.3.3]), is the binary-input ternary-output (Y = {0, 1, 2})

deterministic multiple-access channel whose input-output relationship is given by
Y = X1 + X2 ,

(5.67)

where the sum is taken over the natural numbers. In this case, none of the users has access to
the channel in privileged conditions. There are two input combinations that can be correctly
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1

R2

0.75

0.5

(δ, ²) = (0.05, 0.05)
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(δ, ²) = (0, 0.05)
(δ, ²) = (0.05, 0)
(δ, ²) = (0, 0)

0
0

0.25

0.5

0.75

1

R1

Figure 5.3: The capacity region C of the nBS-MAC, in [bit/ch. use], for different values of δ and
. Note that (δ, ) = (0, 0) corresponds to the BS-MAC.

?
PX
(1; θ) = p(δ, ²; θ)
1

(δ, ²) = (0.05, 0.05)

1

(δ, ²) = (0, 0.05)
(δ, ²) = (0.05, 0)

0.9

(δ, ²) = (0, 0)
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1

θ

Figure 5.4: The probability p(δ, ; θ) as a function of θ for different values of δ and . Note that
(δ, ) = (0, 0) corresponds to p(θ) (5.58).
decoded without ambiguity ((X1 , X2 ) ∈ {(0, 0), (1, 1)}), and two input combinations where the

decoder has ambiguity about both users. Therefore, for this channel the capacity region is
symmetric with respect to R1 and R2 .
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Proposition 5.6 (Liao [Lia72]) The capacity region C of the BA-MAC is given by the set of
rate pairs (R1 , R2 ) satisfying

0 ≤ R1 ≤ log 2

0 ≤ R2 ≤ log 2
3
log 2.
R1 + R2 ≤
2

(5.68)
(5.69)
(5.70)

Furthermore, all the points of the boundary of the capacity region are achieved by a pair of
uniform input probability distributions, i.e.,
PX? i (xi ; θ) = 1/2, xi ∈ {0, 1}, i = 1, 2, ∀θ ∈ [0, 1].

(5.71)

The BA-MAC, as noiseless multiple-access binary erasure channel, was first studied by Liao
[Lia72], who particularized his result of the capacity region of the general DMAC to this channel:
a result that has been subsequently used in the literature [Kas76, Cha79, Cha81].

Proposition 5.7 The achievable rate region of the proposed algorithm equals the capacity region
for the BA-MAC. Furthermore, the inner and outer bounds on the capacity region provided by
the proposed algorithm do not coincide, i.e., Rimarg = C ⊂ Ro .
Proof. See Appendix 5.E.



Interestingly, the BS-MAC and BA-MAC are the only two non-trivial channels that characterize the rest of binary-input ternary-output11 deterministic DMACs, which can be obtained
through isomorphisms of the input and output alphabets in one of these two canonical channels [Vin85a]. Hence, the proposed marginalization approach is tight for all of them. Finally,
the following result extends the optimality of the relaxation to a wider class of channels.
Theorem 5.1 Marginalization is tight in the sense that Rimarg = C, for all binary-input deterministic DMACs.

Proof. See Appendix 5.F.

5.2.4



Numerical results

In the following, we analyze the numerical performance of randomization and marginalization
over three different binary-inputs ternary-output non-deterministic two-user DMACs, which we
name DMAC1 , DMAC2 , and DMAC3 , characterized respectively by the transition probability
11

When we refer to M -ary output DMACs we assume that |Y| = M and all the M values of the output alphabet

can be exhausted by at least one input (there are not dummy output letters).
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Algorithm 5.3 Random search
1: Set (N, σ 2 ) = (500, 1/9).
2:

for each value of θ ∈ [0, 1] do

3:

Set (R1 (θ), R2 (θ), f ? , p1 (θ), p2 (θ)) = (0, 0, 0, 0, 0).

4:

Set (p1 , p2 ) = (1/|X1 |, 1/|X2 |).

(0)

(0)

for j = 1 . . . N do

5:

(j)

(j)

Generate (r1 , r2 ) i.i.d. ∼ N (0, σ 2 ) of lengths |X1 | and |X2 |, respectively.

6:

(j)

(j−1)

(j)

(j)

7:

Update12 pk = [pk

8:

Evaluate (5.5)-(5.9) using (p1 , p2 ): (R1? (θ), R2? (θ)).

9:

if θR1? + (1 − θ)R2? > f ? then

(j)

(j)

+ rk ]+ and normalize pk := pk /(1T pk ), k = 1, 2.
(j)

(j)

(j)

(j)

(R1 (θ), R2 (θ), f ? , p1 (θ), p2 (θ)) = (R1? , R2? , θR1? + (1 − θ)R2? , p1 , p2 ).

10:

end if

11:

end for

12:
13:

end for

14:

Ribrute = Co({(R1 (θ), R2 (θ)), ∀θ}).

distributions

(1)

PY |X1 X2

 0.2

 0.7

≡
 0.5


0.3









0.3 0.5 
 0.4 0.1 0.5 
 0.1 0.2




 0.3 0.2 0.5 
 0.3 0.5
0.2 0.1 
 (2)

 (3)

, PY |X1 X2 ≡
, PY |X1 X2 ≡



 0.3 0.4
0.1 0.4 
 0.5 0.4 0.1 





0.4 0.3
0.2 0.8 0
0.8 0.1



0.7 

0.2 

. (5.72)
0.3 


0.1

The columns represent the different elements of Y = {0, 1, 2}, and the rows correspond to the

natural ordering of the inputs. While DMAC1 is the multiple-access channel example used in
[Rez04] to illustrate the behavior of the algorithm for the computation of the sum-rate capacity,
DMAC2 and DMAC3 have been chosen randomly. For each of the channels we compute the
randomization and marginalization bounds described in Section 5.2.2, and use the algorithm
in [Rez04] to compute C sum . As for the randomization bound, N = 500 randomly generated

product distributions have been tested for each θ using the approximation (5.40) with n = 4.
Additionally, we consider the achievable region of a random search algorithm, denoted by Rirs ,
as a benchmark (see Algorithm 5.3).

Figures 5.5, 5.6, and 5.7 show the bounds for DMAC1 , DMAC2 , and DMAC3 , respectively.
DMAC1 is another example of a non-deterministic channel for which the outer bound and the
randomization and marginalization inner bounds coincide, and hence the capacity region can be
effectively computed with the proposed methods. As for DMAC2 and DMAC3 , which represent
a more general situation, the bounds do not coincide and the capacity region cannot be directly
evaluated.
12

[x]+ denotes the component-wise application of the operator [x]+ , max{x, 0}.
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Figure 5.5: Bounds on the capacity region for DMAC1 . Units are [bit/ch. use].

However, if we consider Ro ∩C sum we are able to obtain a much tighter outer bound. Regard-

less of the tightness of Ro , the accuracy of the sum-capacity offered by the proposed relaxation
methods is remarkable for all the channels. The performance of marginalization and randomization is indistinguishable, as shown by appropriate zooms in Figures 5.5-5.7, while the behavior
of the random search is irregular and, in general, much worse. To achieve similar performance, it
requires a number of distributions under test orders of magnitude above that of randomization.
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Figure 5.6: Bounds of the capacity region for DMAC2 . Units are [bit/ch. use].
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Figure 5.7: Bounds of the capacity region for DMAC3 . Units are [bit/ch. use].

5.3
5.3.1

The Degraded DMBC
The capacity region as a DC optimization problem

The capacity region C of the two-user dDMBC X → Y1 → Y2 is the convex hull of the set of
rate pairs (R1 , R2 ) satisfying

0 ≤ R1 ≤ I(X; Y1 |U )

0 ≤ R2 ≤ I(U ; Y2 )

(5.73)
(5.74)

for some choice of the distribution PU XY1 Y2 = PU X PY1 |X PY2 |X on U × X × Y1 × Y2 , where PU X

is the joint probability distribution of the auxiliary random variable U and the transmitted
codeword X, and PY1 |X , PY2 |X are the given conditional distributions that depend on the nature
of the channel. The region C is computable since it suffices to consider |U| = min{|X |, |Y1 |, |Y2 |}
in the evaluation of (5.73)-(5.74). Relying on the fact that C is convex by time-sharing arguments,

the supporting hyperplane theorem [Boy04, Sec. 2.5.2] allows us to parameterize its computation
for some θ ∈ [0, 1] as
maximize

θR1 + (1 − θ)R2

(5.75)

subject to

0 ≤ R1 ≤ I(X; Y1 |U )

(5.76)

{R1 ,R2 ,PU X }

0 ≤ R2 ≤ I(U ; Y2 )

PU X (u, x) ≥ 0 ∀(u, x) ∈ U × X
X
PU X (u, x) = 1,
u,x

(5.77)
(5.78)
(5.79)
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where the right hand sides of (5.76)-(5.77) amount to

P
0
x0 PU X (u, x ) PY1 |X (y1 |x)
PU X (u, x)PY1 |X (y1 |x) log P
I(X; Y1 |U ) =
0
0
x0 PU X (u, x )PY1 |X (y1 |x )
u,x,y1

X X
I(U ; Y2 ) =
PU X (u, x)PY2 |X (y2 |x) ×
X

u,y2

(5.80)
(5.81)

x

0
0
x0 PU X (u, x )PY2 |X (y2 |x )
 P
.
0
0 0
0
x0 PU X (u, x )
u0 ,x0 PU X (u , x )PY2 |X (y2 |x )

× log P

P

(5.82)

Note that the solutions to (5.75)-(5.79), denoted by (R1? (θ), R2? (θ), PU? X (θ)), generally depend
on θ.
For each θ, the optimal rates (R1? (θ), R2? (θ)) (which belong to the boundary of C) satisfy the

right hand side inequalities of (5.76)-(5.77) with equality. This allows us to rephrase (5.75)-(5.79)
as
maximize
PU X

θI(X; Y1 |U ) + (1 − θ)I(U ; Y2 )

subject to PU X (u, x) ≥ 0 ∀(u, x) ∈ U × X
X
PU X (u, x) = 1,

(5.83)
(5.84)
(5.85)

u,x

where R1 , R2 have been removed from the optimization since they can be computed evaluating
(5.80)-(5.82) using PU? X (θ), the solution to (5.83)-(5.85).
Lemma 5.4 I(X; Y1 |U ) is concave in PU X , whereas I(U ; Y2 ) is a difference of concave functions
of PU X .

Proof. See Appendix G.



The computation of C (5.83)-(5.85) amounts hence to the maximization of the difference of

two concave functions of PU X (5.83) over the probability simplex. This falls within the class

of DC problems13 , a wide class of non-convex optimization problems which can only be solved
in cases where an underlying structure can be exploited. In general, their non-convexity makes
them intractable and only brute-force or random search methods seem to be available. However,
they provide no quantification on their incurred suboptimality.

5.3.2

Optimality conditions

Pursuing the computation of C, we explore both local and global optimality conditions in order

to either characterize completely the solutions to (5.83)-(5.85) or determine their structure in
order to reduce the dimensionality of the search space. To that end, consider the following
necessary optimality condition.
13

It can equivalently be mapped to the minimization of the difference of two convex functions by minimizing

the opposite of the objective in (5.83).
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Lemma 5.5 A necessary condition for global optimality (and sufficient condition for local optimality) of the joint probability distribution PU X for any fixed θ ∈ [0, 1] is



PY2 |U =u (Y2 ) = R(θ)
θD(PY1 |X=x ||PY1 |U =u ) + (1 − θ)EY2 |X=x log
≤ R(θ)
PY2 (Y2 )

if PU X (u, x) > 0
if PU X (u, x) = 0

(5.86)

for all (u, x) ∈ U ×X and some non-negative real constant R(θ). Any distribution PU X satisfying
(5.86) yields an objective value in (5.83) of θI(X; Y1 |U ) + (1 − θ)I(U ; Y2 ) = R(θ).
Proof. See Appendix H.



Corollary 5.4 A condition for global optimality of the joint probability distribution PU X for
any fixed θ ∈ [0, 1] is to satisfy Lemma 5.5 with
R(θ) = C ? (θ) ,

max

(R1 ,R2 )∈C

θR1 + (1 − θ)R2 ,

(5.87)

where C ? (θ) denotes the optimal value of (5.83)-(5.85) for the given θ.
Proof. The best among all the distributions satisfying a necessary condition for optimality must
be optimal.

5.3.3



The BEC-BSC degraded broadcast channel

We shall consider here the application of the necessary conditions of Lemma 5.5 to the BECBSC dDMBC, whose channel transition probabilities are shown in a diagram in Figure 5.8. This
channel is such that receivers one and two see a Binary Erasure Channel (BEC) and a Binary
Symmetric Channel (BSC) respectively. It models the situation in which the sender intends to
convey independent information to one receiver equipped with erasure correction capabilities
and another not equipped so. The second receiver copies the output of the first receiver except
when there is an erasure (denoted by e), in which case the output is chosen uniformly. Hence,
if  denotes the erasure probability of the BEC seen by the first receiver, the error probability
of the equivalent BSC seen by the second receiver is /2.
Proposition 5.8 The capacity region of the BEC-BSC degraded broadcast channel, C BEC−BSC ,

is given by the convex hull of the points (1 − ) log 2, 0 , (0, (1 − h(0.5)) log 2), and the set of
rate pairs (R1 (θ), R2 (θ)), 0 < θ <

1
1−
2 (1−0.5)2 ,

achieved by the distribution

γ(θ) − β(θ)
(1 − α(θ)β(θ))(1 + γ(θ))
1 − α(θ)γ(θ)
PU X (1, 1; θ) =
(1 − α(θ)β(θ))(1 + γ(θ))
PU X (0, 1) = α(θ)PU X (0, 0; θ)
PU X (0, 0; θ) =

PU X (1, 0) = β(θ)PU X (1, 1; θ),

(5.88)
(5.89)
(5.90)
(5.91)
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Figure 5.8: The BEC-BSC degraded broadcast channel
where h(x) , −x log x − (1 − x) log(1 − x) is the binary entropy function.
The parameters α(θ), β(θ), and γ(θ) are obtained as described next. Given α(θ) > 0,

0.5 exp g(α(θ); θ, )/(1 − θ) − (1 − 0.5)
,
γ(θ) =
(5.92)
0.5 − (1 − 0.5) exp g(α(θ); θ, )/(1 − θ)
where

(1 − 0.5)α + 0.5
− θ log α,
(5.93)
1 − 0.5 + 0.5α
and β(θ) > 0 is such that g(β(θ); θ, ) = −g(α(θ); θ, ) (there are at most three such possible valg(α; θ, ) = (1 − θ) log

ues of β(θ) for each given α(θ)). Finally, α(θ) is determined from the following unidimensional
maximization
α(θ) = arg

max

θI(X; Y1 |U ) + (1 − θ)I(U ; Y2 ),

PU X :α>0,
|g(α;θ,)|<(1−θ) log(2/−1)

(5.94)

where it has been explicitly denoted that PU X (θ) in (5.88)-(5.91) and hence I(X; Y1 |U ), I(U ; Y2 )

exclusively depend on α.
Proof. See Appendix I.



The capacity region of the BEC-BSC degraded broadcast is shown in Figure 5.9. Note that
the application of Lemma 5.5 and Corollary 5.4 allows us to compute C BEC−BSC performing

the maximization of a one-dimensional function instead of maximizing the achievable rates over

the probability simplex containing the joint distributions on U × X , for which three degrees of
freedom would need to be explored for each θ.

5.4

Conclusions

The computation of the channel capacity of discrete memoryless channels is a convex problem
that can be efficiently solved. The evaluation of capacity regions of multiterminal networks is
not such an straightforward problem since, when capacity results are known, it gives rise to
unavoidable non-convexities. In this context, we have addressed the evaluation of the capacity
regions of the DMAC and the dDMBC.
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Figure 5.9: The capacity region C BEC−BSC of the BEC-BSC degraded broadcast channel, in

[bit/ch. use], for different values of .

An alternative reformulation of the capacity region of the DMAC condensed all the nonconvexities of the problem into a single rank-one constraint. Since problems with this type of
constraint cannot be solved optimally with the current state of the art, we proposed efficient
methods to compute outer and inner bounds on the capacity region by solving a relaxed version of
the problem and projecting its solution onto the original feasible set. Targeting numerical results,
we adopted a randomization approach which generates random solutions to the original problem
with distribution prescribed by the solution to the relaxed problem. Focusing on analytical
results, we studied projection via minimum divergence, which amounts to the marginalization
of the relaxed solution. In this latter case we derived sufficient conditions and necessary and
sufficient conditions for the bounds to be tight. Furthermore, we were able to show that the class
of channels for which the marginalization bounds matched exactly the capacity region included
all the two-user binary-input deterministic DMACs as well as other non-deterministic channels
(e.g., the nBS-MAC). In general, however, both methods are able to compute very tight bounds
as shown for various examples.
On the other hand, the computation of the capacity region of the two-user dDMBC was
characterized as a DC problem. Since this class of problems cannot be optimally solved in
general, we focused on obtaining local and global optimality conditions. The KKT conditions of
the problem were found to be necessary and sufficient for an input distribution to achieve a local
maximum. An immediate consequence is that, among all the distributions satisfying the KKT,
those attaining the largest objective value are capacity-achieving (i.e., globally optimal). These

5.4. Conclusions
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results enabled the maximization of the achievable rates over a candidate set of potentially much
lower dimensionality than the original feasible set, where the BEC-BSC dDMBC served as an
example.

116

Chapter 5. Multiuser Interference and Evaluation of Capacity Regions

5.A

Appendix: Proof of Proposition 5.1

First, note that the functions f1 (5.20), f2 (5.21), and f12 (5.22) simplify to the right hand
sides of (5.6), (5.7), and (5.8), respectively, when the vector-matrix formulation is used for
some P ∈ Pprod with marginal distributions p1 and p2 . Equivalence between (5.5)-(5.9) and
(5.13)-(5.19) is hence proved thanks to constraint (5.17) and the equivalence of (5.18)-(5.19) and
P ∈ Pprod .
Regarding the concavity of the function f1 (P, p2 ) we can rewrite (5.20) as
!
X
f1 (P, p2 ) =
[P]i,j

X

(i) (j)
(i) (j)
PY |X1 X2 (y|x1 x2 ) log PY |X1 X2 (y|x1 x2 )

y

i,j

{z

|

(i)

}

(j)

−H(Y |X1 =x1 ,X2 =x2 )

!
X X
(i) (j)
[P]i,j PY |X1 X2 (y|x1 x2 ) log P
+
j,y

(i0 ) (j)
i0 [P]i0 ,j PY |X1 X2 (y|x1 x2 )

i

|

[p2 ]j

{z

(j)
≡PX2 Y (x2 ,y)

}
(j)

= −H(Y |X1 X2 ) −

X

(j)
PX2 Y (x2 , y) log

j,y

PX2 Y (x2 , y)
[p2 ]j

(5.95)

The term H(Y |X1 , X2 ) is linear in P and thus concave. The second term of (5.95) is jointly
concave in (PX2 Y , p2 ) (by the same arguments that ensure the convexity of the divergence

[Cov06, Thm. 2.7.2]), but since PX2 Y is linear in P, it is also concave in (P, p2 ), so is the
function f1 (P, p2 ).
It follows by symmetry of (5.20) and (5.21) that the function f2 (P, p1 ) is jointly concave in
(P, p1 ). Finally, the function f12 (5.22) can be shown to be concave resorting to the concavity
of the mutual information of a DMAC with respect to the input distribution, in this case
represented by P.

5.B



Appendix: Proof of Lemma 5.2

Consider the relaxed problem (5.13)-(5.18). Since it is convex and satisfies Slater’s conditions,
the Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient for optimality of any
(P, p1 , p2 ) [Boy04]. Taking its partial Lagrangian without relaxing the constraints (5.17)-(5.18),
e 1 , R2 , p1 , p2 , P; λ) = θR1 + (1 − θ)R2 + λ1 (f1 (P, p2 ) − R1 )
L(R

+ λ2 (f2 (P, p1 ) − R2 ) + λ(f12 (P) − R1 − R2 ),

(5.96)
(5.97)

and setting its derivatives with respect to R1 and R2 equal to zero we obtain
λ?1 = θ − λ , λ?2 = (1 − θ) − λ.

(5.98)
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Using (5.98), (5.96)-(5.97) admits a simplified form that does not show dependency on (R1 , R2 ),
e 1 , p2 , P; λ) ≡ L(R
e 1 , R2 , p1 , p2 , P; [λ? λ? λ])
L(p
1 2

(5.99)

= λ(f12 (P) − f1 (P, p2 ) − f2 (P, p1 )) + θf1 (P, p2 ) + (1 − θ)f2 (P, p1 ).
(5.100)

By grouping the primal optimization variables in y , (p1 , p2 , P), an explicit definition of the
feasibility domain D , {y | (5.17)-(5.18) are satisfied} simplifies the application of the saddlepoint property (strong duality holds) as
min

e λ) = max
max L(y;

0≤λ≤min{θ,1−θ} y∈D

min

y∈D 0≤λ≤min{θ,1−θ}

e λ),
L(y;

(5.101)

where we have used 0 ≤ λ ≤ min{θ, 1 − θ} according to dual feasibility (λ  0) and (5.98). The
e λ) on λ in the inner minimization of the right hand side of (5.101) is linear
dependence of L(y;

(5.100) and hence its optimal value satisfies
λ? (y) ≡ λ? (ϕ(y)) =




0

if ϕ(y) > 0

 min{θ, 1 − θ} if ϕ(y) < 0

,

(5.102)

where ϕ(y) , f12 (P) − f1 (P, p2 ) − f2 (P, p1 )14 . Thus, the optimal value of the problem is
e λ? (y)) = L(y
e ? ; λ? (y? )).
max L(y;
y∈D

(5.103)

Let us now restrict the proof to the 0 ≤ θ < 1/2 case for the sake of simplicity (similar results are
obtained for the case 1/2 ≤ θ < 1, and are included in the conditions of Lemma 5.2). To compute
the optimal value (5.103) we need to know the sign of ϕ(y? ) and adjust λ? accordingly. However,
e λ? (y)). Therefore, to obtain the
y? depends in turn on λ? through the maximization of L(y;

e λ? = min{θ, 1 − θ} = θ) subject to ϕ(y) ≤ 0, then
optimal y? we should first maximize L(y;
e λ? = 0) subject to ϕ(y) > 0, and select the y yielding the maximum objective
maximize L(y;
value among both hypothesis.

Let us start hypothesizing ϕ(y? ) ≤ 0, which implies λ? = θ (5.102) and simplifies (5.100) to
e λ? = θ) = θf12 (P) + (1 − 2θ)f2 (P, p1 ),
L(y;

(5.104)

which should be maximized under the constraint ϕ(y) ≤ 0. Instead, we shall perform an

unconstrained maximization of (5.104) and later impose that the solution satisfies non-positivity
of ϕ. Thus, we aim at finding a solution to the problem
maximize
p1 ,p2 ,P

θf12 (P) + (1 − 2θ)f2 (P, p1 )

subject to P1 = p1 , PT 1 = p2
P  0 , 1T P1 = 1,
14

If ϕ(y) = 0, λ? (y) can take any value, but it is irrelevant since it does not affect the final result.

(5.105)
(5.106)
(5.107)
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whose Lagrangian is
L(y; Φ, ν 1 , ν 2 , η) = θf12 (P) + (1 − 2θ)f2 (P, p1 ) + 1T (Φ

P)1

+ ν T1 (P1 − p1 ) + ν T2 (PT 1 − p2 ) + η(1T P1 − 1),

|X |×|X2 |

where Φ ∈ R+ 1

, ν k ∈ R|Xk | for k = 1, 2, η ∈ R, and

(5.108)
(5.109)

denotes Hadamard (element-wise)

product. Setting the derivatives of (5.108)-(5.109) with respect to p1 and p2 equal to zero we
obtain the optimal values of {ν k }:
ν ?1 = (1 − 2θ)(log p1 + log(e)1), ν ?2 = 0.

(5.110)

Finally, plugging (5.110) into (5.108)-(5.109) and setting its derivative with respect to [P]i,j
equal to zero we arrive at
X
y


(i) (j)
PY |X1 X2 (y|x1 x2 ) θ log P
+ (1 −

(i) (j)

PY |X1 X2 (y|x1 x2 )

(i0 ) (j 0 )
i0 ,j 0 [P]i0 ,j 0 PY |X1 X2 (y|x1 x2 )

(i) (j)
[p1 ]i PY |X1 X2 (y|x1 x2 )
2θ) log P
(i) (j 0 )
j 0 [P]i,j 0 PY |X1 X2 (y|x1 x2 )

= θ log(e) − η − [Φ]i,j . (5.111)
Now, by complementary slackness, we know that [Φ]i,j [P]i,j = 0 which forces

 = 0 if [P]i,j > 0
[Φ]i,j
,
 ≥ 0 if [P] = 0
i,j

(5.112)

and allows us to rewrite (5.111) as
θD(PY |X1 =x1 ,X2 =x2 ||PY ) + (1 − 2θ)D(PY |X1 =x1 ,X2 =x2 ||PY |X1 =x1 )

= θ log(e) − η if PX X (x1 , x2 ) > 0
1 2
. (5.113)
≤ θ log(e) − η if P
(x , x ) = 0
X1 X2

1

2

It can be shown that any P with marginals p1 , p2 satisfying (5.113) for some η ∈ R has an

associated objective value θ log(e) − η. Let us impose that such a solution to the unconstrained

maximization of (5.104) satisfies also ϕ(y) ≤ 0 (the constraint of the current hypothesis under

test). We now show by contradiction that the objective value of any distribution with ϕ(y) > 0

is strictly lower. Suppose that the optimal distribution, with optimal objective value Ro? , is such
that ϕ(y? ) > 0. In this case, λ? = 0 from (5.102), which results in the objective function
e λ? = 0) = θf1 (P, p2 ) + (1 − θ)f2 (P, p1 ),
L(y;

(5.114)

which is maximized by y? under the constraint ϕ > 0. Then, since
f1 (P, p2 ) = f12 (P) − f2 (P, p1 ) − ϕ(y? ) < f12 (P) − f2 (P, p1 )

(5.115)
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it follows by assumption that
e ? ; λ? = 0) =
Ro? = L(y

max

y∈D:ϕ(y)>0

e λ? = 0) < max(θf12 (P) + (1 − 2θ)f2 (P, p1 )) = θ log(e) − η,
L(y;
y∈D

(5.116)

which contradicts optimality. Therefore, a probability distribution y with ϕ(y) ≤ 0 satisfying

(5.113) is optimal, its objective value is θ log(e) − η = Ro? , and invalidates the existence of

other optimal solutions with ϕ(y) > 0. Thus, provided such distribution exists (5.113) and

ϕ(y) ≤ 0 becomes necessary for optimality. As a final remark, note that (5.49) and ϕ(y) ≤ 0

are equivalent statements thanks to the equivalence of the functions f1 , f2 , and f12 and mutual
information.

5.C



Appendix: Proof of Proposition 5.4

It is sufficient to show that the conditions of Corollary 5.3 apply to the BS-MAC. For the sake of
brevity we will subsequently restrict to the 0 ≤ θ ≤ 1/2 case (the same results are obtained for
1/2 < θ < 1) and simplify the notation by using the convention PX1 X2 (x1 , x2 ) = Px1 x2 , which
yields
PY

= {P10 , P11 , P00 + P01 }

(5.117)

PY |X1 =0 = {0, 0, 1}

(5.118)

PY |X1 =1 = {P10 /(P10 + P11 ), P11 /(P10 + P11 ), 0}.

(5.119)

The probabilities P10 and P11 cannot be zero simultaneously since that would imply H(Y ) = 0
and hence R1 = R2 = 0, which is clearly suboptimal. We will hypothesize P10 = 0 and P11 > 0
(similar results are obtained under the hypothesis P10 > 0 and P11 = 0).
With respect to P00 , P01 we cannot argue to infer beforehand wether these variables are
positive or not. However, when (5.48) is particularized for both (x1 , x2 ) = (0, 0) and (x1 , x2 ) =
(0, 1) the same expression is obtained. This implies that either P00 , P01 are both positive or
both zero. By hypothesizing P00 = P01 = 0, the conditions (5.48) of Lemma 5.2 particularize to
1
P00 + P01
1
P10 + P11
θ log
+ (1 − 2θ) log
P10
P10
1
P10 + P11
θ log
+ (1 − 2θ) log
P11
P11
θ log

≤ Ro?

(5.120)

≤ Ro?

(5.121)

= Ro? .

(5.122)

= Ro? + (1 − 2θ) log(`)

(5.123)

= Ro? + (1 − 2θ) log(`0 )

(5.124)

By rewriting (5.120) and (5.121) as
1
P00 + P01
1
P10 + P11
θ log
+ (1 − 2θ) log
P10
P10
θ log
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for some 0 < `, `0 ≤ 1. It follows from (5.122) and (5.124) that P11 = P10 `01/θ−2 regardless

of `0 , and hence P10 = 0 forces P11 = 0. Similarly, P11 = 0 forces P10 = 0. Since this is a
suboptimal choice, the optimal distribution satisfies P10 , P11 > 0. This fact transforms (5.121)
into an equality (or, equivalently, forces `0 = 1 in (5.124)), and implies P11 = P10 . Combining
(5.123) with (5.121) (as an equality), we obtain
P10 = P11 = (P00 + P01 )(2`)1/θ−2

(a)

=

(2 + (2`)2−1/θ )−1

(5.125)

P00 + P01

=

(2`)2−1/θ
,
2 + (2`)2−1/θ

(5.126)

where (a) follows from

P

i,j

Pij = 1. Expression (5.125) shows that P00 + P01 > 0 ∀` ∈ (0, 1],

which is inconsistent with the hypothesis P00 = P01 = 0. Since the optimal values of P00 and
P01 must hence be positive, the family of potential optimal distributions can be obtained by
setting ` = 1 in (5.125)-(5.126), which results in
?
?
P00
= α , P01
= 1 − p(θ) − α

?
?
P10
= p(θ)/2 , P11
= p(θ)/2,

(5.127)
(5.128)

where α ∈ (0, 1 − p(θ)), and p(θ) was defined in (5.58). Among all the distributions satisfying
(5.127)-(5.128), some of them may also satisfy (5.49) and be optimal. In particular, α = (1 −
p(θ))/2 results in the product distribution (5.57), which satisfies Lemma 5.3 (this implies Rimarg =

C). Since that optimal product distribution is also inferred by the marginals of (5.127)-(5.128)
regardless of the choice of α, it follows that Rimarg = C = Ro .

5.D



Appendix: Proof of Proposition 5.5

It is sufficient to show that there exists a product distribution satisfying Lemma 5.3 for any
0 < θ < 1. Let us start with the 0 < θ ≤ 1/2 case first and simplify the notation by using the
notation PXk (1) = pk = 1 − pk , k = 1, 2, which yields
PY
PY |X1 =0

o
δ
p1 + p1 ((1 − )p2 + p2 ), p1 + p1 (p2 + (1 − )p2 ), (1 − δ)p1 (5.129)
2
2
= {δ/2, δ/2, 1 − δ}
(5.130)
=

nδ

PY |X1 =1 = {(1 − )p2 + p2 , p2 + (1 − )p2 , 0}.

(5.131)

We arbitrarily assume that p2 = p2 = 1/2 and p1 , p1 > 0 such that the conditions in Lemma
5.3, after some algebraic manipulation, reduce to
θ δ log

δ
1−δ 
+ (1 − δ) log
= C ? (θ)
δp1 + p1
(1 − δ)p1

(5.132)

for (x1 , x2 ) ∈ {(0, 0), (0, 1)} and
θ  log

2
2(1 − ) 
+ (1 − ) log
+ (1 − 2θ)(log 2 − h()) = C ? (θ)
δp1 + p1
(1 − δ)p1

(5.133)
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for (x1 , x2 ) ∈ {(1, 0), (1, 1)}. By setting the left hand sides of (5.132)-(5.133) equal to each other,
we arrive at

θ(1 − δ) log

δp1 + p1
= θh(δ) + (1 − θ)(log 2 − h()),
(1 − δ)p1

(5.134)

which is satisfied by p(δ, ; θ) as defined in (5.62).
The case 1/2 < θ < 1 is more cumbersome since we cannot find the analytical expression of
the optimal p1 . The conditional distributions

PY |X2 =1

nδ

o
δ
p1 + (1 − )p1 , p1 + p1 , (1 − δ)p1
2
2
nδ
o
δ
=
p1 + p1 , p1 + (1 − )p1 , (1 − δ)p1
2
2

PY |X2 =0 =

(5.135)
(5.136)

and the arbitrary setting p2 = p2 = 1/2 allow us to obtain, after some manipulations, the
conditions in Lemma 5.3 as
1−δ 
δ
+ (1 − δ) log
δp1 + p1
(1 − δ)p1
δ
δ
δ
δ
1−δ 
+ (2θ − 1) log
+ log
+ (1 − δ) log
= C ? (θ) (5.137)
2
δp1 + 2(1 − )p1 2
δp1 + 2p1
(1 − δ)p1
(1 − θ) δ log

for (x1 , x2 ) ∈ {(0, 0), (0, 1)} and

2
2(1 − )
+  log
δp1 + p1
(1 − δ)p1

2(1 − )
2
+ (2θ − 1) (1 − ) log
+  log
= C ? (θ) (5.138)
δp1 + 2(1 − )p1
δp1 + 2p1

(1 − θ) (1 − ) log

for (x1 , x2 ) ∈ {(1, 0), (1, 1)}. By setting the left hand sides of (5.137)-(5.138) equal to each other
and using p1 = 1 − p1 we obtain

B(p1 , δ, ; θ) = θ(h(δ) − h() + log 2),

(5.139)

where B(p1 , δ, ; θ) is defined in (5.66). Since
B(0, δ, ; θ) = θ(1 − δ) log

(a)
δ
≤ θh(δ) ≤ θ(h(δ) − h() + log 2),
1−δ

(5.140)

where (a) follows from Gibb’s lemma, and
lim B(p1 , δ, ; θ) = +∞ > θ(h(δ) − h() + log 2),

p1 →1

(5.141)

it follows by continuity that an optimum p1 ∈ [0, 1) satisfying (5.139) exists for any 1/2 ≤ θ < 1.
Since we have been able to find product distributions satisfying Lemma 5.3 for all 0 ≤ θ < 1,

Corollary 5.1 implies that Ro = C.
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Appendix: Proof of Proposition 5.7

Thanks to the symmetry of the problem, we restrict without loss of generality to the 0 < θ ≤ 1/2
case (similar results hold for 1/2 < θ < 1) and simplify the notation by using the convention
PX1 X2 (x1 , x2 ) = Px1 x2 , which yields
PY

= {P00 , P01 + P10 , P11 }

(5.142)

PY |X1 =0 = {P00 /(P00 + P01 ), P01 /(P00 + P01 ), 0}

PY |X1 =1 = {0, P10 /(P10 + P11 ), P11 /(P10 + P11 )}.

(5.143)
(5.144)

Let us hypothesize P01 = 0. In this case, the rest of probabilities should satisfy P00 , P10 , P11 > 0
since both X1 and X2 can be perfectly decoded given Y . If we focus on the conditions (5.48) of
Lemma 5.2 particularized to (x1 , x2 ) = (0, 0) and (x1 , x2 ) = (0, 1) we obtain
1
P00 + P01
+ (1 − 2θ) log
P00
P00
P00 + P01
1
+ (1 − 2θ) log
θ log
P01 + P10
P01
θ log

= Ro?

(5.145)

= Ro? + (1 − 2θ) log(`)

(5.146)

respectively. It follows from (5.145) and (5.146) that
θ

1−2θ

P00 = (P01 + P10 ) 1−θ (`P01 ) 1−θ ,

(5.147)

which implies P00 = 0 regardless of the actual value of P10 . This is clearly suboptimal since
P00 > 0 causes no penalty on R2 (X2 can still be uniquely decodable from Y ) and allows user
1 to communicate at some positive rate. Similarly, if we hypothesize P10 = 0 we arrive at the
suboptimal choice P11 = 0. Hence, the optimal distribution must satisfy P01 , P10 > 0 and, at the
same time, P00 , P11 > 0 (since (x1 , x2 ) = (0, 0) and (x1 , x2 ) = (0, 0) are input values that allow
for perfect decoding of both codewords). In this situations, the conditions (5.48) of Lemma 5.2
for all (x1 , x2 ) particularize here to
P00 + P01
1
+ (1 − 2θ) log
P00
P00
P00 + P01
1
+ (1 − 2θ) log
θ log
P01 + P10
P01
1
P10 + P11
θ log
+ (1 − 2θ) log
P01 + P10
P10
1
P10 + P11
θ log
+ (1 − 2θ) log
P11
P11
θ log

= Ro?

(5.148)

= Ro?

(5.149)

= Ro?

(5.150)

= Ro? .

(5.151)

From (5.148) and (5.149) we obtain
P01 + P10 = P00 (P00 /P01 )1/θ−2 ,

(5.152)

an equivalence that can be plug in (5.150) and used with (5.148) to obtain
P00
P11
=
.
P01
P10

(5.153)
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Similarly, from (5.150)-(5.151)
P01 + P10 = P11 (P11 /P10 )1/θ−2 .

(5.154)

Expressions (5.152) and (5.154) imply P00 = P11 , which can be indistinctly used in (5.152) or
(5.153) to arrive at the potential optimal solution
?
?
?
?
P00
= P11
= p(1 − θ)/2 , P10
= P01
= (1 − p(1 − θ))/2,

(5.155)

which is not a product distribution and hence C ⊂ Ro (recall that p(θ) was defined in (5.58)). To
verify that (5.155) is indeed the unique solution to the relaxed problem (5.13)-(5.18) it remains
to be checked that it satisfies (5.49). To that end, let us consider
I(X2 ; Y |X1 ) = H(Y |X1 ) = h(p(1 − θ)) = I(X1 ; Y |X2 )
I(X1 X2 ; Y ) = H(Y ) = h(p(1 − θ)) + p(1 − θ) log 2

(5.156)
(5.157)

to show
(a)

I(X1 ; Y |X2 ) + I(X2 ; Y |X1 ) = 2h(p(1 − θ)) ≥ h(p(1 − θ)) + 2(1 − p(θ)) log 2

(5.158)

(b)

≥ h(p(1 − θ)) + 2(1 − 2/3) log 2 = h(p(1 − θ)) + 2/3 log 2 (5.159)

(c)

≥ h(p(1 − θ)) + p(1 − θ) log 2 = I(X1 X2 ; Y ),

(5.160)

where inequality (a) follows from the linear bound h(x) ≥ 2(1 − x) log 2 for x ≥ 1/2 and the fact
that p(1 − θ) ≥ 1/2 (see Figure 5.4); inequalities (b) and (c) are a consequence of the fact that,
for 0 < θ ≤ 1/2, p(1 − θ) ≤ 2/3.

Finally, the last step is to notice that the product distribution induced by the marginals of
(5.155) are uniform and hence capacity achieving for any 0 < θ ≤ 1/2 (recall Proposition 5.6)),

implying Rimarg = C.

5.F
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Consider each possible value of the size of the output alphabet |Y|:
• Binary output - None of the binary-input binary-output deterministic DMACs has a capacity region dominating the timesharing line joining the points (log 2, 0) and (0, log 2)15 .
Since marginalization is tight for θ ∈ {0, 1} and the bounds are convexified using the
convex hull operation it follows that Rimarg = C.

• Ternary output - All the binary-input ternary-output DMACs can be obtained through
isomorphisms of the input and output alphabets with respect to the transition matrices of

the BS-MAC and the BA-MAC [Vin85a]. Hence, marginalization is tight for all of them
as it is for the BS-MAC and the BA-MAC.
15

The capacity region is upper-bounded by Rk ≤ H(Y |Xk ) ≤ H(Y ) ≤ log 2, k = 1, 2, and R1 + R2 ≤ H(Y ) ≤

log 2, which defines the triangle joining the points (0, 0), (log 2, 0), and (0, log 2).
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• Quaternary output - Quaternary output channels allow for perfect decoding of both code-

words given the output. The unique arbitrary distribution maximizing simultaneously
I(X1 ; Y |X2 ), I(X2 ; Y |X1 ), and I(X1 X2 ; Y ) is PX1 X2 (x1 , x2 ) = 1/4 ∀x1 , x2 ∈ {0, 1}, which
is a product distribution. Hence, Rimarg = Ro = C.

• Higher than four-dimensional output - These channels cannot exist since there are only
four possible input combinations.

5.G



Appendix: Proof of Lemma 5.4

The mutual information ruling the rate of the first link can be decomposed as16
I(X; Y1 |U ) =


X
PU X (u, x)PY1 |X (y1 |x) log PY1 |X (y1 |x) + log P

u,x,y1

=

x0

X X
x

u


PU (u)
(5.161)
PU X (u, x0 )PY1 |X (y1 |x0 )


PU X (u, x) H(Y1 |X = x) − D(PU Y1 ||QU Y1 ),

(5.162)

where
QU Y1 (u, y1 ) = PU (u)

∀(u, y1 ) ∈ U × Y1

(5.163)

is a dummy function which is not a probability distribution. While the first term is linear in
PU X and hence concave, the second is concave in (PU Y1 , QU Y1 ) thanks to the convexity of the
divergence, which is based on the log-sum inequality, regardless of the fact that its two arguments
may or may not be probability distributions17 . Since (PU Y1 , QU Y1 ) are linear in PU X , it follows
that I(X; Y1 |U ) is concave in PU X .
Regarding the other mutual information term,
1
PU (u)
u
x,y2
P
0
0

X X
x0 PU X (u, x )PY2 |X (y2 |x )
+
PU X (u, x)PY2 |X (y2 |x) log P
0
0
x0 PX (x )PY2 |X (y2 |x )
u,y
x

I(U ; Y2 ) =

X X


PU X (u, x)PY2 |X (y2 |x) log

(5.164)
(5.165)

2

= H(U ) − (−D(PU Y2 ||QU Y2 )),

(5.166)

where
X
QU Y2 (u, y2 ) = PX (x)PY2 |X (y2 |x) ∀(u, y2 ) ∈ U × Y2

(5.167)

x

is another dummy function not satisfying the properties of a probability distribution. By the concavity of the entropy function, the convexity of the divergence, and the fact that (PU , PU Y2 , QU Y2 )
are linear in PU X it follows that I(U ; Y2 ) is a difference of concave functions of PU X .
16
17



When required, we denote the marginals of PU X by PU and PX to shorten notation.
Actually, in this case D(·||·) is not a proper divergence since its arguments are not probability distributions,

but this is totally irrelevant for the convexity characterization of the problem.
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5.H

Appendix: Proof of Lemma 5.5

We will show that satisfaction of the KKT conditions, rephrased as in (5.86) is a necessary
and sufficient condition for ensuring that PU X achieves a local maximum of (5.83)-(5.85) and
therefore (5.86) is a necessary optimality condition. From [Ber95, Sec. 3.4], we know that the
KKT conditions of (5.83)-(5.85), are satisfied by any PU X achieving a local maximum (hence
proving the necessity part). The corresponding Lagrangian is
L(PU X ; ΦU X , η) = θI(X; Y1 |U ) + (1 − θ)I(U ; Y2 )

X
X
PU X (u, x) − 1 ,
ΦU X (u, x)PU X (u, x) + η
+

(5.168)
(5.169)

u,x

u,x

while the derivatives of mutual information are
∂I(X; Y1 |U )
∂PU X (u, x)
∂I(U ; Y2 )
∂PU X (u, x)

= D(PY1 |X=x ||PY1 |U =u )


PY2 |U =u (Y2 )
= EY2 |X=x log
− log(e).
PY2 (Y2 )

(5.170)
(5.171)

Setting the derivative of the Lagrangian with respect to PU X (u, x) equal to zero it follows that
at any local maximum the following holds


PY2 |U =u (Y2 )
θD(PY1 |X=x ||PY1 |U =u ) + (1 − θ)EY2 |X=x log
= (1 − θ) log(e) − η − ΦU X (u, x).
PY2 (Y2 )
(5.172)
Expression

(5.172)

can

be

rephrased

as

(5.86)

using

complementary

slackness

(ΦU X (u, x)PU X (u, x) = 0), dual feasibility (ΦU X (u, x) ≥ 0), and noticing that an alternative formulation of the mutual informations involved is
X
I(X; Y1 |U ) =
PU X (u, x)D(PY1 |X=x ||PY1 |U =u )

(5.173)

u,x

I(U ; Y2 ) =

X
u,x



PY2 |U =u (Y2 )
PU X (u, x)EY2 |X=x log
.
PY2 (Y2 )

(5.174)

To show that any PU X satisfying the KKT conditions is indeed a local maximum of (5.83)-(5.85),
∂I(U ;Y2 )
1 |U )
let ∂RPU X (u, x) , θ ∂I(X;Y
∂PU X (u,x) + (1 − θ) ∂PU X (u,x) denote a linear combination of (5.170)-(5.171)

evaluated using PU X . If

X
u,x

∂RPU X (u, x)(QU X (u, x) − PU X (u, x)) ≤ 0

(5.175)

holds for any arbitrary distribution QU X (u, x) it follows that PU X is a local maximum of (5.83)(5.85) [Ber95, Sec. 2.1]. Since any PU X satisfying the KKT conditions has an associated
∂RPU X (u, x) = −η − ΦU X (u, x) and satisfies complementary slackness (ΦU X (u, x)PU X (u, x) =
0), (5.175) becomes

−

X
u,x

ΦU X (u, x)QU X (u, x) ≤ 0,

which indeed holds for any QU X thanks to dual feasibility.

(5.176)
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Appendix: Proof of Proposition 5.8

Let us simplify the notation by using the equivalence PU X (u, x) = Pux and imposing U = {0, 1}

(|U| = 2 suffices). In this case the distributions involved amount to

PY1 |X





1−
0


1 − 0.5
0.5



= 
 , PY2 |X =


0.5
1 − 0.5
0
1−

(5.177)

for the channel transition matrices,

PY1 |U



=


(1−)P00
P00 +P01

(1−)P10
P10 +P11





(1−)P01
P00 +P01

(1−)P11
P10 +P11





 , PY2 |U = 


(1−0.5)P00 +0.5P01
P00 +P01

(1−0.5)P10 +0.5P11
P10 +P11



0.5P00 +(1−0.5)P01
P00 +P01

0.5P10 +(1−0.5)P11
P10 +P11



(5.178)

for the output distributions conditioned on U , and

P Y2 = 

(1 − 0.5)(P00 + P10 ) + 0.5(P01 + P11 )
0.5(P00 + P10 ) + (1 − 0.5)(P01 + P11 )




(5.179)

for the output distribution of the second receiver. In (5.177)-(5.179) we have used the convention
that the columns of the matrices represent the elements of the output alphabets (Y1 or Y2 ) and
the rows correspond to the natural ordering of the inputs (U or X). Expressions (5.177)-(5.179)
can be used to formulate the conditions of Lemma 5.5 for the BEC-BSC dDMBC as follows
h
(1 − 0.5)P00 + 0.5P01
P00 + P01
+ (1 − θ) (1 − 0.5) log
P00
(P00 + P01 )[(1 − 0.5)(P00 + P10 ) + 0.5(P01 + P11 )]
i
0.5P00 + (1 − 0.5)P01
+0.5 log
= R(θ) − `00
(P00 + P01 )[0.5(P00 + P10 ) + (1 − 0.5)(P01 + P11 )]
(5.180)
h
P10 + P11
(1 − 0.5)P10 + 0.5P11
θ(1 − ) log
+ (1 − θ) (1 − 0.5) log
P10
(P10 + P11 )[(1 − 0.5)(P00 + P10 ) + 0.5(P01 + P11 )]
i
0.5P10 + (1 − 0.5)P11
+0.5 log
= R(θ) − `10
(P10 + P11 )[0.5(P00 + P10 ) + (1 − 0.5)(P01 + P11 )]
(5.181)
h
P00 + P01
(1 − 0.5)P00 + 0.5P01
θ(1 − ) log
+ (1 − θ) 0.5 log
P01
(P00 + P01 )[(1 − 0.5)(P00 + P10 ) + 0.5(P01 + P11 )]
i
0.5P00 + (1 − 0.5)P01
+(1 − 0.5) log
= R(θ) − `01
(P00 + P01 )[0.5(P00 + P10 ) + (1 − 0.5)(P01 + P11 )]
(5.182)
h
P10 + P11
(1 − 0.5)P10 + 0.5P11
θ(1 − ) log
+ (1 − θ) 0.5 log
P11
(P10 + P11 )[(1 − 0.5)(P00 + P10 ) + 0.5(P01 + P11 )]
i
0.5P10 + (1 − 0.5)P11
+(1 − 0.5) log
= R(θ) − `11 ,
(P10 + P11 )[0.5(P00 + P10 ) + (1 − 0.5)(P01 + P11 )]
(5.183)
θ(1 − ) log
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where `ij ≥ 0 and `ij = 0 if Pij > 0. In order to find an optimal distribution satisfying (5.180)-

(5.183) we need to hypothesize on the number of entries of Pij that are equal to zero. To that
end, consider the following situations:
• Hypothesis 1 - PU X has three zero entries. This implies H(U ) = H(X) = 0 and, conse-

quently, I(X; Y1 |U ) = I(U ; Y2 ) = 0, which is clearly suboptimal.

• Hypothesis 2 - PU X has two zero entries. This class of distributions comprises the cases: i)

X = U and X = U , where all the capacity-achieving distributions achieve (0, (1−θ)(1−h(0.5)),

ii) U = 0 and U = 1, where all the capacity achieving distributions achieve (θ(1 − ) log 2, 0),
and iii) X = 0 and X = 1, which imply I(X; Y1 |U ) = I(U ; Y2 ) = 0.

• Hypothesis 3 - PU X has one zero entry. Consider w.l.o.g P00 = 0 and Pij > 0 ∀(i, j) 6= (0, 0).

This implies `ij = 0 ∀(i, j) 6= (0, 0) and `00 ≥ 0. The conditions (5.180)-(5.183) cannot be

satisfied simultaneously because the left hand side of (5.180) equals +∞, while R(θ) ≤ C ? (θ) is
bounded and `00 ≥ 0. Therefore, distributions with one zero entry are never optimal.

We subsequently focus on distributions PU X with strictly positive entries, which imply `ij = 0
∀i, j ∈ {0, 1}. Let us describe such distributions by


pα αpα
,
PU X = 
βpβ pβ

(5.184)

where pα , pβ , α, β > 0 and (1 + α)pα + (1 + β)pβ = 1. Setting the left hand sides of (5.180) and
(5.182) equal to each other and using (5.184) it follows
(1 − θ) log

(1−0.5)+0.5α 0.5(pα +βpβ )+(1−0.5)(αpα +pβ )
+ θ log α = 0.
0.5+(1−0.5)α (1−0.5)(pα +βpβ )+0.5(αpα +pβ )

(5.185)

Proceeding similarly with the left hand sides of (5.181) and (5.183) we arrive at
(1 − θ) log

(1−0.5)β+0.5 0.5(pα +βpβ )+(1−0.5)(αpα +pβ )
− θ log β = 0.
0.5β+(1−0.5) (1−0.5)(pα +βpβ )+0.5(αpα +pβ )

(5.186)

Since both (5.185) and (5.186) must hold, we can equal their left hand sides, which imposes
g(α; θ, ) = −g(β; θ, ), where g is defined in (5.93). On the other hand, considering that
g(1/α; θ, ) = −g(α; θ, ) it follows that β = 1/α0 with α0 such that g(α0 ; θ, ) = g(α; θ, ).
Rewriting (5.185) as

0.5(pα +βpβ ) + (1−0.5)(αpα +pβ )
= g(α; θ, ),
(1−0.5)(pα +βpβ )+0.5(αpα +pβ )

(5.187)


0.5 exp g(α; θ, )/(1 − θ) − (1 − 0.5)
pα + βpβ
 , γ.
=
αpα + β
0.5 − (1 − 0.5) exp g(α; θ, )/(1 − θ)

(5.188)

γ > 0 ⇔ |g(α; θ, )| < (1 − θ) log(2/ − 1).

(5.189)

(1 − θ) log
it follows that

Since γ is the ratio of two strictly positive probabilities, we impose γ > 0 in (5.188) to obtain
that
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An equivalent rephrasing of (5.188) is pα /pβ = (γ − β)/(1 − αγ), which induces a distribution

of the form (5.88)-(5.91). Analyzing the monotony of g(α; θ, ) over the interval of interest
α ∈ (0, +∞) it can be shown that




i
2h 1 − 
∂g(α; θ, )
= sign −α2 +
− 2(1 − 0.5) α − 1 ,
sign
∂α
 (1 − 0.5)θ

which shows that for θ ≥

1−
2(1−0.5)2

(5.190)

the function g(α; θ, ) is strictly decreasing and hence α0 = α,

β = 1/α. It can be checked that (5.186)-(5.187) imply α = β = 1 which causes R2 = 0 and the

optimal rate pair to be ((1 − ) log 2, 0).
When 0 < θ <

1−
,
2(1−0.5)2

the function g(α; θ, ) has one local minimum and one local max-

imum, which bounds the number of different values of α0 such that g(α0 ; θ, ) = g(α; θ, ) to a
maximum of three. The maximization of the objective value θI(X; Y1 |U ) + (1 − θ)I(U ; Y2 ) over
the distributions of the class (5.88)-(5.91) satisfying (5.189) yields the best distribution satisfying
Lemma 2 with strictly positive probabilities, and its associated rate pair (R1 (θ), R2 (θ)). The convex hull of these rate pairs together with the extreme points ((1−) log 2, 0), (0, (1−h(0.5)) log 2)
is hence C BEC−BSC since there is no other rate pair achieved by a distribution satisfying Lemma

5.5.



Chapter 6

Conclusions
This dissertation has addressed the problem of multiuser interference in wireless networks under
many different points of view. We started in Chapter 2 with the when and how of partial
interference cancelation, a powerful technique to be used when the receivers of the network have
full statistical knowledge of the interference. By giving special emphasis to the broadcast and
interference channels, we addressed the network scenarios that suffer from multiuser interference
in a more strict sense. The fact that a generalization of the best coding/decoding strategy for
the broadcast channel allowing for simultaneous partial interference cancelation at the receivers
did not achieve larger rates was rather surprising. This, in combination with the realization that
a similar approach makes a big difference in the interference channel gave us the first conclusion
of this thesis: coding and decoding complexity can be traded whenever the interference is under
the control of the same source. Intuitively, appropriate coding techniques exploiting signal
correlation can alleviate the complexity burden of the receivers.
While the study of the broadcast channel did not result in better achievability results, it was
a key stepping stone that enabled the proposal of a novel transmission strategy for the interference channel: superposition coding and aided decoding. Compared to the best long-standing
achievable region for the interference channel, superposition coding required less auxiliary random variables and aided decoding allowed to relax some rate inequalities. While these facts
increase the chances of having a potentially larger achievable rate region, recent literature has
shown that the proposed strategy and the best know result yield identical achievable rates. Thus,
the only advantage of the proposed region is simplicity and potentially better performance in
the finite blocklength regime via better error exponents.
In the context of Chapter 2, it is implicitly assumed that the receivers have full knowledge
of the codebooks of the interfering users. However, that is not possible in applications backed
by decentralized wireless networks with uncoordinated nodes. With receivers totally unaware
of interference, partial cancelation becomes infeasible and leaves each sender-destination pair
armed only with point-to-point (single user) strategies. This motivated the study of the totally
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asynchronous interference channel with single-user receivers in Chapter 3. Having a capacity
region rather involved due to the need to resort to Information Spectrum formulation, the
evaluation of achievable rates is tackled based on simpler single-letter inner bounds.
The study of the Gaussian case provides the second conclusion of the thesis: oppositely
to what happens with frame synchronism, Gaussian distributed-codes fall short of maximizing
the achievable rates for all channel instances. Despite their natural appeal, basically due to
the fact that they always lead to closed-form characterizations of achievable regions, they are
clearly suboptimal whenever the channel happens to be interference-limited. Indeed, this is the
regime where appropriate statistical signal design can have a larger impact on the achievable
rates. Analytical conditions determining the existence of non-Gaussian distributed codes yielding
higher achievable rates are found to be in excellent agreement with the performance of explicit
codes. Besides, the losses associated to the lack of transmission synchronism and the use of
single-user decoders in the low- and high-power and low- and high-interference regimes have
been quantified.
At this point, we adopted in Chapter 4 a rather different approach by studying how to deal
with multiuser interference in a cellular network with an arbitrary number of users under practical constraints. By focusing on half-duplex MIMO terminals, OFDMA transmission, relaying
infrastructure, and partial channel state information, most of the characteristics of upcoming
wireless systems are taken into account for network utility maximization. With terminals unaware of interference, the rate degradation studied in Chapter 3 is mitigated thanks to the
central coordinator role of the base station, which assigns transmission resources disjointly, in
so facilitating link performance prediction for QoS provision.
Novel concave lower bounds on the ergodic capacities involved in the expression of the
achievable rates in the cell enabled the proposal of two efficient algorithms for global (Pareto)
optimal and sequential optimal resource allocation. These algorithms maximize network utility,
a cell-wide aggregate indicator accounting for overall user satisfaction, and are able to deal with
heterogeneous QoS requirements, diverse wireless equipment quality, and the use of non-ideal
codes. The high-level conclusion of this chapter is that, by describing user satisfaction with a
function depending only on the long-term throughput, the connection between physical layer
operation and higher-layer needs becomes simpler and allows for feasible cross-layer optimization.
The fewer the key performance indicators, the better.
Finally, Chapter 5 explored yet another different facet of multiuser interference: the complexity increase that it poses in the evaluation of fundamental performance limits. While the
capacity evaluation of single-user channels is a problem that can efficiently solved, the evaluation of capacity regions of multiterminal networks is not such an amenable problem, as it often
leads to unavoidable non-convexities. Conditioned by the lack of computable expressions, we focused on two specific network scenarios: the multiple access channel and the degraded broadcast
channel.
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For both channels, the computation of the capacity region implied solving a non-convex
problem. Whereas in the multiple access channel the culprit was a rank-one constraint, in the
degraded broadcast channel the difficulty arose from a difference of convex functions in the
objective. Problems with these type of non-convexities cannot be solved optimally with the
current state of the art. Our focus, hence, was to obtain efficient inner and outer bounds to
their capacity region.
While for the multiple access channel we focused on relaxation methods that not only allowed
us to obtain numerical results but also facilitated some analysis on their optimality, for the
degraded broadcast channel the emphasis was on the characterization of the set of optimal
input probability distributions. The remark of this chapter is that, while in the single-user
case (no interference at all) a homogeneous approach can be taken in the evaluation of channel
capacity, multiuser interference prevents us from doing that in a multiterminal network. By
introducing non-convex constraints of different nature, the set of methods and strategies to be
used in the evaluation of capacity regions must therefore be diverse.
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